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SMOOTH BOUNDARY AND INSIDE CRACKS AND
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This paper studies the third problem for the Laplace equation on a bounded planar do-
main with inside cracks. The third condition du/on + hu = f is given on the boundary of
the domain. The skip of the function u, — u_ = g and the modified skip of the normal
derivatives (du/on)+ — (du/on)_- + hu, = f are given on cracks. The solution is looked for
in the form of the sum of a modified single-layer potential and a double-layer potential.
The solution of the corresponding integral equation is constructed.
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1. Introduction

Krutitskii studied in [6] the boundary value problem for the Helmholtz equation out-
side several cuts in the plane. Two boundary conditions were given on the cuts. One of
them specified the jump of the unknown function. Another one of the type of the Robin
condition contained the jump of the normal derivative of an unknown function and the
one-side limit of this function on the cuts. He looked for a solution of the problem in
the form of the sum of a single-layer potential and an angular potential. He reduced the
problem to the solution of a uniquely solvable integral equation. So, he proved the unique
solvability of the problem.

This paper studies the boundary value problem for the Laplace equation in a bounded
planar domain with several cuts inside. The cuts in [6] are smooth open arcs. The cracks
in this paper are arbitrary closed subsets of such sets. The Robin condition is given on
the boundary of the domain. The same conditions as that in [6] are on the cuts. The
case when the jumps of the solution and its normal derivatives are given on cracks is
included. So, this problem is a generalization of the problem studied in [4, 5]. I looked
for a solution in a similar form like in [6] but instead of a single-layer potential, I used
a modified single-layer potential. I reduced the problem to the solution of an integral
equation and constructed the solution of this equation. So, I constructed a solution of
the problem which is a new result even if there are no cuts inside the domain.
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2 Third problem on cracked domains

2. Formulation of the problem

Let M C R™. We denote by C°(M) the set of all continuous functions on M. If k is a
positive integer, denote by C¥(M) the set of all functions f such that there is continuous
D f on M for each multi-index a with the length at most k. If 0 < 8 < 1, denote by C#(M)
the set of f-Holder functions on M, that is, the set of continuous functions f on M such
that

su xX)| + su < 00,
xEAI/)I|f( )| p |x_y|l;

X,yEM; x#y

If k is a positive integer and 0 < 8 < 1, denote by CK*#(M) the set of all functions f €
Ck(M) such that D* f € CB(M) for each multi-index « with the length k.

We say that a bounded open set H C R? has C* boundary 0H if there exist a finite
number of “local” coordinate systems (xx, yx) (k = 1,...,m) and a finite number of func-
tions ¢y of class C*, k = 1,2,...,m, defined on (-6, ) (where § > 0) such that

(1) (x%, yx) € H for |xx| < 8, @r(xk) — & < yk < @r(xk),

(2) (x%, yx) & clH, the closure of H, for |xx| < 6, ¢r(xk) < yx < @i (xx) + 6,

(3) for every z € 0H, there exist k (k = 1,...,m) and xx € (—6,0) such that z = (x,
¢k (xx)) in the corresponding coordinate system.

Let H,H; C R? be bounded open sets with C' boundaries and let clH, C H, H be
connected. Put H- = H \ clH,. Denote by n(x) (n*(x), n~(x)) the unit exterior normal
of H(H,,H_) at x, respectively. For T, the closed subset of 0H,, put G=H\T.Ifuisa
function in G, x € dG (x € 0H,, x € 0H_), denote by u(x) (u4(x), u_(x)) the limit of u
at x with respect to G (H,, H_), respectively. We will study the Robin problem for the
Laplace equation on the cracked open set G.

Let h € C°(0G), h = 0, f € C°(dG), g € C(T). We say that a function u in G is a
solution of the problem

Au=0 1inG,

Jou
(a)+hu—f on dG\T,

ur—u_=g onl,

ou ou
[5;J+‘[&F];”m+:f onT,

(2.2)

if
(1) u is harmonic in G;
(2) there is an extension of u onto the function from C!(clH,);
(3) there is an extension of u onto the function from C!(clH_);
(4) n(x) - Vu(x) + h(x)u(x) = f(x) in 0G\ T;
(5) 1+ (x) — u_(x) = g(x) in T;
(6) n*(x) - [Vuli(x) —n*(x) - [Vu]-(x) + h(x)us(x) = f(x)inT.

If h = 0, we will talk about the Neumann problem. In the opposite case, we will talk
about the Robin problem.



Dagmar Medkova 3

3. Uniqueness

Denote by ¥ the k-dimensional Hausdorff measure normalized so that ¥ is the
Lebesgue measure in R,

THEOREM 3.1. Let h € C°(0G), h>0, f =0, g =0, and let u be a solution of the problem
(2.2). Then u is constant in G. If there is x € 0G so that h(x) >0, then u = 0 in G.

Proof. u € C%(clG) because g = 0. Since n~ = —n* on dH,, we get, using Green’s formula
for Hy and H_,
0= J [u(n - Vu)+hu?]d¥, +J uln® - [Vuly —n' - [Vu]_ +hu, }d¥,
oH r

- huzd%1+J u(n+-[Vu]+)d?€1+J w(n~ - [Vl )d3, (3.1)
oG H.

oH, OH_

= J hu*d¥, +I |Vul?d¥,.
oG G
Since h > 0, we have
J mdde, =0, J 1V ul2d9, = 0. (3.2)
oG G

Since Vu =0 in G, u is constant in each component of G. Since u € C°(H) and H is
connected, there is a constant ¢ such that u = ¢ on H. If there is x € dG so that h(x) >
0, then 0 = n*(x) - [Vu].(x) —n*(x) - [Vu]_(x) + h(x)u.(x) = h(x)c. Therefore, ¢ = 0.

O

4. Necessary conditions for the solvability

Let K be a closed subset of 0H_. For a function f defined on K, denote fx = f on K,
fx =00ono0H_ \ K. We say that f € Cj(K) if fx € C*(0H-).If 0 < a < 1, denote

I fllcsxy =sup | f(x)| + sup M
xeK %,yEK; x#y ‘X—y|

d
e = sup | F |+ 22
xeK T

>

(4.1)

)

where 7(x) = (—n2(x),n1(x)) is the unit tangential vector of H_ at x.

ProrosiTION 4.1. Let h € C°(0G), h= 0, f € C°(dG), g € C°(T), and let u be a solution
of the problem (2.2). Then g € C)(T). Ifh € CJ(9G), then f € CJ(dG). If h = 0, then

LG Fdd, = 0, (4.2)

Proof. Since gr = uy — u_ in 0H, and uy,u_ € C'(0H, ), we deduce that gr € C'(0H.). If
h = 0, we get, using Green’s theorem and the fact that n~ = —n* on 0H,,

LGfd% - Lm 0t (Vi d36 +J - [Vul_dj, = 0, (4.3)

OH_
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Suppose now that h € C)(dH, ). Since fog =n* - [Vuly —n* - [Vu]_ +hu, in 0H, and
up,nt, [Vuli,[Vu]- € C°(0H,), we get fog € C°(0H,). O

5. Single-layer potentials
Fix R > 0. For f € C°(9G), define

Fuf =m0 [ folog (=) di) (51)

[x -yl

as the modified single-layer potential with density f. In the case of several sets, we will
write #§ f. (For R = 1, we get the usual single-layer potential.) Note that ¥y f differs by
constants. The function ¥ f is harmonic in R? \ 9G.

LemMa 5.1. Let H, Hy have boundary of class C'**Y, where0 <y < 1. Let 0 < <y, R> 0. If
fe cg(ac), then Frf € CO(R?), Frf € C'(clH,), Frf € CH(clH-), and

sup | Frf (x) | +sup | VIR )| < MIIfll & 5> (5.2)

xeG xe

where M depends on G, R, and f.

Proof. According to [3, Lemma 2.18], the function ¥ f is continuous in R?. According
to [10, page 227], we have ¥ f € C'(clH,), $rf € C'(clH_). Thus Fr: f — Frf isa
linear operator from Cg (0G) to C'(clH-). Easy calculation yields that this operator is
closed. According to the closed graph theorem (see [13, Chapter I, Section 6, Theorem
1]), it is bounded, similarly for H,. O

LEmMMA 5.2. Let H,H, have boundary of class C'*7, where 0 <y < 1. Let 0< S <y, R>0,

he Cg(aG). IfVif = hSef for f € Cg(aG) is denoted, then V}, is a compact linear operator
B

on Cy(9G).

Proof. Lemma 5.1 yields that $ represents a bounded linear operator from Cg (dG) to
C!(clH-). Since the identity operator is a compact operator from C'(clH-) to CF(9H_),

the operator ¥y is a compact linear operator from CO‘B (0G) to CP(dH_) by [13, Chapter
X, Section 2]. Since hyc € CP(9H-), the operator H : g — hg is a bounded linear operator

in CA(0H_). Since HYy is a compact linear operator from Cg (0G) to CP(0H-) by [13,
Chapter X, Section 2], the operator V}, is a compact linear operator on cﬁ (0G). O

LEMMA 5.3. Let ¢ € Cg(aG), R > diamG, the diameter of G. If there is y € 0G such that
¢(y) # 0, then

0< J (x)Skg(x)dF, (x) < oo. (5.3)
oG
Proof. Fix xq in dG. Put P(x) = (x — x)/R, P_1(x) = Rx + x, for x € R?, G = P(G). For

x €3G, put §(x) = (P_1(x)). Then § € C°(3G) and Fre(x) = R¥CH(P(x)) for x €
G. Denote by ¥ the restriction of %, onto 9G. Since || is continuous in R? by
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[10, Lemma 4], we conclude that
J|¢|5016|¢|d%<m, (5.4)

and thus the real measure ¥ has finite energy (see [7, Chapter 1, Section 4]). Since
#1({x € 9G;|19(x)| > 0}) >0, [7, Theorem 1.16] yields

J$9§$ d% > 0. (5.5)
Now we use the fact that
J 9ISkg(x)d () = B LG $(x)SEH(x)dd6, (x). (5.6)
O
6. Double-layer potentials
If g € C)(T), denote, for x € R>\ T,
Dg(x) = (2m)" Lg(y) lx = y| 20" () - (y — x)dH:1(y) (6.1)

as the double-layer potential with density g.
If V is a bounded open set with C! boundary, g € C(dV), and n"(y) denotes the
exterior unit normal of V at y, define on R? \ 0V

Dyg(x) = (2m)™" ng(y) lx =y 720" (y) - (y —x)d¥:1(p) (6.2)

as the double-layer potential corresponding to V with density g.

LemMma 6.1. Let H, H, have boundary of class C'*?, where 0 <y < 1. Let 0<ff<y, g €
Céw(l“). Then 9g is a harmonic function in R*> \ T, 9g¢ € C'(clH,), g € C'(clH-),
[Dg]+(x) — [Dg]-(x) = g(x) on T, n*(x) - [VDg]+(x) —n*(x) - [VDg]-(x) =00onT, and

sup | Dg(x)] +sup | Vag(x) | < Mlgllcys oy (6.3)

x€G

where M depends on G, R, and f.

Proof. Easy calculations yield that %g is a harmonic function in R? \ I. Since @g =
Dy, g =Dy g [9, Theorem 1] yields that Bg € C°(clH, ), Dg € C°(clH-), and [Dg]+(x)
—[9g]-(x) =g(x) inT.

The boundary of H, is formed by finitely many Jordan curves. Fix one of these curves
T. Denote gr = g on T, gr = 0 elsewhere. Let T be parametrized by the arc length
s: T ={¢(s); s € [a,b]}, and H, is to the right when the parameter s increases on T.
Put f(¢(s)) = —[g(¢)]'(s). Then f € CP(T) because g € C'*f(dH., ). For x € R?\ T and
s € [a,b], denote by v(x,¢(s)) the increment of the argument of y — x along the curve
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{y=o¢(t); t € [a,s]}, and
Vf(x)=0@n)™! JT v(x, ) f(y)ddti(y) (6.4)

is the angular potential corresponding to f. Define f =0 on R?\ T. Since V f is a con-
jugate function to —%1" f (see [10, pages 226-227]), we have oV f/dx; = —0F " f/0x,,
oV f/dx, = 0F1" f/0x,. Lemma 5.1 gives VV f € C°(clH,), VV f € C°(clH_). Using
boundary properties of single-layer potentials (see [2, Theorem 2.2.13]), we can deduce
that n*(x) - [VV f]i(x) —nT(x) - [VV f]_(x) =0in T. Put g = ¢ — g(p(a)), g = g(¢(a))
onT, g, g =0 elsewhere. Since

gr(9(s)) —gr(p(a)) = J( JiG) dt—J f(t)dt, (6.5)

we have Dy, & = V f by [10, page 226]. Therefore @y, g € C'(clH,), Dy, g € CH(clH-),
and n*(x) - [VDpy, gl (x) —n'(x) - [VDy, g)-(x) = 0 in T. According to [9, page 137],
the function 9g¢ is constant in the interior of T and in the exterior of T as well. Thus
V%y,g =0 in R2\ T. So, Dgr = Dy, g+ Dy, g € C'(clH,) n C'(clH-) and n'*(x) -
+(x) = nt(x) - [VDgr]-(x) = 0 on 0H,. Summing over all T, we get &g € C'(clH,),
%g € Cl(clH-),and n*(x) - [VDg]i(x) —n*(x) - [VDg]_(x) =0onT.

Since & : g — Yy is a closed linear operator from C(1)+/3 (T) to C'(clH,), it is bounded
by the closed graph theorem (see [13, Chapter II, Section 6, Theorem 1]), similarly for
H_. a

7. Reduction of the problem

Let H, H, have boundary of class C'*7, where 0< y < 1. Let 0< <y, f € Cg(aG), he
Cﬁ(aG) h=0,g€e CHﬂ( I'). We will look for a solution u of the problem (2.2) in the form

u=99g+v. (7.1)

According to Lemma 6.1 and [9, Theorem 1], the function  is a solution of the problem
(2.2) if and only if the function v is a solution of the problem

Av=0 1inG,
Q+hv—F ondG\T,
on (7.2)
v, —v_=0 onlI, ’
ov ov
[on | o] thwe=F onr
where
F= f—agi—h@g on oG\ T, (7.3)

x) = f(x) - h(x)<5g(x) + L %g(y)d%(y)) xel. (7.4)
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F € C5(9G) because f € C5(3G), h € C5(9G), Bg € C=(R2\T), Ug € C'(clH,) by
Lemma 6.1, and

LJ} Mg(}’)d%l()/) (7.5)

(g0 = 3800+ 5 | T

for x € T by [1, Theorem].

We will look for a solution of the problem (7.2) in the form of a modified single-layer
potential Frw, where w € Cg (0G) and R > diam G.

Define for w € Cg(aG), x € 0H,

K§w(x) = 2m)™! LG w(y)lx = yI7?n(x) - (y = x)d¥ (y). (7.6)

According to [9, Theorem 2],
n(x) - V¥rw(x) = @ +K&w(x) forxe€dG\T, (7.7)
it () - [VFaw], (x) = 1t () - [VFaw]_(0) =w(x) inT. (7.8)

Since the modified single layer potential ¥xw is a harmonic function in G, we get using
Lemma 5.1 that $rw is a solution of the problem (7.2) if and only if

Tyxw = F, (7.9)
where

Thrw = = + Kiw+hSrw  ondG\T,
2 (7.10)
Thrw =w+hSrw onT.

8. Solvability of the problem

Lemma 8.1. Let H, H, have boundary of class C'*Y, where 0 < y < 1. Let 0<f <y, h €
Cg(aG), h >0, R >diamG. Then K¢ is a compact linear operator from Cg(aG) to CP(0H)
and Tnr is a bounded linear operator in Cg (0G).

Proof. Fix a € (B,y). Then K} is a linear operator from CP(0H) to C*(9H) by [11, Theo-
rem 14.IV]. Since K}; is a bounded linear operator from C#(dH) to C°(dH) by (7.7) and
Lemma 5.1, the operator K} is a closed operator from CP(dH) to C*(dH ). This gives that

the operator K} is a closed linear operator from Cg (0G) to C*(0H). The closed graph
theorem (see [13, Chapter II, Section 6, Theorem 1]) shows that K} is a bounded linear

operator from Cg(aG) to C*(0H). Since the identity operator is a compact operator from
C*(0H) to CP(0H), the operator K is a compact linear operator from c§ (0G) to CP(0H)
by [13, Chapter X, Section 2]. Since K¢ is a bounded linear operator from Cg (dG) to
CP(0H), the operator Tp g is a bounded linear operator in Cg (0G). Since Tyr — Tor is a
bounded linear operator in Cg (0G) by Lemma 5.2, the operator Ty is a bounded linear
operator in c§ (0G). O
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Notation 8.2. Let X be a real Banach space. Denote by complX = {x+iy; x,y € X} the
complexification of X with the norm [|x+iyll = [[x|| + || y[l. If T is a bounded linear op-
erator on X, we define T(x+iy) = Tx+iTy as the bounded linear extension of T onto
compl X.

Definition 8.3. The bounded linear operator T on the Banach space X is called Fredholm
if a(T), the dimension of the kernel of T, is finite, the range T(X) of T is a closed subspace
of X, and (T), the codimension of T'(X), is finite. The number i(T) = a(T) — B(T') is the
index of T.

LemmA 8.4. Let H, Hy have boundary of class C'*Y, where 0 < y<l. Let0O<fB<y he
c§(ac), h>0,R>diamG. IfA € C, A # 1/2, A # 1, then Tyr — Al is a Fredholm operator
with index 0 in compl Cg(aG). (Here I denotes the identity operator.)

Proof. Denote Lf(x) = f(x)/2 for x € 0H, Lf(x) = f(x) for x € T. Then L — Al is a
Fredholm operator in compl Cg (0G). Since Ty r — L is a compact operator in Cg (0G) by
Lemma 8.1, the operator Ty g — Al is a Fredholm operator with index 0 in Cg (0G) by [12,
Theorem 5.10]. Since Tyr — To,r is @ compact linear operator in Cg(aG) by Lemma 5.2,
the operator Ty g — Al is a Fredholm operator with index 0 in c§ (0G) by [12, Theorem
5.10]. (]
LemMma 8.5. Let H, H, have boundary of class C'*?, where 0 < p<l.Let0<fB <y, R>
diamG, ¢ € C5(3G). If Tirp = 0, then Torgp = 0.

Proof. According to Section 7, the modified single-layer potential ¥r Ty r¢ is a solution of

the problem (2.2) with h =0, g =0, and f = T§ z¢ = 0. According to Theorem 3.1, there
is a constant ¢ such that rTore = c on G. [l

According to Section 7, the modified single-layer potential Fr¢ is a solution of the
problem (2.2) with h =0, g =0, and f = Tore. Thus

f Toxp =0 (8.1)
oG

by proposition 4.1. Since xTor¢ = ¢ in G and FrTor¢ is continuous in R? by Lemma
5.1, we obtain

J (T(),R(p)EfRTh’Rq)d%l = CJ T())R(p =0. (82)
G G

According to Lemma 5.3, we have Ty rgp = 0 a.e. in dG.

ProrosITION 8.6. Let H, H, have boundary of class C'*?, where 0 <y < 1. Let 0 < f < y,
he c(f(aG), h =0, h(x) > 0 for some x € dG, R > diamG. Then Ty is continuosly invert-
ible in Cg(aG). Denote by Cg,o(aG) the space of all f € Cg(aG) for which (4.2) holds. Then

To,r is continuously invertible in cﬁo(aG).

Proof. Let ¢ € cg(ac) be such that ¥rp = 0 in G. Then Frp = 0 in dG by Lemma 5.1.
According to Lemma 5.3, we have ¢ = 0.
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Ifp e Cg(aG) and Ty re = 0, then Fr¢ is a solution of the problem (2.2) with f =0,
g =0 by Section 7. Since ¥r¢ = 0 in G by Theorem 3.1, we have ¢ = 0. Since Ty is a
Fredholm operator in Cg (0G) with index 0 by Lemma 8.4, we obtain Th,R(Cg (0G)) =

Cg (0G). Thus, Ty is continuously invertible in Cg (0G) by [13, Chapter II, Section 6,
Proposition 3] and [13, Chapter II, Section 6, Theorem 1]. O

Ifp € Cg(aG), then Frg is a solution of the problem (2.2) with h=0,g=0,and f =
To,r¢ (see Section 7). Thus Tore € COB,O(BG) by Proposition 4.1. Hence, TO,R(Cg(aG)) C
c{io(aG) and B(Tor) = 1. Since Tyr is a Fredholm operator in Cg (0G) with index 0 by

Lemma 8.4, there is a nontrivial ¢, € Cg (0G) such that Ty gy = 0. According to Section 7
and Theorem 3.1, there is a constant ¢; such that r¢, = ¢; in G. Since ¢; = O yields ¢; = 0

we deduce that ¢; #0.If ¢ € Cg (0G), To,re = 0, then Section 7 and Theorem 3.1 imply
that there is a constant ¢ such that $rp = ¢ in G. Since Fr(¢ — (¢/c1)91) = 0 in G, we

obtain that ¢ — (¢/c1)¢; = 0. This means that a(Tor) = 1. Since TO,R(Cg(aG)) C cﬁo(ac),
B(Toz) = a(Tor) = 1 shows that Tor(Ch(3G)) = Chy(3G).

According to Lemma 8.5, the operator Ty is injective in TO,R(Cg (0G)) = Cg,o(aG).
Since Cg,O(BG) is a Ty r-invariant closed linear subspace of finite codimension in cﬁ (0G)
and Tor is a Fredholm operator with index 0, the restriction of Ty onto cﬁo(aG) is
a Fredholm operator with index 0 by [8, Proposition 3.7.1.]. Since Ty is injective in
Cg)O(E)G), it is surjective in cﬁo(aG). The closed graph theorem (see [13, Chapter II, Sec-
tion 6, Theorem 1]) gives that T r is continuously invertible in cg,o(ac).

TuEOREM 8.7. Let H, H have boundary of class C'*Y, where 0 <y < 1. Let 0< <y, h €
Cg(aG), h=0, h(x) >0 for some x € dG, f € Cg(aG), g€ C(lfﬁ(l"). Then there is a unique
solution of the problem (2.2).

Proof. Fix R > diamG. According to Proposition 8.6, there is T} ; in c§ (dG). Let F be
given by (7.3). Then

u =@g+9’RTh’)}QF (8.3)

is a solution of the problem (2.2) by Section 7. This solution is unique by Theorem 3.1.
O

Tueorem 8.8. Let H, H, have boundary of class C'*Y, where 0 < y<l.Let0O<fB <y, h=0,

fe cg(ac), ge C(])+ﬁ(l“). Then there is a solution of the problem (2.2) if and only if (4.2)
holds. This solution is unique up to an additive constant.

Proof. 1f there is a solution of the problem (2.2), the relation (4.2) holds by Proposition
4.1. Suppose now that (4.2) holds. Fix R > diam G. Denote by T the restriction of Ty
onto C{io(ac). Then there is T~! by Proposition 8.6. Let F be given by (7.4). Then u =
Dg+SRT'F is a solution of the problem (2.2) by Section 7. This solution is unique up
to an additive constant by Theorem 3.1. O
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9. Solution of the problem

LemMA 9.1. Let H, H, have boundary of class C'*?, where 0 <y < 1. Let 0< <y, R>

diamG, h e Cg(aG), h=0, f e compng(aG), f(x) # 0 for some x € 0G. If A is a complex
number such that Tyr f = Af, then A = 0.

Proof. Take fi, f> € cﬁ(ac) such that f = fj +if. Since Fr(fi —if2) € complC!(clH,),
Fr(fi —if2) € complC(clH-), Fr(fi —if2) € compl C°(R?) by Lemma 5.1, we get us-
ing Green’s formula that

)., e = i) - [V u(ivif)), = | [190hi |+ | Vfo| e,

oH,

| 1thip)ln [99a(fivif)] = | [IV9RAL + [ VSrpI ] d%e
. . (9.1)

Summing,
|| (- i) Toah +if)d = | [1990fi 17+ [Vl ]diee (92
G G
Using Fubini’s theorem,
M (RIrfi+ I = | [F0(fi = i) ) Tunlfi+ife)dy
= [ [1v9afi P+ 1 v9api ot ©03)
¥ LG;l[(szJfl)2 +(Faf) ] dde.
Since
0< J (S fi+ S rfo)dd) < oo (9.4)
G
by Lemma 5.3 and h = 0, we get

S| |VSRfiI” + VSRS * A3+ o h| (Frf) + (Frfe) | A,
A= >0. (9.5
loc (hFrfi+ oFrf2)dd ;

LemmMmA 9.2. Let H, H; have boundary of class C'?, where 0 < p<l. Let0<f<y, R>

diamgG, f € complcg(aG), f(x) # 0 for some x € 0G. If A is a complex number such that
Torf =Af, then0 <A <1.

Proof. We can suppose that A # 0. Lemma 9.1 yields A > 0 and we thus can suppose that
fe Cg(aG). Since $rA71f is a solution of the problem (2.2) with h =0, g =0 (see
Section 7), Proposition 4.1 gives that f fulfills (4.2). Since Torf = f on I', we deduce
from Torf =Af that A =1 or f =0 on I'. We can restrict ourselves to the case when
f=0onT.
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Fix r > 0 such that G c Q,(0) = {y € R?; x| < r} and put V = Q,(0) \ cIG. Then
Frf € C(clV) by Lemma 5.1. Using Green’s formula,

j VSRS |2 dd =J (Fof) (n- VIR ) d,
14 oV

:JaH(ny)<%I—K§)fd?€l+J Tef g rak (96)

20,(0) On
BSPRf

=(17A)ch9Rfd%l+L o I St

r

Since (4.2) forces Frf(x) = 0(1), VIR f(x) = O(1/|x]) as |x| — oo, we get for r — oo that
J VSRS | do, = (l—A)J FSRf do. 9.7)
R2\clG G

Using Lemma 5.3, we get

Jeorag | VIS I” dor
o fIrfd¥:

So, A < 1. O

(I-1) = (9.8)

Notation 9.3. Let X be a complex Banach space and let T be a bounded linear operator
on X. Denote by ¢(T) the spectrum of T and by r(T) = sup{|Al; A € 6(T)} the spectral
radius of T.

LEmMA 9.4. Let H, H, have boundary of class C'*Y, where 0 <y < 1. Let 0<f3 <y, R>
diam G, h € C5(dG), h= 0. Put V). f = h¥x f for f € compl Ch(3G). Then

(Vi) < sup Srh(x). (9.9)
x€0G

Proof. Let A € 6(V},) in compl c§(aG), A # 0. Since V}, is a compact linear operator in

compl Cg (0G) by Lemma 5.2, there is f € compl Cg (dG) such that f(z) # 0 for some z €
0Gand Vi, f = Af (see [13, Chapter X, Section 5, Theorem 2]). Using Fubini’s theorem,

[ et = [ [h) || @mtfoos (2 ) a0 | it o
< JaGh(x)(2ﬂ)—1 | f(»)]log (ﬁ)d%l(x)d%l(y) (9.10)

sj | F1d96, sup Frh(x).

x€dG

Since f € compng(BG) and f(z) # 0, there is § > 0 such that | f(x)| > 0 for x € Qs(z) N
0G and #,(Qs(z) N 0G) > 0. Dividing the inequality above by [ | f, we obtain

Al < sup Srh(x). (9.11)
x€0dG 0
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Tueorem 9.5. Let H, H, have boundary of class C'*?, where 0 < p<l. LetO<fB<yp he
Cg(aG), h=o0, fe cg(ac;), g€ Cé+ﬁ(1"). If h = 0, suppose moreover that (4.2) holds. Put

ap = 1+ sup Frh(x). (9.12)
x€0G

Fix o > a9/2, R > diam G. Let F be given by (7.3) and put

gozoc*IZ(I—oleN‘h,R)nF, u=9g+Fro,
n=0

(9.13)
(I-a 'Thr)"F, U = Dg+ FrOm.

M=

Pm =0

n=0

Then u is a solution of the problem (2.2). Moreover, there are constants g € (0,1), C € (1,00)
dependent on G, h, R, and « such that

ot “ﬂﬁ’R)nFHcé‘(aG) < Ca"[1f oy + el |

sup [u(x)| +sup | Vu(x) | = C[I1fll o, * I8y |
(9.14)
19 = pmlles o) = Cqm[”f”C{f(aG) + Hg”df‘;(r)]’

sup | u— upy | +sup | Vu(x) — Vuy(x)| < Cqm[llfllc/s(ac) + ”g”c‘*“(r)]'
cG 0 0

xeG X

Proof. If A € o(Tor — (1/2)I), A # 0, A # 1/2, then A is an eigenvalue of Tor — (1/2)I by
Lemma 8.4. Since [A| < 1/2 for each eigenvalue of Ty g — (1/2)I by Lemma 9.2, we get
r(Tor — (1/2)I) < 1/2 in compl Cg(aG). According to Lemma 9.4, [13, Chapter VIII, Sec-
tion 2], and [13, Satz 45.1 and Lemma 9.4], we have r(Tyr — (1/2)I) < r(Vy) +r(Tor —
(1/2)I) < ap — (1/2) in compl C} (3G).

If A € o(Thr — (1/2)I), A # 0, A # 1/2, then A is an eigenvalue of Ty g by Lemma 8.4.
Lemma 9.1 forces o(Thr — (1/2)I) C (=1/2,7(Tpr — (1/2)I)) C (—1/2,a9 — 1/2). Using
the spectral mapping theorem (see [13, Chapter VIII, Section 7]), we get o (Ty,r) C (0, ).
Put X = compl Cg)o(aG) for h = 0 and X = compl c§ (dG) in the opposite case. Denote by
".IN";,,R the restriction of Ty g onto X. Let A € C\ o(Tyr). Since X is a Ty g-invariant closed
linear subspace of finite codimension in Cg (0G) (see Section 7 and Proposition 4.1) and
Tur — Al is a Fredholm operator with index 0, the operator IN‘;,)R — Al is a Fredholm op-
erator with index 0 in X by [8, Proposition 3.7.1.] Since TN“;,)R — Al is injective, it is sur-
jective and the closed graph theorem (see [13, Chapter II, Section 6, Theorem 1]) gives
that IN";,,R — Al is continuously invertible. Thus G(IN";,,R) C 0(Tyr) C (0,a0). Proposition 8.6
shows that (Tj.r) C (0,a0). Using the spectral mapping theorem (see [13, Chapter VIII,
Section 7]), we get a(a’IYN"h,R —I)c {A e C;|A| < 1}. Thus r(oc’lYN"h,R —1I) < 1. According
to [13, Chapter VIII, Section 2, Theorem 3] and [13, Chapter VIII, Section 2, Theorem 4],
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there are constants g € (0,1), M; € (1, ) so that
)'(“7171%1,12—[)”“ <Mq" (9.15)

for arbitrary nonnegative integer 7.

Fe Cg (0G) by Section 7. Since there is a solution of the problem (2.2) by Theorem 8.7
and Theorem 8.8, there is a solution of the problem (7.2) by Section 7. Thus F € X by
Proposition 4.1. According to (9.15),

-1
H I - o' Tha) FHcﬁ(aG <M1qn”F”c§(aG)‘ (9.16)
Hence, ¢ is well defined and
191l a6y =< Z Miq"IIF || 56, < Mi(1= @) M IF Nl o 56,0 (9.17)
||§0 (PWI||C/3(3G Z Mq" ”F”Cﬁ aG) = (1 )q ||F||C13 9G)" (9.18)

n=m+1

Easy calculation yields that Tj r = F. So, u is a solution of the problem (2.2) by Section 7.
According to Lemma 5.1, there is a constant M, such that

sup | Fry (x |+sup|V9’va 0| <Myl o0, (9.19)

xeG
for each y € cg(ac). Since u — uy, = Fr(@ — @), we get from (9.18) and (9.19) that

sup | u— uy | +sup | Vu(x) — Vi (x)| < MaMig(1 — q)*lquIFllcg(aG). (9.20)

xeG xeG

According to Lemma 6.1, there is a constant M3 such that

sup [Dy(x)] +sup|V2D1//(x)| < M;|lyll b (a6) (9.21)

xeG

for each y € cé*ﬁ(ac). Using (9.17), (9.19), and (9.21), we get

sug|u|+sug|Vu(x)| < MoyMi(1= @) M IF N o) + M3 gl 1ot - (9.22)
Denote
Ty(x) = M +h(x)Dy(x), x€dG\T, (9.23)
- 1 (O -(y=-x)
Ty (x) _h(x)( () + an s (y)d%l(y)), xel.  (9.24)
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Then T is a linear operator from Céw (0G) to Cg (dG) by Section 7. Since

v(x)

[ Dy () = ==+ (2m)™! L v(y)lx—yl2n*(y) - (y —x) dHi(y) (9.25)

for x € T (see [9, Theorem 1]), the operator T is a bounded operator from Céw (0G) to

C%(9G) by Lemma 6.1. Therefore, T is a closed linear operator from Cé*ﬁ(ac) to Cg(aG).
According to the closed graph theorem (see [13, Chapter II, Section 6, Theorem 1]), there
is a constant M3 such that ”Tw”c%f(ac) < M3H‘/’||c(‘)*ﬁ(ac) for each v € C"P(9G). There-
fore,

IFI o) < 1f 1l cgiacy *+ Mgl ot oy (9.26)

We get requested inequalities using (9.18), (9.20), (9.22), and (9.26). O
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