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A topological space X is said to be almost Lindelof if for every open cover {Uy : o € A}
of X there exists a countable subset {a, : n € N} = A such that X = J,,cn Cl(Uy, ). In this
paper we study the effect of mappings and some decompositions of continuity on almost
Lindelof spaces. The main result is that a §-continuous image of an almost Lindelof space
is almost Lindelof.
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1. Introduction

Among the various covering properties of topological spaces a lot of attention has been
given to those covers which involve open and regularly open sets. In 1982 Balasubrama-
nian [4] introduced and studied the notion of nearly Lindel6f spaces and in 1984 Willard
and Dissanayake [21] gave the notion of almost Lindel6f spaces. Then in 1996 Cam-
maroto and Santoro [5] studied and gave further new results about these spaces which
are considered as one of the main generalizations of Lindelof spaces.

Moreover, decompositions of continuity have been recently of major interest among
general topologists. They are being studied by many authors, including Singal and Singal
[19], Popa and Stan [16], Noiri [14], Long and Herrington [11], Mashhour et al. [12],
Abd El-Monsef et al. [1], Dontchev [6], Dontchev and Przemski [7], Nasef and Noiri
[13], Park and Ha [15], and Baker [2, 3]. In fact, mathematicians introduced in several
papers different and interesting new decompositions of continuity as well as generalized
continuous functions.

Throughout the present paper, spaces always mean topological spaces on which no
separation axioms are assumed unless explicitly stated. The topological space (X, 7) will
be replaced by X if there is no chance for confusion. The interior and the closure of any
subset A of (X, 7) will be denoted by Int(A) and CI(A), respectively.

The purpose of this paper is to study the effect of mappings and some decomposi-
tions of continuity on almost Lindelof spaces. We also show that some mappings pre-
serve this property. The main result is that the image of an almost Lindel6f space under a
f-continuous function is almost Lindelsf.
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2 Mappings on almost Lindel6f spaces

2. Preliminaries

Recall that a subset A < X is called regularly open (regularly closed) if A = Int(CI(A))
(A = Cl(Int(A))). The topology generated by the regularly open subsets of a space (X, 1)
is called the semiregularization of (X, 7) and is denoted by (X, 7). A space (X, ) is said
to be semiregular if the regularly open sets form a base for the topology or equivalently
T = 7,. [t is called almost regular if for any regularly closed set C and any singleton {x}
disjoint from C, there exist two disjoint open sets U and V such that Cc U and x € V.
Note that a space X is regular if and only if it is semiregular and almost regular [17].
Moreover, a space X is said to be submaximal if every dense subset of X is open in X and
it is called extremally disconnected if the closure of each open set of X is open in X. A
space X is said to be mildly normal [20] if whenever A and B are disjoint regularly closed
sets in X, then there are two disjoint open sets U and V with A < U and B< V. And it is
called nearly paracompact [18] if every regularly open cover of X admits an open locally
finite refinement.

Definition 2.1 (see [4]). A topological space X is said to be nearly Lindelof if for every
open cover {U, : « € A} of X, there exists a countable subset {a, : n € N} < A such that
X = U,enInt(Cl(Uy, )). That is, every regularly open cover of X admits a countable sub-
cover.

Mappings and decompositions of continuity on nearly Lindel6f spaces were recently
studied by the authors in [8].

Definition 2.2. Let (X, 7) and (Y,0) be topological spaces. A function f : X — Y is said to
be

(1) almost continuous [19] if f~1(V) is open in X for every regularly open set V in
Y;

(2) precontinuous [12] (resp., f-continuous [1]) if f~1(V) < Int(CI(f~1(V))) (resp.,
f1 V) = Cl(Int(CI(f~1(V))))) for every open set V in Y;

(3) almost precontinuous (resp., almost 5-continuous) [13] if for each x € X and each
regularly open set V in Y containing f(x), there exists a set U in X containing x
with U ¢ Int(Cl(U)) (resp., U < Cl(Int(Cl(U)))) such that f(U) < V;

(4) §-continuous [14] (resp., almost §-continuous) if for each x € X and each reg-
ularly open set V of Y containing f(x), there exists a regularly open set U of X
containing x such that f(U) € V (resp., f(U) < CI(V));

(5) 6-continuous [9] (resp., strong 6-continuous [11]) if for every x € X and every
open subset V of Y containing f (x), there exists an open subset U in X containing
x such that f(CI(U)) = CI(V) (resp., f(CI(U)) c V);

(6) weakly quasicontinuous [16] if for each x € X, each open set G of X containing x
and each open set V of Y containing f(x), there exists an open set U of X such
that ¢ # U < Gand f(U) = Cl(V);

(7) contra-continuous [6] if f~}(V) is closed in X for every open set V in Y;

(8) subcontra-continuous [3] if there exists an open base % for the topology on Y
such that f~1(V) is closed in X for every V € %.

Note that almost §-continuity is equivalent to weakly §-continuity due to Baker [2].
Also, in [8], the following diagram in which none of its implications is reversible, is given.
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It illustrates the relations among some of these mappings:

Continuous ———— Precontinuous ——— f3-continuous

| "

Almost continuous — Almost precontinuous —— Almost -continuous

Moreover, it is clear that every strong 8-continuous mapping is 6-continuous and 6-
continuous. It is clear also, that every §-continuous mapping is almost §-continuous but
the converse is not true as Example 3.5 below shows. Contra-continuity implies subconra-
continuity but the converse, in general, is not true (see [3]). So, with Lemma 3.12 and
Example 3.13 below, we obtain the following diagram in which none of these implica-
tions is reversible:

Strong 6-continuous ——— §-continuous
l (2.2)

§-continuous —> Almost §-continuous

3. Almost Lindelo6f spaces

Definition 3.1 (see [21]). A topological space X is said to be almost Lindelof if for every
open cover {U, : @ € A} of X there exists a countable subset {a, : n € N} € A such that
X =Unen Cl(Ug,).

Note that every Lindelof space is nearly Lindel6f and every nearly Lindel6f space is
almost Lindelof but the converses, in general, are not true (see [5]). Moreover, it is well
known that the continuous image of a Lindelof space is Lindelof and in [8] it was shown
that the §-continuous image of a nearly Lindelof space is nearly Lindelof. In the case of
almost Lindelof spaces we give the following theorem.

THEOREM 3.2. Let f:X — Y be a 0-continuous surjection from X into Y. If X is almost
Lindelof, then Y is almost Lindelof.

Proof. Let {V,:a € A} be an open cover of Y. Let x € X and V,, be an open set in Y
such that f(x) € V4, . Since f is 8-continuous, there exists an open set U, of X con-
taining x such that f(Cl(Uy,,)) < Cl(V,,). Now {U,, : x € X} is an open cover of the
almost Lindel6f space X. So there exists a countable subset {U,,, : n € N} such that
X = Upen Cl(Uy, ). Thus

Y = f(X) = f( U Cl(U.,, )) = U f(Cl(Us,)) € U Cl(Va,,)- (3.1)
neN neN neN

This implies that Y is almost Lindel6f and completes the proof. O

CoOROLLARY 3.3. The 0-continuous image of an almost Lindeldf space is almost Lindelof.

LemMa 3.4 (see [10]). If f : (X,7) — (Y, 0) is almost continuous, then f is O-continuous.
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The converse of Lemma 3.4 is not true, in general, as the following example shows.

Example 3.5. Let X = {a,b,c}. Define on X the following two topologies 7 = {¢,
{b},{b,c}, X} and 0 = {¢,{a},{b},{a,b},X}. Let f:(X,7) — (X,0) be a function de-
fined as follows: f(a) = b and f(b) = f(c) = c. Then f is 8-continuous but it is not al-
most continuous since f~!({b}) = {a} is not open in (X, 1) whereas {b} is regularly open
in (X,0). Since f is 8-continuous, by Lemma 3.12 below, f is almost §-continuous but
it is not §-continuous since, there is a regularly open set {b} of Y containing f({a}) but
there is no regularly open set U of X containing {a} such that f(U) < {b}.

COROLLARY 3.6. Let f : X — Y be an almost continuous surjection from X into Y. If X is
almost Lindeldf, then Y is almost Lindelof.

Since every continuous function is almost continuous and by Lemma 3.4, we conclude
the following corollary.

CoROLLARY 3.7. Almost Lindelof property is a topological property.

Note also that an almost regular space is almost Lindel6f if and only if it is nearly
Lindelof (see [4]). Moreover, an almost regular and nearly Lindelof space is nearly para-
compact and mildly normal (see [5]). Thus we have the following corollary by using
Theorem 3.2.

CoroLLARY 3.8. Let f:X — Y be 0-continuous surjection from X into an almost regu-
lar space Y. If X is almost Lindeléf, then Y is nearly Lindelof, mildly normal, and nearly
paracompact.

ProrosITION 3.9. Let f: X — Y be strong 0-continuous surjection from X into Y. If X is
almost Lindelof, then Y is Lindelof.

Proof. Let {V,:a € A} be an open cover of Y. Let x € X and V,_ be an open set in
Y such that f(x) € V,,. Since f is strong 8-continuous, there exists an open set Uy,
of X containing x such that f(Cl(U,,)) € V,,. Now {U,, : x € X} is an open cover of
the almost Lindel6f space X. So there exists a countable subset {U,, :7n € N} such that
X = Upen Cl(Uy,, ). Thus

Y = f(X) =f< U Cl(UM)> = f(Cl(UM)> c | Va,- (3.2)

neN neN neN
This implies that Y is Lindel6f and completes the proof. O
CoROLLARY 3.10. The strong 0-continuous image of an almost Lindeldf space is Lindelof.

Note thatif f : (X,7) — (Y,0) is a strong 0-continuous function, then f is continuous
but the converse is not true, in general, as in Example 3.5.

Next we prove that almost J-continuous image of a nearly Lindelof space is almost
Lindelof.

ProrosiTioN 3.11. Let f: X — Y be an almost §-continuous surjection from X into Y. If
X is nearly Lindeldf, then Y is almost Lindeldf.
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Proof. Let V' = {V,:a € A} be an open cover of Y. Let x € X and V,, € V" such that
f(x) € Vi, € Int(Cl(Vy,)). Since f is almost §-continuous and Int(Cl(Vy,)) is regularly
open in (Y,0) containing f(x), then for every x € X, there exists a regularly open subset
U,, of X containing x such that f(Uy,) € Cl(Vy,). So {Uy, : x € X} is a regularly open
cover of the nearly Lindelof space X. Thus there exists a countable subset {x, :7n € N}
such that X = e Uy, - SO

Y = f(X) =f( U U) =J f(U,) c U Cl(Va,). (3.3)
neN neN neN
This shows that Y is almost Lindelof. O

Now we prove that 0-continuity implies almost §-continuity.
LemMma 3.12. If f : (X, 1) — (Y,0) is O-continuous, then f is almost §-continuous.

Proof. Let x € X and V be a regularly open subset of Y containing f(x). Since f is 0-
continuous, there exists an open subset U of X containing x such that f(CI(U)) < CI(V).
Thus U < Int(Cl(U)) and Int(CI(U)) is a regularly open subset of X containing x such
that f(Int(Cl(U))) € f(CI(U)) € CI(V). This implies that f is almost §-continuous and
completes the proof. O

The converse of Lemma 3.12 is not true, in general, as the following example shows.

Example 3.13. Let X = {a,b,c,d} and Y = {x,y,z}. Then we define the topologies 7 =
(o, {ch, {d} {a, ¢}, {c,d}, la,c,d}, X}, 0 = {$, {x},{y},{x, ¥}, Y} on X, Y, respectively.
Now if f: (X,7) — (Y,0) is a function defined as f(a) =z and f(b) = f(c) = f(d) = y
then f is almost §-continuous but it is not 8-continuous.

Next we prove the following proposition.

ProrosriTiON 3.14. Let f : X — Y be a weakly quasicontinuous and precontinuous surjec-
tion from X into Y. If X is nearly Lindeldf, then Y is almost Lindel('if.

Proof. Let {V,:a € A} be an open cover of Y. So {f o€ A} is a cover of X.
Since f is precontinuous, f1(Vy) < Int(Cl(f~1(Vy))). So {Int(Cl(f H(V))):a€ A} is
a regularly open cover of the nearly Lindel6f space X. It follows that there exists a count-
able subset {a, : n € N} < A such that X = U,en Int(CI(f71(V,,))). Since f is weakly
qua51cont1nuous, Int(CI(f~1(Vy,))) = f~1(CI(V,,)) (see [15, Theorem 3.3]). So X =

UneNf ) Thus

Yzf(X)zf( U F1(Cl(Vs, ) Uf( (C(Vy,) )g Ucl(vey,). (34

neN neN neN

This implies that Y is almost Lindelsf. O
We also prove the following proposition.

ProposiTioN 3.15. The image of an almost Lindelof space under a precontinuous and
subcontra-continuous mapping is Lindelof.
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Proof. Let f : X — Y be a subcontra-continuous and precontinuous function from X to
Y. Assume that X is almost Lindel6f. Let 2B be an open base for the topology on Y for
which f71(V) is closed in X for every V € B. Let U = {Uy : &« € A} be an open cover
of f(X). For each x € X, let U, € U such that f(x) € Uy,. Then there exists V,, € B
such that f(x) € V,, c U,,. Since f is subcontra-continuous, f~!(V,,) is closed in X.
Since f is precontinuous, f~1(Vy,) < Int(CI(f~1(Vy,))) = Int(f =1 (V). So f71(Vy,) =
Int(f~1(Vy,)). It follows that f~!(Vy,) is clopen and hence { f~1(V,,) : x € X} isa clopen
cover of the almost Lindelof space X. So there exists a countable subfamily {x, : n € N}
for which

x=U C1<f1(VaXn)) =U s ve,) e U (Us,) (3.5)

neN neN neN

Thus we have

f(X) :f( U fl(Uaxn)> = (1 (U,)) € U U, (3.6)

neN neN neN

This implies that f(X) is Lindel6f and completes the proof. O

Since contra-continuous functions are subcontra-continuous, we have the following
corollary.

CoROLLARY 3.16. The image of an almost Lindelof space under a contra-continuous and
precontinuous mapping is Lindeldf.

The following two propositions are analogous results of nearly Lindelof spaces (see

(8]).

ProrosiTioN 3.17. Let f : X — Y be an almost 3-continuous surjection. If X is submaxi-
mal, extremally disconnected, and almost Lindelof, then Y is almost Lindeldf.

Proof. The proof follows immediately from [13, Theorem 4.3] and Corollary 3.6. O

ProrosITION 3.18. Let f : X — Y be an almost precontinuous surjection. If X is submaxi-
mal and almost Lindelof, then Y is almost Lindelof.

Proof. The proof follows immediately from [13, Theorem 4.4] and Corollary 3.6. O
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