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A new generalised derivative operator y'zl")llz is introduced. This operator generalised many
well-known operators studied earlier by many authors. Using the technique of differential
subordination, we will study some of the properties of differential subordination. In addition we
investigate several interesting properties of the new generalised derivative operator.

1. Introduction and Preliminaries

Let & denote the class of functions of the form
[*e]
f(z)=z + Zakzk, where ay is complex number, (1.1)
k=2
which are analytic in the open unit disc U = {z € C: |z| < 1} on the complex plane
C. Let 5,5*(a),C(a) (0 £ a < 1) denote the subclasses of </ consisting of functions that
are univalent, starlike of order a, and convex of order a in U, respectively. In particular, the
classes $*(0) = S* and C(0) = C are the familiar classes of starlike and convex functions in U,
respectively. A function f € C(a) if Re(1 + zf"/ f') > a. Furthermore a function f analytic in
U is said to be convex if it is univalent and f(U) is convex.
Let H(U) be the class of holomorphic function in unitdiscU = {z € C: |z]| < 1}.
Let

HAn = {f eHU): f(z)=z+apz"™ +---, (zell)}, (1.2)

with 41 = 4.



2 International Journal of Mathematics and Mathematical Sciences

ForaeCandneN={1,2,3,...} welet

Jmmp{fe#an:ﬂm=z+%ﬁ+%ﬂfﬂ+u,ueuﬁ. (1.3)

Let f(z) =z + 372, axz* and g(z) = z + 352, bk zF be analytic in the open unit disc U = {z €
C: |z| < 1}. Then the Hadamard product (or convolution) f * g of the two functions f, g is
defined by

f@eg@) = (Frg)(@) =2+ S axh". (1.4)
k=2

Next, we state basic ideas on subordination. If f and g are analytic in U, then the function f
is said to be subordinate to g, and can be written as

f<g f(2)<g(z), (zel), (1.5)

if and only if there exists the Schwarz function w, analytic in U, with w(0) = 0 and |w(z)| <
1 such that f(z) = g(w(z)), (z€eU) .

Furthermore if g is univalent in U, then f < g if and only if f(0) = g(0) and f(U) C
g(U) (see [1, page 36]).

Letg : C®xU — C and let h be univalent in U. If p is analytic in U and satisfies the
(second-order) differential subordination

¢ (p(2),20(2), 2 (2);2) < h(z), (zeW), (1.6)

then p is called a solution of the differential subordination.

The univalent function g is called a dominant of the solutions of the differential
subordination, or more simply a dominant, if p < g for all p satisfying (1.6). A dominant
g that satisfies g < g for all dominants g of (1.6) is said to be the best dominant of (1.6). (Note
that the best dominant is unique up to a rotation of U.)

Now, (x), denotes the Pochhammer symbol (or the shifted factorial) defined by

1 fork=0,xe C\ {0},
() = { (17)

x(x+1)(x+2)---(x+k-1) forkeN={1,23,...}, xeC.
To prove our results, we need the following equation throughout the paper:
W f(2) = A=) [0 f(2) * g @] + izl @ * b)), zelw), 1)

wheren,m e Ny ={0,1,2,...}, A, > A4 >0, and ¢,,(z) is analytic function given by

=) Zk
Pi,(z) =z + ém (1.9)
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Here y’;;m)lz is the generalized derivative operator which we shall introduce later in the paper.
Moreover, we need the following lemmas in proving our main results.

Lemma 1.1 (see [2, page 71]). Let h be analytic, univalent, and convex in U, with h(0) = a, y#0
and, Re y > 0. Ifp € H[a,n] and

p()+ Z"%Z) <hz), (zel), (1.10)
then
p(z) <q(z) <h(z), (zel), (1.11)

where q(z) = (y/nz"/") [§ h(t) t0/M71dt, (z € U).
The function g is convex and is the best (a, n)-dominant.

Lemma 1.2 (see [3]). Let g be a convex function in U and let
h(z) = g(z) + nazg'(z), (1.12)

where a > 0 and n is a positive integer.

If

p(z) = g(0) + ppz" + ppiz™ +---, (zel), (1.13)
is holomorphic in U and
p(z) +azp'(z) < h(z), (zel), (1.14)
then
p(z) < g(2), (1.15)

and this result is sharp.

Lemma 1.3 (see [4]). Let f € A4, if

zf"(z) 1
Re<1+m> >—§, (1.16)
then
%fo fdt, (zelU,z#0), (1.17)

belongs to the class of convex functions.
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2. Main Results

In the present paper, we will use the method of differential subordination to derive certain
properties of generalised derivative operator /‘Kﬁ\z f(z). Note that differential subordination
has been studied by various authors, and here we follow similar works done by Oros [5] and
G. Oros and G. I. Oros [6].

In order to derive our new generalised derivative operator, we define the analytic
function

L+ hk-1)"
T+ A (k=1)"" 7

Fy'\ (2) = Z+Z( (2.1)
k=2

where m € Ny = {0,1,2,...} and X, > A1 > 0. Now, we introduce the new generalised

derivative operator 4"} as follows.

Definition 2.1. For f € o the operator "\ is defined by p") :o# — o
K f(2) = F,,(2) xR f(2), (zel), (2.2)

where n,m € Ng = NU {0},1, > Ay > 0,and R"f(z) denotes the Ruscheweyh derivative
operator [7], given by

R'f(z)=z+ ic(n, K)azk, (neNy, zel), (2.3)
k=2

where ¢(n, k) = (n+1);_1/ (1)1
If f is given by (1.1), then we easily find from equality (2.2) that

& (1+M(k-1)"
51+ a(k-1)™!

WS (2) = 2+ c(nk)az", (zel), (2.4)

where n,m € Ng = {0,1,2...},A, > A; >0,and ¢(n, k) = (n+11¥1) =M+ 1)/ (Deq-

Remark 2.2. Special cases of this operator include the Ruscheweyh derivative operator in two
cases y(’)’jz = R" and ‘“K;(,)o = R" [7], the Salagean derivative operator ‘utl):g’ = S§" [8], the
generalised Ruscheweyh derivative operator in two cases y'jﬁh = R} and yth = R} [9],
the generalised Salagean derivative operator yg’;’(‘) = S; introduced by Al-Oboudi [10], and

the generalised Al-Shaqgsi and Darus derivative operator /4;’1’3 = DY 5 that can be found in
[11].

Now, we remind the well-known Carlson-Shaffer operator L(a, ¢) [12] associated with
the incomplete beta function ¢(a, c; z), defined by

L(a,c): A — A,
L(a,c)f(z) =¢(a,c;z)* f(z), (zel),

(2.5)
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where

(j)(acz)—z+z()k1 k (2.6)

(C)k 1

a is any real number, and c ¢ z;; z, = {0,-1,-2,...}.
It is easily seen that

Wl f(2) = e f(z) = uh f(2) = s f(2) = L(a, @) f (2) = f(2),

(2.7)
1 f (@) = poh' f(2) = ug f(2) = 1 f(2) = LR, D f(2) = 2f'(2),

and also
WEEF(2) = i F(2) = uiy " f(2) = L(a, 1) f(2), (2.8)

wherea=1,2,3,....
Next, we give the following.

Definition 2.3. For n,m € No,A; > Ay > 0,and 0 < a < 1, let an ,(a) denote the class of
functions f € &/ which satisfy the condition

Re (u;’f;zf(z)y >a, (zel). (2.9)

Also let K’ o ', (0) denote the class of functions f € «# which satisfy the condition
n,m !
Re(k}" f(2)* $(2)) >6, (zell). (2.10)

Remark 2.4. Tt is clear that Rg'll,o(“) = R(Aq, a), and the class of functions f € < satisfying
Re(hizf"(z) + f'(z)) >a, (zeU) (2.11)

is studied by Ponnusamy [13] and others.
Now we begin with the first result as follows.
Theorem 2.5. Let

1+Ra-1)z

T2 , (zel), (2.12)

h(z) =

be convex in U, with h(0)=1 and 0 < a < 1. Ifn,m € No, Ay > Ay > 0, and the differential
subordination

(1 f@) <h(z), (zeu), 2.13)
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holds, then
nm ! _ 2(1-a) 1
(K" f(2) % () <a(z) =221+ W"(Z)'

where o is given by

th—l
= dt .
o) = [ frt e

The function q is convex and is the best dominant.

Proof. By differentiating (1.8), with respect to z, we obtain

(@) = [ f@ = @] + iz f@ = ()]

Using (2.16) in (2.13), differential subordination (2.13) becomes

[#;lf)lxzf(z) * 4))»2 (Z)]l + .)le[nuzi,r)ltzf(z) * ()b/\z (Z)]” < h(Z) - %
Let

T i ] [, BN Ge=1)" o
p(2) = [, f(2) * ua(2)] = [z+kz_2 L1 c(mk)akz]

=l+piz+pzi+---, (peH[1,1], zel).

Using (2.18) in (2.17), the differential subordination becomes

1+Qa-1)z

p(2) + hizp (2) < h(z) = ———

By using Lemma 1.1, we have

P <a(2) = f () (/40 ap

1 J‘ <1+(2(x—1)t> t(l/)ll)_ldt

" N z/h 1+t

3 2(1-a) 1
=2a-1+ L2 O<)t1>'

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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where ¢ is given by (2.15), so we get

nm ! _ 2(1 - zx) 1
pap S (2) * duz(Z)] <q(z) =2a-1+ 777 G(Z)' (2.21)
The function g is convex and is the best dominant. The proof is complete. O

Theorem 2.6. If n,m € Ny, A, > Ay > 0,and 0 < a <1, then one has

RV (@) € K (6), (2.22)
where
2(1-a) 1
=2a-1 - 22
6 [h4 + )Ll O'<)Ll ), ( 3)

and o is given by (2.15).

Proof. Let f € R;‘ﬁ:l(cx), then from (2.9) we have

Re(4f(2)) >a, (zelD), (2.24)

which is equivalent to

— ! 1+ Qa-1)z
(B f @) <h(z) = ———=. (2.25)
Using Theorem 2.5, we have
o ! 3 21-a) /1
[/‘M,xzf(z)*‘i’iz(z)] < g(z)=2a-1+ WG<)&_1> (2.26)
Since q is convex and gq(U) is symmetric with respect to the real axis, we deduce that
Re|u}") f(2) * gb,\z(z)] >Re q(1) =6 =6(a, A1)
(2.27)

o 2(1-a) l
=2a-1+ " 0<A1>’

m+1

from which we deduce R;’l L (@) C K;’l”,")tz (6). This completes the proof of Theorem 2.6. O
Remark 2.7. Special case of Theorem 2.6 with 1, = 0 was given earlier in [11].

Theorem 2.8. Let q be a convex function in U, with q(0) = 1, and let

h(z) = q(z) + Mzq'(z), (z€U). (2.28)
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Ifn,m e Ny, Ay > Ay > 0,and f € A and satisfies the differential subordination
(i £(2)) <h(z), (zeu), (2.29)
then
#i, S (2) % (qu(z)]' <q(z), (zel), (2.30)

and this result is sharp.

Proof. Using (2.18) in (2.16), differential subordination (2.29) becomes

p(z) + lizp'(z) < h(z) = q(z) + Mzq'(z), (z € U). (2.31)

Using Lemma 1.2, we obtain

p(z) <4q(z), (zel). (2.32)

Hence
[#K;’Kzf (z) * dm(z)]' <q(z), (zel). (2.33)
And the result is sharp. This completes the proof of the theorem. O

We give a simple application for Theorem 2.8.

Example 2.9. Forn = 0,m = 1,1, > Ay >20,9(z) = 1+2)/(1-2),f € #,and z € U and
applying Theorem 2.8, we have

_1+z T+2z\'  1+20z-2?
h(z)—l_ + M0 <1—z> = 1- 27 . (2.34)
By using (1.8) we find that
i, (2) = (L= A1) f(2) + hazf'(2). (2.35)

Now,

01 B & axzk * apkz*
@ et =002+ Sy | o[+ Sy | @
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A straightforward calculation gives the following;:

CESCRNCI EED> ootk
-2

Lz 32, (kap(1+ Mk = 1)/ (1+ da(k - 1)))2F (2.37)

z

_ [f(z) * ¢r,(2)] * [z + I, k(1 + i (k - 1))zF] .

z
Similarly, using (1.8), we find that

2@ = - W[ F) x pu@)] + bzl f@ xpu2)],  @239)
then

(#MJ(Z)) (ml Lf(2) % (iuz(z)) +Alz<yh WiGE %(z)) (2.39)

By using (2.37) we obtain

k(k—1)ar(1+ A (k-1)) k2

<I’l)tl )sz(z) (i)f\z (Z)> kz:; 1+ )Lz(k _ 1) (240)
We get
02 ! S kar(l+ A (k-1)) k(k-1)ax(1+ A (k-1))
(K2 f=)) =1 kZ Tk = th Z R S
& kar(1+ A (k-1))* ,_
_1+k§ T (kD) zk1 (2.41)
[f(2)  $1.(2)] % [2+ Zio k(1 + b (k= 1))°2]
= - )
From Theorem 2.8 we deduce that
[f(Z) * d))tz (Z)] * [Z + ZI?;2 k(l + )Ll (k - 1))22k] < 1+ 2.)le - 22 (2_42)
z (1- z)2
implies that
[ s du@]* [+ STk hk-1)2] 1+z 0 o

z 1-z’
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Theorem 2.10. Let q be a convex function in U, with q(0) = 1 and let
h(z) =q(z) +zq'(z), (zeU). (2.44)

Ifn,me Ny, Ay > Ay >0,and f € o and satisfies the differential subordination

(Wi, @) <h), (2.45)
then
lu)L;,)Lsz ®) @, ew. (2.46)
And the result is sharp.
Proof. Let
o f(2)
p(z) = #“’“Zf
z+ 2,212<(1 + ik =1)"/ (1 + Aa(k - 1))'"*1)c(n, k) ayz* (2.47)
- zZ

=l+piz+pzi+---, (pek[l1], zel).
Differentiating (2.47), with respect to z, we obtain
(K f@) =p@ +2p/(2), (zelD). (2.48)
Using (2.48), (2.45) becomes
p(z) + zp'(z) < h(z) = q(z) + zq'(2). (2.49)

Using Lemma 1.2, we deduce that

p(z) <q(z), (zel), (2.50)
and using (2.47), we have
nm
WS (2)
”—szf <q(z), (zel). (2.51)
This proves Theorem 2.10. O

We give a simple application for Theorem 2.10.
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Example 2.11. Forn =0,m=1,1, > Ay 20,9(z) =1/(1 - z), f € &#,and z € U and applying
Theorem 2.10, we have

1 1\ 1
h(z)_l—z+z<1—z> _(1—2)2. (2.52)
From Example 2.9, we have
P f(2) = (1= M) f(2) + hazf' (=), (2.53)
SO
0,1 ! _ "
(K F @) = F1(2) + hazf'(2). (2.54)
Now, from Theorem 2.10 we deduce that
f'(z) + hizf"(z) < 1 (2.55)
1 (1-=z) |
implies that
(1-M)f(z) +Mzf'(=2) < 1 . (2.56)
z 1-z
Theorem 2.12. Let
1+Ra-1)z
B Sttt 2.57
h(z) o (zel), (2.57)

be convex in U, with h(0) = 1and 0 < a < 1. If n,m € No, Ay > Ay > 0, f € A4, and the differential
subordination holds as

(K r ) <n), (258)

then

i, f(2) <q(z) = 2a-1+ 2(1—a)In(1 + z). (2.59)

z z

The function q is convex and is the best dominant.
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Proof. Let

M f(2)
- z

p(z)

2+ 3 (4 itk = 1)"/ (1 da(k = 1) Je(n k) acz*

z

=l+piz+pzi+--+, (peH[L1], zel).
Differentiating (2.60), with respect to z, we obtain
!
(0 £@) =p@ +2p'(2), (zel).

Using (2.61), the differential subordination (2.58) becomes

1+QR2a-1)z

T2 , (zel).

p(z) +zp'(z) < h(z) =
From Lemma 1.1, we deduce that

p(z) <q(z) = % J; h(t)dt
L (e

117 1 7t
= E I:J‘O mdt‘l‘ (Za - 1) J‘O mdt]

=2a_1+2(1—a)in(1+z).

Using (2.60), we have

i, f(2) 2(1 - a)In(1 + 2)
—— :

<q(z) =2a-1+ =

The proof is complete.
From Theorem 2.12, we deduce the following corollary.

Corollary 2.13. If f € R\ (a), then

Re <#M+f(z)> >Q2a-1)+2(1-a)ln2, (zelU).

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)
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Proof. Since f € R"\ (a), from Definition 2.3 we have

Re (", f(z))' sa, (zel), (2.66)

which is equivalent to

m ! 1+Qa-1)z
<I/l)L;,)LZf(Z)> <h(z) = % (2.67)
Using Theorem 2.12, we have
nm Py
Ha (2 sz ® @) = @a-1)+2(1 - PR (2:68)
Since gq is convex and g(U) is symmetric with respect to the real axis, we deduce that
()
Re<“*l uf 2 >Req(1) = 2a-1)+2(1-a)In2, (zeU). (2.69)
O
Theorem 2.14. Let h € H(U), with h(0) = 1, W' (0) # 0 which satisfy the inequality
zh" (z) 1
Re<1 * N ) >3, (zelD). (2.70)
Ifn,m e Ny, Ay > Ay > 0,and f € A4 and satisfies the differential subordination
(i f) <h(z), (zew), @71)
then
(Z) :
‘u)u )tzf — l f h(t)dt (272)
z z )y
Proof. Let
p(z) = /‘)L1 )sz( z)
z+ 2,312((1 # A1 (ke =1)"/(1+ Aa(k = 1)) )e(n, k) a2k (2.73)

z

=l+piz+pzi+--+, (peH[L1], zelU).
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Differentiating (2.73), with respect to z, we have
<lﬁl wf (Z)) =p(z) +2p'(z), (zel). (2.74)

Using (2.74), the differential subordination (2.71) becomes

p(z) +zp'(z) < h(z), (zeU). (2.75)

From Lemma 1.1, we deduce that
p(z) <q(z f h(t)dt, (2.76)

and using (2.73), we obtain

#mzf @ 0z =1 Lzh(t)dt. 2.77)

From Lemma 1.3, we have that the function g is convex, and from Lemma 1.1, g is the best
dominant for subordination (2.71). This completes the proof of Theorem 2.14. O

3. Conclusion

We remark that several subclasses of analytic univalent functions can be derived and studied
using the operator "\
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