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1. Introduction

One of the interesting questions in the theory of functional equations concerning the
problem of the stability of functional equations is as follows: when is it true that a map-
ping satisfying a functional equation approximately must be close to an exact solution of
the given functional equation?

The first stability problem was raised by Ulam during his talk at the University of
Wisconsin in 1940 [18].

Given a group G, a metric group (G,,d), and a positive number ¢, does there exist a
0 >0 such that if a mapping f : G; — G satisfies the inequality d(f(xy), f(x) f(y)) <&
forallx, y € Gy, then there exists a homomorphism T : G; — G, such thatd( f(x), T(x)) <
eforall x € Gy?

Ulam’s problem was partially solved by Hyers in 1941 in the context of Banach spaces
with 8 = ¢ as shown below [7].

Suppose that E;, E; are Banach spaces and f : E; — E, is a mapping for which there
exists ¢ >0 such that || f(x+ y) — f(x) — f(y)ll <eforallx,y € E;. Then there is a unique
additive mapping T : E; — E, defined by Tx = lim,_ . (f(2"x)/2") such that || f(x) —
T(x)|| < € for all x € E;.

Now assume that E; and E, are real normed spaces with E, complete, f : E; — E; isa
mapping such that for each fixed x € E; the mapping t — f(tx) is continuous on R, and
that there exist ¢ > 0 and p # 1 such that

1f e+ y) = fG) = fOIl < e(llxlP + 11 ylI7) (L.1)

forallx,y € E,.
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2 Hyers-Ulam-Rassias stability of generalized derivations

It was shown by Rassias [15] for p € [0,1) (and indeed p < 1) and Gajda [4] following
the same approach as in [15] for p > 1 that there exists a unique linear map 7': E; — E,
such that

[If(x) =Tl < llxI1? (1.2)

2e
|22 -2
for all x € E,. This phenomenon is called Hyers-Ulam-Rassias stability. It is shown that
there is no analogue of Rassias result for p = 1 (see [4, 17]).

In 1994, a generalization of the Rassias theorem was obtained by Gévruta as follows
[5].
Suppose (G,+) is an abelian group, E is a Banach space, and that the so-called admis-
sible control function ¢ : G X G — [0, c0) satisfies

0

~ 1o,
o(x,y) = 522 "9(2"x,2"y) < o0 (1.3)

n=0

forallx,y € G.If f : G — E is a mapping with
lfGx+y) = f) = FWI < p(x,9) (1.4)

for all x, y € G, then there exists a unique mapping T': G — E such that T(x + y) = T'(x) +
T(y)and || f(x) = T(x)|l < ¢(x,x) forallx, y € G.

Since then several stability problems of various functional equations have been inves-
tigated by many mathematicians. The reader is referred to [3, 16] for a comprehensive
account of the subject.

Generalized derivations first appeared in the context of operator algebras [8]. Later,
these were introduced in the framework of pure algebra [6]. There is also another gener-
alization of the notion of derivation which is called (o, 7)-derivation (cf. [9]).

Let 54 be an algebra and let & be an s{-bimodule. A linear mapping y : s — & is called
a generalized derivation if there exists a derivation (in the usual sense) & : s — & such that
u(ab) = au(b) + 8(a)b for all a,b € sd. Familiar examples are the derivations from 54 to &
and all so-called inner generalized derivations; those are defined by u, ,(a) = xa — ay for
fixed arbitrary elements x, y € €. Moreover, every right multiplier (i.e., an additive map
h of o satistying h(ab) = ah(b) for all a,b € o) is a generalized derivation.

The stability of derivations was studied by Park in [13, 14]. A discussion of the sta-
bility of the so-called (¢ — 7)-derivations and a study of the so-called generalized (6, ¢)-
derivations are given in [2, 11], respectively. The present paper is devoted to the study of
the stability of generalized derivations. The results of this paper are a generalization of
those of Park’s papers [13, 14].

Throughout the paper, A denotes a unital normed algebra with unit 1 and & is a unit-
linked Banach sd-bimodule in the sense that 1x = x1 = x for all x € ¥.

2. Main results

Our aim is to establish the generalized Hyers-Ulam-Rassias stability of generalized der-
ivations. We extend main results of Park [14] to generalized derivations from a unital



Mohammad Sal Moslehian 3

normed algebra to a unit linked Banach ${-bimodule. We apply the direct method which
was first devised by Hyers [7] to construct an additive function from an approximate one
and use some ideas of [11, 13].

THEOREM 2.1. Suppose f: A — X is a mapping with f(0) = 0 for which there exist a map
g: 4 — X and a function ¢ : A X A X A X A — [0, 00) such that

P(a,b,c,d) := zz @(2"a, 2"b, 2"c, 2"d) < (2.1)

nO

Ifha+Ab+cd)—Af(a)—Af(b) —cf(d) —g(o)d|| < gla, by &, d)  (2.2)

forallAe T={AeC:|Al =1} andalla,b,c,d € . Then there exists a unique generalized
derivation y: sl — & such that

I f (a) — u(a)|| < §(a,a,0,0) (2.3)

foralla € dA.
Proof. Settingc=d =0and A =11in (2), we have

If(a+b) = f(a) - f()]| < p(a, b, 0, 0) (2.4)

for all a,b € s{. Now we use the Rassias method on inequality (2.4) (see [5, 10]). One can
use induction on # to show that

Hf(;:a) _f(a)H < %:le_k(p(Zka,Zka,0,0) (2.5)
0

forallm € N and all a € ¢, and that

[ - 5

’ Zz ¢(2¥a,2%a,0,0) (2.6)

for all n > m and all a € A. It follows from the convergence (2.1) that the sequence
{f(2"a)/2"} is Cauchy. Due to the completeness of &, this sequence is convergent. Set

u(a) = tim 229

n—oo 2N

(2.7)

Putting ¢ = d = 0 and replacing a, b by 2"a, 2"b, respectively, in (2.2), we get

277 f (2"(Aa+Ab)) — 27"Af(2"a) —27"Af (2"b) || < 2" (2"a,2"b,0,0) (2.8)
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Taking the limit as n — co we obtain
pda+Ab) = Au(a) +Au(b) (2.9)

forall a,b € A andallA €T.

Next, let y = 0, +i6, € C where 0,,6, € R. Let y; = 0, — [6,], let y, = 0, — [6>]. Then
0<y;<1,(l <i<2)and by using [12, Remark 2.2.2] one can represent y; as y; = (A;; +
Ai2)/2inwhich A;; € T (1 <1, j < 2). Since y satisfies (2.9) we infer that

p(yx) = u(01x) +iu(0:2x)
= [01]u(x) +p(y1x) +i([0:]u(x) +p(y2x))

1 . 1
([91]y(x) + E‘l/l(ll,]X‘f‘/‘sz)) +1<[92]/A(X) + EH(Az)]X‘f‘/‘z,zx))
1 1 . 1 1
= (8011 + JA10000) + Shaopa() +i([8:]16) + Ao ) + S hoops))
=0

= O1pu(x) +ibu(x) = yu(x)
(2.10)

for all x € . So p is C-linear.

Moreover, it follows from (2.5) and (2.7) that || f(a) — u(a)|l < ¢(a,a,0,0) for all a €
dA. It is known that additive mapping y satistying (2. 3) is umque [1].

Putting A = 1,a = b = 0, and replacing ¢, d by 2"¢, 2"d, respectively, in (2.2) we obtain

||f(22"cd) —2"cf(2"d) —2"g(2"c)d|| < ¢(0, 0, 2"¢, 2"d), (2.11)
whence
[272" f (2%"cd) — 27 "cf (2"d) — 27 "g(2"¢c)d|| < 27*"¢(0,0,2"¢,2"d). (2.12)

Putd = 1in (2.12). By (2.7), lim, .« 272" f (22"a) = u(a) and by the convergence of series
(2.1), limy,— 272"¢(0,0,2"¢,2"d) = 0. Hence the sequence {27"g(2"¢c)} is convergent. Set
0(c) :=limy. 27"g(2"c), c € sd. Let n tend to o in (2.12). Then

uled) = cu(d) +6(c)d. (2.13)

Next we claim that § is a derivation. Put d = 1 in (2.13). Then &(c) = p(c) — cu(1).
Hence § is linear. Further,

d(c1c2) = ulcrcr) — crcop(1)
= (ap(cr) +8(c1)e2) = crcop(1)

= () + (u(ar) —ap(l)) e, — creou(1) (2.14)
= c1(u(c2) — (1)) + (u(er) — ap(1)) e
2616(62)‘1'8(61)62.

Thus § satisfies the Leibnitz rule. It then follows from (2.13) that u is a generalized
derivation. O
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Remark 2.2. The significance of functional equation (2.2) is that the required derivation
0 is naturally constructed. In other words, we do not need any additional functional
inequality for existence of §.

Remark 2.3. As o is unital, the mapping & that appeared in the definition of generalized
derivation is unique. In fact, 6(a) = u(a) — au(1).

COROLLARY 2.4. Suppose that f : sl — X is a mapping with f(0) = 0 for which there exist
constants § = 0 and 0 < p < 1 such that

IfAa+Ab+cd) = Af(a) = Af(b) = cf(d) = g(c)d|| < B(llall? + 1bIIP +Ilcll? + 1IdI1P)

(2.15)
forallA € T and all a,b,c,d € A.
Then there is a unique generalized derivation y: A — & such that
(@ - p@]| = L1907 (2.16)
foralla e dA.
Proof. Put ¢(a,b,c,d) = B(llall? + [IblI? + |Ic||? + ||d]|?) in Theorem 2.1. O

ProPOSITION 2.5. Suppose that f : A — & is a mapping with f(0) = 0 for which there exists
a function ¢ : A X A X A x A — [0,00) such that

@(a,b,c,d) := % Z 27"9(2"a,2"b,2"c,2"d) < oo,
n=0 (2.17)

If(Aa+Ab+cd) = Af(a) = Af (b) = cf(d) - g(c)d|| < g(a,b,c,d)

for A = 1,iand for all a,b,c,d € A. If for each fixed a € A the function t — f(ta) is contin-
uous on R, then there exists a unique generalized derivation y: 4 — & such that || f(a) —
w@a)ll < ¢(a,a,0,0) foralla € A.

Proof. Put c=d =0and A =1 in (2.2). It follows from the proof of Theorem 2.1 that
there exists a unique additive mapping y : s — & given by p(a) = lim,_(f(2"a)/2"),
a € 9. By the same reasoning as in the proof of the theorem of [15], the mapping y is
R-linear.

Assuming b =c=d =0 and A =1, it follows from (2.2) that || f(ia) — if(a)|l <
9(a,0,0,0), a € . Hence (1/2")| f(2"ia) —if (2"a)ll < ¢(2"a,0,0,0) for all n € N and
a € sd. The right-hand side tends to zero as n — oo so that

f(2"a) _ lim if (2"a)

p(ia) = rlllj];lo Lim =— =iu(a) (2.18)
foralla € o. ForeachA € C, A = r; +ir, (r1,72 € R). Hence
p(Aa) = u(ria+ira) = riu(a) + ryu(ia)

(2.19)

= rp(a) +inu(a) = (r +ir)u(a) = Au(a).
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Thus p is C-linear. The fact that g is a generalized derivation can be deduced in the same
fashion as in the proof of Theorem 2.1. O

ProPOSITION 2.6. Let 9 be a unital C*-algebra. Suppose that f : A — & is a mapping with
f(0) = 0 for which there exists a function ¢ : S X A X A X s — [0, co) such that

¢(a,b,c,d) := Z 27"9(2"a,2"b,2"¢,2"d) < o0

I[f(Aa+Ab+cd) — Af(a) - Af(b) —cf(d) - g(c)d|| < ¢(a,b,c,d), (2.20)

1 (2"u*) = £ (2"u) || < 9(2"u,2"1,0,0)

forallA € T, alla,b,c,d € sd, all nonnegative integers n, and all unitaries u in sd. Then there
exists a unique generalized derivation p: b — & such that || f (a) — u(a)ll < ¢(a,a,0,0) for
alla € A.

Proof. 1t follows from the proof of Theorem 2.1 that there exists a unique generalized
derivation p : o1 — & given by p(a) = lim,—(f(2"a)/2"), a € A satisfying (2.3).
Using (2.20), we have

27" f(2"u*) =27 f(2"u) || < 27" (2", 2"1,0,0). (2.21)

Letting #n — oo we conclude that y(u*) = p(u)*. Since y is linear and every element of a
C*-algebra can be represented as a linear combination of unitaries [12], we deduce that

u(a*) = p(a)*. O

Now let & be a unital Banach algebra. The mapping f : s¢ — o is called an approxi-
mately generalized derivation if f(0) = 0 and there exist a positive number ¢ and a map-
ping g : A — o such that

IfAa+Ab+cd) = Af(a) = Af(b) - cf(d) —g(o)d|| <e (2.22)

forallA € Tandall a,b,c,d € A.

TaEOREM 2.7. Let S be a unital Banach algebra and let f : s — sl be an approximately
generalized derivation with the corresponding mapping g. Then f is a generalized derivation
and g is a derivation.

Proof. Put ¢(a,b) = ¢ in Theorem 2.1. Then we get a generalized derivation y defined by
u(a) :=lim,_(f(2"a)/2") such that

llu(a) - f(a)|| <e (2.23)
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for all a € s1. We have
12" (f(2™a) —2" f(a))|| < [[2"1f (2"a) — g(2"1)2™a — f((2"1) (2"a))|
+]If((2"1) (2"a)) — g(2"1)2"a - 2""1 f(a)|
<e+|[f((2"1)(2"a)) —g(2"1)2"a - 2""1f (a)|
<e+||f((2"1)(2"a)) —u((2"1) (2"a)) ||
1)(2™a)) —2™™1 f(a) — g(2"1)2"al| (2.24)

<2e+||u((2"1)(2™a)) — 2""™1 f(a) — g(2"1)2™a|

+|u((2"1)

<2e+2"||u(2"1a) - f(2"1a) |
+2™]|f(2"1a) —2"1 f(a) — g(2"1)a]|
< (2+2™1)e

for all nonnegative integers m, n and all a € . Fix m and let # tend to o in the following
inequality:

2+2mt1
1f(2"a) =2"fla)ll < = —e. (2.25)
Then f(2™a) = 2" f(a) for all m and all a € 5. Therefore pu(a) = lim,,— (f(2"a)/2™) =
f(a) foralla e oA. O
Acknowledgment

The author would like to thank the referees for their useful comments.

References

[1] C.Baakand M. S. Moslehian, On the stability of J* -homomorphisms, Nonlinear Analysis. Theory,
Methods & Applications 63 (2005), no. 1, 42—48.

(2] , Generalized (0, ¢)-derivations on Banach algebras, preprint.

[3] S. Czerwik (ed.), Stability of Functional Equations of Ulam-Hyers-Rassias Type, Hadronic Press,
Florida, 2003.

[4] Z. Gajda, On stability of additive mappings, International Journal of Mathematics and Mathe-
matical Sciences 14 (1991), no. 3, 431-434.

[5] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive map-
pings, Journal of Mathematical Analysis and Applications 184 (1994), no. 3, 431-436.

[6] B. Hvala, Generalized derivations in rings, Communications in Algebra 26 (1998), no. 4, 1147—
1166.

[7] D.H. Hyers, On the stability of the linear functional equation, Proceedings of the National Acad-
emy of Sciences of the United States of America 27 (1941), 222-224.

[8] M. Mathieu (ed.), Elementary Operators & Applications, World Scientific, New Jersey, 1992, Pro-
ceedings of the International Workshop.

[9] M. Mirzavaziri and M. S. Moslehian, Automatic continuity of o-derivations in C*-algebras, to
appear in Proceedings of the American Mathematical Society.




8
(10]

[11]

(14]
(15]
[16]
(17]

(18]

Hyers-Ulam-Rassias stability of generalized derivations

M. S. Moslehian, Approximately vanishing of topological cohomology groups, Journal of Mathe-
matical Analysis and Applications 318 (2006), no. 2, 758-771.

, Approximate (0 — T)-contractibility, to appear in Nonlinear Functional Analysis and
Applications.

G. J. Murphy, C*-Algebras and Operator Theory, Academic Press, Massachusetts, 1990.

C.-G. Park, Lie *-homomorphisms between Lie C*-algebras and Lie *-derivations on Lie C*-
algebras, Journal of Mathematical Analysis and Applications 293 (2004), no. 2, 419-434.

, Linear derivations on Banach algebras, Nonlinear Functional Analysis and Applications
9 (2004), no. 3, 359-368.

Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proceedings of the Amer-
ican Mathematical Society 72 (1978), no. 2, 297-300.

Th. M. Rassias (ed.), Functional Equations, Inequalities and Applications, Kluwer Academic, Dor-
drecht, 2003.

Th. M. Rassias and P. Semrl, On the behavior of mappings which do not satisfy Hyers-Ulam stabil-
ity, Proceedings of the American Mathematical Society 114 (1992), no. 4, 989-993.

S. M. Ulam, Problems in Modern Mathematics, chapter VI, Science Editions, John Wiley & Sons,
New York, 1964.

Mohammad Sal Moslehian: Department of Mathematics, Ferdowsi University, P.O. Box 1159,
Mashhad 91775, Iran; Banach Mathematical Research Group (BMRG), Mashhad, Iran
E-mail address: moslehian@ferdowsi.um.ac.ir


mailto:moslehian@ferdowsi.um.ac.ir

	1. Introduction
	2. Main results
	Acknowledgment
	References

