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We consider the Schrodinger-type operator H = (-A)? + V2, where the nonnegative potential V
belongs to the reverse Holder class By, for g1 > n/2, n > 5. The L? estimates of the operator V*H ™!
related to H are obtained when V' € B, and 1 < p < q1/2. We also obtain the weak-type estimates
of the operator V4*H~! under the same condition of V.

Copyright © 2008 Y. Liu and Y. Ding. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

In recent years, there has been considerable activity in the study of Schrodinger operators
(see [1-4]). In this paper, we consider the Schrédinger-type operator

H=(-A)?*+V? onR", n>5, (1.1)

where the potential V belongs to By, for g1 > n/2. We are interested in the L? boundedness of
the operator V4H"! where the potential V satisfies weaker condition than that in [5, Theorem
1, (2)]. The estimates of some other operators related to Schrodinger-type operators can be
found in [2, 5].

Note that a nonnegative locally L7 integrable function V on R” is said to belong to
B, (1 < q < o) if there exists C > 0 such that the reverse Holder inequality

1/q
1 g 1
<|B|IBV(x) dx> < C<|B|J‘BV(x)dx> (1.2)

holds for every ball B in R”".
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It follows from [3] that the B, class has a property of “self-improvement”, that is, if
V € By, then V € By, for some ¢ > 0.
We now give the main results for the operator V*H ! in this paper.

Theorem 1.1. Suppose V € By, q1 > n/2. Then for 1 < p < q1/2 there exists a positive constant C,
such that

||V4H71f||LP(Rn) < Cp”f”LP(]R")- (1-3)

By the proof of Theorem 1.1, we obtain the following weak-type estimate.

Theorem 1.2. Suppose V € By, g1 > n/2. Then for 1 < p < q1/2 there exists a positive constant C;
such that

N _ C
[{x eR": |[VAH f(x)| 2 A}| < Tl||f||Ll(R,,). (1.4)
Under a stronger condition on the potential V, Sugano [5] has obtained the following
proposition.

Proposition 1.3. Suppose V € B, /, and there exists a constant C such that V(x) < Cm(x, V)2
Then for 1 < p < oo there exists a positive constant C,, such that

||V4H_1f||LP(Rn) < Cp”fHLP(R")' (1-5)

As a direct consequence of our L? estimates, we have the following corollary.

Corollary 1.4. Suppose V € By, for g1 > n/2. Assume that (~A)Yu+ V2u = f in R". Then

19*ull 1y < Cpll flrny for 1< p < %. (1.6)

Throughout this paper, unless otherwise indicated, we will use C to denote constants,
which are not necessarily the same at each occurrence. By A~ B, we mean that there exist
constants C > 0and ¢ > 0such thatc < A/B<C.

2. The auxiliary function m(x, V) and estimates of fundamental solution

In this section, we firstly recall the definition of the auxiliary function m(x, V) and some
lemmas about the auxiliary function m(x, V') which have been proven in [3].

Lemma 2.1. If V € By, q > 1, then the measure V (x)dx satisfies the doubling condition, that is,
there exists C > 0 such that

f V(y)dySCI V(y)dy (2.1)
B(x,2r) B(x,r)

holds for all balls B(x,r) in R™.
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Lemma 2.2. For 0 <r < R<ooand V € By, for q1 > n/2, there exists C > 0 such that

! f V(y)d <c(f>2'"/ql ! j V(y)d
2 ) Blar) PV ==\R R"2 ) gy r) ey

Assume that V € By, q1 > n/2. The auxiliary function m(x, V) is defined by

1 1

Zsupyr: — V(y)d Sl}, x € R"™.
m(x, V) r>0p{ rn-2 fB(x,r) (y) Y

Lemma 2.3. Ifr = 1/m(x, V), then

1 f
— V(y)dy = 1.
rn-2 B(x,r) y) v

Moreover,

1 1
~1, ffr~————.
rn2 JB(x,r)V(y)dy o BT m(x/ V)

Lemma 2.4. There exists ly > 0 such that for any x and y in R",

m(x,V)
m(y,V)

é(l +m(x, V)|x-y) ™ < <C(1+m(x, V)|x —y|)/ @D,

In particular, m(x, V) ~m(y, V), if |x —y| < C/m(x, V).

Lemma 2.5. There exists I; > 0 such that

f V) 4, €

= V(y)dy < C(1 + Rm(x, V))".
BxR) X —yI"? Rn=2 f B(x,R) W)dy ( (x, V)

Lemma 2.6. There exists C >0, ¢ > 0, and ly > 0 such that, for any x,y € R",

1/(Io+1)

c{l+|x-ylm(y,V)} <1+ |x-ylm(x,V)

<C{1+|x-ylm(y, V)}ZOH.

Refer to [3] for the proof of the above lemmas.

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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The next lemma has been obtained by Tao and Wang in [6].

Lemma 2.7. Let g > s > 0, g > max{1,sn/a}, a > 0, and kbe sufficiently large, then there are
positive constants ko, C, and Cy such that

S

&d <Cro®{1+rm(x, V)}Sko,
|x—y|<r |x - y|"7” v

(2.9)

V S
J (]/) - dy § Ckm(x, V)Zs—tx
B {1+ m(x, V)lx —yl} |x —y"=

foranyr >0, x e R", and V € B,.

In order to prove Theorem 1.1, we need to give the estimates of the fundamental
solution of H. Zhong has established the estimates of the fundamental solution of H in [2]
when V(x) is a nonnegative polynomial. Recently, Sugano [5] has obtained the polynomial
decay estimates of the fundamental solution of H under a weaker condition on V in the
following theorem.

Theorem 2.8. AssumeV € B,/ and let T'y(x,y) be the fundamental solution of H. For any positive
integer N, there exists a constant Cn such that

Cn 1

0<TH(x,y) < .
ey (l+m(x,V)|x—y|)N|x—y|"_4

(2.10)

3. Proof of the main results

In this section, we will prove Theorems 1.1 and 1.2.

Theorem 3.1. Suppose V € By, q1 > n/2. Then for 1 < p < q1/2 there exists a positive constant C,
such that

”VZH_lf”LP(Rn) < Cp“f”LP(R")' (3-1)

Proof. Let f € LP(R") and
u(x) = jRnFH(x,y)f(y)dy. (3.2)

We need to show that

”Vzu”LP(Rn) < C”f”U(]R")- (3.3)
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Write

u<x>=f| | r(aay)f(y)dwj| Ty .
x-y|<r x-y|2r .

= u1(x) + uz(x),

where r =1/m(x, V).
Because of the self-improvement of the By, class, V € By, for some go > q1, we have

|f ()]

|x=y|<r |x - y|n_4

|u1(x)] < Cf dy

1/q

2/q0
x-yl|<r x-yl|<r

2/q0
— C1’4_2n/q0 <’[ |f(y)|t70/2dy> ,
|x-y|<r

where1/q' +2/q0 = 1.
Thus,

J o |V2(y)ui (y) | *dy

< CJ‘Rn <J|x—y|<r |f(]/) |‘70/2dy> V(x)q“m(x, V)n—Zqux 56)

= CI |f(]/)|q0/2 <I Vi(x)™m(x, V)"‘zq“dx> dy.
R" |x-y|<1/m(x,V)

Now, let R=1/m(y, V). Then

V(x)"m(x, V)" dx < CR*0™" f . CRV(x)%lx
x-yl<

qo0
< CR¥® <Rf 14 (x)dx>
|x-y|<CR (3.7)

1 0
=C f V(x)dx
<R"'2 r-yI<CR ) >

<C

f|x—y|<1 /m(x,V)

where we used (1.2), Lemmas 2.3 and 2.4.
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Hence, we have proved that for some qo > g1 > n/2,

f |V2(x)u1(x)|q°/2dx§CJ |f ()| *"2dx.
Rn ]Rn

(3.8)
By choosing s =2, a =4, and r = 1/m(x, V) in Lemma 2.7, we immediately have
2
f Lx)_zldx < 4ko, (3.9)
lx—yl<1/m(x,v) 1% = Y|"
Thus,
V2(x
[ veumasc( (7w <j #m) dy
R R |x=y|<1/m(x,V) (3.10)

< CkoJ‘ |f(v)|dy.
RTI
Therefore, by using interpolation we have

V21l oy < Cllfllin ey for 1<pr < D (3.11)

Then we deal with u,.

For 1 < p < go/2, by the Holder inequality,

If (y)ldy
C
|u2(x)| < f|x—y2r (1 + |x - y|m(x/ V))le - y|"‘4

< c<f f () Pdy >1/p

ylr (14 |x = ylm(x, V)N - yfr-4

X (f " >1 W (3.12)

e-yl>r (1 + |x — y|m(x, V))N|x -yt

- ( [ f @) dy >W,

-yl>r (1 + |x — y|m(x, V))N|x -yt

where r = 1/m(x, V) and we apply the second inequality for s = 0 and a = 4 in Lemma 2.7 to
the last step.
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Thus, for1<p < qo/2,

f [V2(x)ua () |Pdx
]Rn

) |V ()| *dx
<c[ rwr(| _ . dy.
R be-yl>1/m(xv) m(x, V)P (1 + [x — ylm(x, V)" |x - y|**

Fixy e R"and let R =1/m(y, V). By Lemmas 2.4, 2.6, and 2.7,

f |V ()| " dx

eyt /m(x V) m(x, V)P4 (1 + |x - ylm(x, V))N|x -yt

V(x)|[?d —4(p-
SCI |V (x)] chv <N _N-4(p-Dih
be-yl>1/m(x,V) R¥4P (1 + [x — y|R71) ' |x — y|n 4
< Cr g ™Y, V)t
<C

if we choose N large enough.
From this, we have

fR |V2(a)ua (x) | dx < fR |f(x)|Pdx for1<p< %.

Thus the theorem is proved.
Now we give the proof of Theorem 1.1.

Proof of Theorem 1.1. Suppose V € By, for some gq; > n/2. By Theorem 3.1, we have

-1
V2 + V2 Loy S Cllf vy for1<p<

It follows that

-1
22 (20 V2l S Cllf ey for 1<ps T

Because V*#(~A) ™ is a Calderon-Zygmund operator, for 1 < p < g;/2, we have

-1 -1
[V*((=2)* +V?) f”LP(R") <Gl (=8)*((=2)* + V?) f”LP(R") < Cpllfllzr -

(3.13)

lo +1 > (3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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Proof of Theorem 1.2. Note that V*(~A) ™ satisfies
n 4 -2 G
[{xeR": |[V*(=A)"f(x)| > A}| < T”f”Ll(Rn). (3.19)
Thus, by the proof of Theorem 1.1,

e B P12+ V2 @] 2 )] < A8 V) flly e
(3.20)
< Sl
O

Acknowledgments

I would like to express my gratitude to the referee for the valuable comments. This work is
supported by the Tian Yuan Project of the National Natural Science Foundation (NNSF) of
China under Grant no. 10726064.

References

[1] C. L. Fefferman, “The uncertainty principle,” Bulletin of the American Mathematical Society, vol. 9, no. 2,
pp. 129-206, 1983.

[2] J. P. Zhong, Harmonic analysis for some Schrodinger type operators, Ph.D. thesis, Princeton University,
Princeton, NJ, USA, 1993.

[3] Z. W. Shen, “L? estimates for Schrodinger operators with certain potentials,” Annales de I'Institut
Fourier, vol. 45, no. 2, pp. 513-546, 1995.

[4] H.-Q. Li, “Estimations L” des opérateurs de Schrodinger sur les groupes nilpotents,” Journal of
Functional Analysis, vol. 161, no. 1, pp. 152218, 1999.

[5] S. Sugano, “LP estimates for some Schrodinger type operators and a Calderén-Zygmund operator of
Schrodinger type,” Tokyo Journal of Mathematics, vol. 30, no. 1, pp. 179-197, 2007.

[6] X.Tao and H. Wang, “On the Neumann problem for the Schrodinger equations with singular potentials
in Lipschitz domains,” Canadian Journal of Mathematics, vol. 56, no. 3, pp. 655-672, 2004.



