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Tropical geometry is a kind of dynamical scale transform which connects automata with real
rational dynamics. Real rational dynamics are deeply studied from global analytic viewpoints. On
the other hand, automata appear in various contexts in topology, combinatorics, and integrable
systems. In this paper we study the analysis of these materials passing through tropical geometry.
In particular we discover a new duality on the set of automata which arise from the projective
duality in algebraic geometry.

1. Introduction

Motivated by the phenomena in molecular biology, in [1] we have formulated random
interaction systems by use of families of maps on intervals, which consist of infinite families
of compositions between them. By wasting detailed and extracting more rough information
by use of projections, one can produce automata. This construction covers some discrete
integrable systems which possess solitons. This paper is a trial to represent creation of some
macroscopic patterns which arise from random and micro dynamics.

Let f: [0,1] — [0,1] be a map, and consider its iteration { f"(x) } ;.- This will behave
very randomly and will touch sensitively with respect to the initial points x € [0, 1] (see [2]).

Let X, = {(ag,a1,...) : ai € {0,1}} be the set of one-sided sequences, and take
two maps { fo, f1}. Let us generalize the iteration of a single map to random compositions
by two maps. Let us choose an element k = (ko,ki,...) € X,. Then, correspondingly
one obtains families of maps {h" : [0,1] — [0,1]},-; . on the interval by compositions
h'(x) = fr, 0 - fro(X).

Using them, one can construct continuous maps @(x) = D(fy, fo)(x) : Xo — X
for each point x € [0,1], which are called the interaction maps. These are defined by use of
projections on the interval, and so their values are determined by which subinterval h"(x)
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lies on for each n. Thus in order to determine a value ®(x)(k), it is enough to know rough
values of them, rather than rigorous ones on [0,1], even though one is required to have
information on h"(x) for all n. So ®(x) is a map in a macroscopic scale compared with
the micro interaction {h"(x)}. This might explain one aspect of a very simple mechanism
to create patterns in macro scale from random micro dynamics. This method is immediately
generalized to use families of maps on intervals { f;};, and one also obtains interaction maps
@(f1,..., fx) by the same way.

So far, we have known that many important cell automata can be expressible by
interaction systems as above (see [3, 1.A]). In the first part of this paper, we study geometric
properties of such cell automata which include the box and ball system (BBS), Lotka-Volterra
cell automaton, and lamplighter automaton. For example, we will construct assignments
from BBS flows to braid groups and extensions of BBS actions on compactified spaces passing
through group actions on trees. We will see some relation between LV cell automaton and the
lamplighter automaton, and generalize the latter to obtain more group actions on trees using
such relation.

In the middle part, we study connections of automata with complex geometry. In real
algebraic geometry, some geometric mappings from complex planes to the real ones were
discovered, by taking coordinatewisely absolute values and their logarithms (see [4, 5]). This
connects algebraic varieties with piecewise linear maps and is called the tropical geometry. On
the other hand, in [6] several relations of pl maps with automata are studied. For example, the
LV cell automaton is given by a family of pl maps. Passing through the above operations, in
this paper we will associate a family of polynomials from an automaton. Using the projective
duality on projective varieties and the above assignment, we will discover a duality between
cell automata. In fact, for an automaton A, we will associate a dual one AV, and call it as the
projectively dual automaton. We will calculate some examples in the case of curves. Notice that
duality on the Mealy automata was already introduced by exchanging the role of the exit and
the transition functions mutually (see [7, 8]).

In general, automata are represented by families of interaction maps. Thus direct
assignments from families of maps to these geometric objects will show geometric
representations of interaction systems.

In the last part, we construct infinite families of graphs from finite families of maps,
points, and symbolic sequences, and we call them the interaction graphs. We will construct
these graphs so that they represent some dynamics of interacting states in mesoscopic
scale. The central dogma in molecular biology tells us that proteins are products of various
interaction systems in mesoscopic scale, beginning from DNA. From geometric point of view,
one would like to obtain a space and an automorphism on it from such interacting data, which
will represent more macro features. In analogy to the central dogma as above, the space will
be compared with protein or polymer, and orbits of the automorphism correspond to states
on it, since functions of proteins are determined by the shapes of themselves.

A biological space-form problem is to construct a space V and an automorphism A on it
so that the orbits {x, A(x), A%(x),...} C V are induced from the dynamics of the interaction
graphs. In this paper we will formulate and address a space-form problem from toric variety
viewpoint, passing through several hierarchies of dynamics.

Throughout this paper, our basic direction is to study geometric properties of them
as macro objects, which are induced by scaling transform of dynamics by compositions
and iterations of families of maps as the micro one. In some particular cases of families
of maps which include some piecewise linear maps, the interaction maps induce some
automata.
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On the other hand, in general, maps on intervals are very flexible objects and their
dynamics are very random. One of our main aims in further development will be to study
macro properties of these dynamics for families of maps which are near such special types of
maps. Namely, let {f;}; be a family as above so that the corresponding interaction system
induces some automaton A. Let us take any geometric object G = G({fi};) arising from
the interaction system. We have several examples of G below. Since G passes through A,
its structure will hold some rigid properties.

Let us take another family of maps {g;}; which is sufficiently near the original { f;};,
where the corresponding interaction system for {g;}; may not induce any automata in
general. We would like to study geometric properties of G({g;i};) by comparing with G({ fi},).
This might give one direction of study to understand mechanisms of creation of patterns. In
particular, several stability properties of G under small deformation of these maps will be
particularly of interest for us.

Now let us describe the contents of the paper more concretely.

The box and ball system (BBS) is a dynamical system on the set of finite subsets in Z
(see [9]). Let us describe the dynamics shortly. For {ij,...,i;} CZwithi; <i, <--- < i, letus
imagine that a ball occupies in each position i,, for m = 1,...,1. These balls will be moved by
the following rule; the ball i; in the most left-hand side is moved to some i; < j; which is the
most left-hand side in {i; +1,i1 +2,...} \ {i2,...,i}. We repeat the same procedure for iy with
2 < k < 1. When this procedure is finished for ij, then we are done.

Let X be all of the finite subsets in Z. Then, the above procedure is expressed as

T:30=59. (1.1)

Let Zg(N ) C Zg be the sets of N-subsets in Z. Then, since BBS preserves the number of the
balls, Tisamapas T : Zg(N) = Zg(N).

Following our expression of interaction, in Section 2, we will describe the BBS system
by an interaction of maps for some family of continuous maps.

It is known that the BBS flows by the dynamics of T contain solitons. Among
dynamical properties of solitons, the relative positions of the individual waves and how
these waves pass through the others will be in the most important structures. In Section 3
we will represent such information geometrically by using the braid groups. Elements in
braid groups are certainly representing such situation. In order to eliminate infinitely many
ambiguities, in this paper we will use quotient groups B, of the braid groups. There are many
of them, and in a special case it is a subgroup of the mapping class group of finite index. Each
o admits an index among subsets in {1,..., N -1}, which is determined by T*(c) near t = +co.
We will associate a quotient braid group with respect to individual index. Then, we obtain
the canonical maps

B:X)(N) — By (1.2)
which we call the braiding map. B(c) is constructed from the dynamics of iterations

{...,T’l,o,T(o),TZ(a),...}. (1.3)
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Scattering process of BBS is described in [10] by using the combinatorial R-matrix. Using
such direction, one may obtain some invariants of the dynamics T.

Let 3, be the set of two-sided sequences with the alphabets {0,1}. Then, £) can be
regarded as a subset X,. In Section 5, we study geometric properties of the BBS map T. For
example, we see that it can be extended as T : 3, — .

The Lotka-Volterra cell automaton is given by the equation (see [9])

Vi - Vi = max(0, V!

+1

- L) -max(0, Vi - L). (1.4)

This is obtained from the original Lotka-Volterra equation by making discretizations twice.
It is known that this possesses solitons which are induced from the ones of the difference LV
solitons (see [3]). BBS is isomorphic to the Lotka-Volterra cell automaton. In fact, there is an
explicit procedure to construct such isomorphism. Thus one obtains an injection X) — X9
which assigns flows of the BBS to the corresponding dynamics of the LV. We will see that it
can be extended on some partially compactified space. In Section 4, we study structures of
path spaces of the set of cell automata, which arose from the relation of LV-CA with BBS.

The lamplighter group is well known as an automata group in geometric group theory
(see [11]), which admits an action on the rooted binary tree. In Section 5, we find that
in a special case the LV cell automaton is in fact a transition function for the lamplighter
automaton.

Lemma 1.1. Suppose that the initial sequence (ao, a1, ...) consists of only {0,1} entries. Then, the
degeneration of the LV cell automaton is the same as the transition function ¢ of an automaton whose
group is isomorphic to the lamplighter group.

Thus using the LV cell automaton as transition functions, one can construct a family
of automata groups which we call LV cell automata groups. They can act on the boundary
5T:o = J,; 0T} of the rooted infinite tree.

In Section 6, we study automata from complex geometry point of view. Tropical
geometry connects algebraic geometry with automata. There is a kind of scale transform ®;
with t € (1, o) by taking absolute values and taking the conjugation by Log, (see [4, 12]). To
a pair of parameterized polynomials (f;, f?), both lim;_, ., ®;(f;') and lim;_, ., ®;(f?) become
piecewise linear maps. In general, the equation @, (fL) = @ (f2) represent complicated
dynamics, but in some cases it gives automata. This is the point where we find importance to
study stability of the dynamics. We study this aspect in Section 6.3.2.

On the other hand, the above process is invertible in the sense that one can associate
pairs of parameterized polynomials (f;, f#) from automata A. Now using these polynomials,
one can obtain spaces as follows.

Definition 1.2. The associated affine hypersurfaces are parameterized family of hypersurfaces
given by the following equations:

v(a), ={zec": i) = fi)}. (15)

One important reason to consider such varieties comes from projective duality on
algebraic varieties. Let us denote by X" the projective dual of an algebraic variety X. Suppose
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that the projective duals of V(A), are also hypersurfaces. The parameterized families of
polynomials A(A), which define these hypersurfaces are called A-discriminant.

Again by taking the above scaling limit in tropical geometry, one obtains another
automaton AY. Thus passing through duality in complex geometry, there is an assignment
between automata:

A—s AV (1.6)

We call A the projectively dual automaton.
We have calculated in the case of some curves. Let a > 2, a, and ¢ be integers. Then,
we have the following.

Proposition 1.3. Consider the following:

v a o« a ac a 3
[max{au,, a + au,.1} = c] —max{a_1<c >+a—1u"+1'a—1+a—1u"}_c' (1.7)

In micro level, molecular interactions occur by covalent or hydrogen bonds where
electrons of molecules share their orbitals. Inspired on this aspect, in Section 7 one formulates
interaction systems of families of maps by constructing some graphs.

Let us take two interval maps fo, f1 : [0,1] — [0,1] and let D(x, fo, f1) : Xo — X»
be the interaction map. Let us choose another map d : [0,1] — [0, 1]. In the light of orbitals
stated above, if the projection of the iterations {d"(z)}, coincides with ®(x, f, g) (k) in X»,
then we construct a marked oriented edge as

(f,2) 2 (@) (18)

Let us fix families of maps {fi,...,fx}, points {xi,...,x} < [0,1], and
{a(i,j, h) }z;:hk:iz e X,. By the above way, we obtain the corresponding oriented marked finite

graph
G({fi}, (x} {a(i j m)})- (1.9)

We call them the interaction graphs.
One can interpret these graphs to represent states of the system consisted by the triple

({fil A%}, {a(Q, j, m)}).
Let us choose (fi, fj,xn). Then, we have the corresponding interaction map
@(fi, fi, xn) : Xo — X». In particular one can obtain other elements as follows:

a(i,j,h), =D(fi, fi, xn) (@i, j, h)) € Xo. (1.10)
By this way one can obtain another interaction graph:

G({fi}, {xj}, (@i h),))- (1.11)
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Let us denote by &({fi}, {x;}) the set of interaction graphs with fixed families of maps
and points. The numbers of vertices are all the same in any element in this. Notice that this is
a finite set. Then, by the above procedure one has obtained the following map:

O, : 6({fi} {x;}) — &({fi), {x})- (1.12)

By iterating this procedure, one obtains an infinite family of interaction graphs
G({fi), {x;), (@, j, W), G(Ufi), ;). (@, j; D), G(Lfi), (%)), (@i, j,)s)), ... One can
regard that this family of interaction graphs might represent dynamics of states of the micro
interaction systems, and according to our principle at the beginning of the introduction, one
may induce some macro patterns from them. In this paper we will induce some hierarchies of
combinatoric objects arising from such family of graphs.

Let & be the set of finite graphs, and let F : &({ fi}, {x;}) — & be the forgetful map.
Passing through F, one obtains a family of finite graphs:

Gi=F(G1),Go...c8,  Gi=G({fi). (x;), {a(i,jh),}), (1.13)

which we call just the associated graphs. Any G; has the same number of vertices N. Thus
there is a finite number of finite graphs {Hj,..., H,,} so that each G; coincides with one of
{H;}.
] We say that a family of finite graphs is strongly regular if they have the same number
of edges as others.
Let G be a finite graph. Then, the associated configuration a € Z™ in combinatorics is
determined. Thus one obtains another family of configurations:

51,52,53,...sz, (1.14)

which we call the transcripted configurations.

For each configuration @ € Z, one obtains an ideal Iz C Clyj, ..., y,,] which is called
the toric ideal. Thus associated to the family of configurations, one obtains the corresponding
family of ideals:

LBy I CClyr e m ], (1.15)

which we call the associated ideals.

For each ideal I C Clyj,...,ym], one obtains a complete fan over R” and the
corresponding toric variety X; C CP™!. The fan is called the Gribner fan.

Thus corresponding to the associate ideals, one obtains a family of toric varieties:

X1, Xs,...cCP"™ !, m= sup{my,my,...}. (1.16)

We call the sequence as the translated toric variety. When the associated graphs are strongly
regular, then all X; have the same dimension.

Let us have more abstract setting. Let V be an algebraic variety with the affine
coordinates V; defined by an ideal J;. Let us take an automorphism A on V. We say that
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an affine coordinate {(V;, i)}, is an (stable) algebraic Markov partition for A if, for each i,
there is some j so that

A(V) €V (1.17)

holds.
We say that the associated ideals {I;}; are reqular if they have the same dimension as
others. Letus put U; Ii = { J1,..., Jx}. Now we have one realization of the space-form problem.

Definition 1.4. Let ({ fi};, {x;};, {a(i, j, h)}) be interaction data, and suppose that the associated
ideals I = (Ip, I, ...) are regular. The sequence is called a symbolic flow of an automorphism
if there is an algebraic Markov partition for (V, A) with an affine coordinate {(V;, Ji) }le and

P

We would like to call such pair (V, A) a prohedron (which comes from “proteiform”).
We will see by an easy example that combinatorics of the interaction graphs will reflect
existence of such pairs.

The author would like to thank the referee for giving him the useful suggestions and
comments.

2. Automata and Interaction by Families of Maps
2.1. Classes of Automata

In this paper we treat some automata whose classes we will clarify below.

Let A be a finite set called the alphabet, and let Q be a set called the state set.

Let us introduce the most general form of automata here. Let m,[ > 0 be integers. A
bounded automaton A over A is given by two functions:

@ Qx Am2 4, p:QxA—Q. (2.1)
A flow of the sets of strings of one-sided infinite length

{ke = (kb KL, ) ke A) (2.2)

t>0

is determined by A if {k}} 5 50 satisfy the following relations:
K = (a7 K e K K1), = bl K. @3)

We regard that they grow time evolutionally as kg — k; — -+ — k; — -
One can similarly consider the two-sided case

(k= (o Kty Kb ) K € A (2.4)

0"
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2.1.1. Mealy Automaton (see [7, 8])

A Mealy automaton A over X is given by two functions:
p:QxA— A, p:QxA—Q. (2.5)

(A) One-Sided Case

Let

X, = {E: (ko k1,...) : ki eA} (2.6)

be all of the set of strings of one-sided infinite length. Then, each g € Q induces a continuous
map

Aq:XA—>XA (27)

givenby A, (ko, k1,...) = (ky, ki, ...), where k; are inductively defined with q_; = q as follows:
ki=g¢(qi ki),  qi=¢(gi1 ki) (2.8)

One can check easily that Mealy automata can be obtained by choosing ¢ : QxA — A

by ki*! = ¢(gi*', k) and ¢ are the same.

Let X% = {E* = (ko, k1,...,kn) : ki € A} be the set of words of length N with alphabet
X. Then, A, restricts the actionas A, : X% — XX forall N € {0,1,2,...}.

Let m = |A| and let T, be the rooted m-tree. The set of all vertices of T, can be identified
with X% = (Jy X% Thus A, gives the following action:

Ay Ty — Tp. (2.9)

Let us say that A is invertible (see [7]) if ¢¢(g,) : A = A are one-to-one onto forall g € Q.
An invertible automaton A gives automorphisms A, : Ty, = T}, and the group generated by
the set of states is denoted by G(A):

G(A)=gen{A;:T,, =T, :q€Q}. (2.10)

(B) Two-Sided Case

Let A={0,1,...,L -1} and let S be a finite set. Let us consider the two maps

g:SxA— A, p:SxA—S (2.11)

equipped with the initial state g € S. These data give a structure of Mealy automaton A.
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Let us put the set of the two-sided sequences by X; = {(...,v_y,...,v0,...) : v; € A}.
Leto = (...,v_4,...,0p,...) be an infinite sequence by {0, ...,L — 1} such that v, = v_, = 0
holds for all sufficiently large n >> 0. Let us denote the set of such sequences by

Zg ={(..,v,...,00,01,...) : v; € A, v, =0V large |n| > 0}. (2.12)

Notice that X9 are shift invariant.
Let us say that A is semiproper if ¢(g,0) = 0 is satisfied.
If A is semi-proper, then it induces a continuous map

A Z) — 3, AU, ) = (U T, (2.13)

given by the same rule as that of the one-sided case. Namely, let us take (..., v,, Ups1,...) €
Z(L’, and choose sufficiently small my so that v,, = 0 holds for all m < mjg. Then, we define
inductively as

Vposk = P (Sks Umgtk), Sk = P(Sk=1, Vmo+k), (2.14)

where we put v;, = 0 for all m < my. This is independent of choice of my and gives an
assignment

A (OO, ) — (o U, U ) (2.15)
Let A be a Mealy automaton which is semi-proper. If it induces a continuous map
Ay ) — 30, (2.16)

then we say that A is proper.

2.1.2. Cellular Automaton

The cell automata we treat here require only the initial states. Let A = Q, and take a function
¢ : A> — A.Then, each g € Q = A induces a continuous map

Aq :XA —>XA (217)
given by A, (ko, ki,...) = (ky, kj,...), where k! are inductively defined with k', = g:

k; = (p’(k,', k,’+1, k;—l) . (2.18)

So the flows {k;}, satisfy the relations ki = g(k K K.

i’ i+l
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2.2, Interacting Maps

Let us take the two interval maps
fo, f1:10,1] — [0,1] (2.19)
and consider their iterations as

Oo(x) = { f§ ()} 01(x) = {f{()] (2.20)

k=01,.. k=01,.."

We call them the oscillations (see [3]).
Let us define interaction of these orbits below. For this, let X, be the set of one-sided
sequences with two alphabets {0, 1} as follows:

X2={(ko,k1,...)1kiE{0,1}}. (2.21)

For each element k = (ko, ki,...) € Xa, we associate a family of maps {h™}, o,  with b :
[0,1] — [0,1] by the random iterations

h™(x) = fx,, © fk,y O © f(X). (2.22)
Let
a:[0,1] — {0,1} (2.23)

be the measurable map given by or([0,1/2)) = 0 and xr((1/2,1]) = 1. Then, for each x € [0, 1],
one can compose {h"(x)},, with or and obtain another element for a.e. x as follows:

kK= yr<<h0(x),h1(x), . )) = <ﬂ' o h%(x), 7 o bl (x),.. ) € Xo. (2.24)

— —
This assignment gives a map from each element k to k . We denote this map

(I)(x,fo, fl) : Xz — X2 (225)

by ®(x, f, g)(k) = k= a((h°(x), h'(x),...)) and call it the interaction map.

Let us introduce a generalization of the interaction. Let us fix a set of alphabets
{0,1,...,L} and choose a family of maps { fi,j}i,j:O,l,...,L and k € Xy.1. Then, we define
inductively

W (x) = fi ko, o W™ N(x),  hl(x)=x. (2.26)

We say that {h™(x)},, is a fwo-step interaction.
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Letor: [0,1] — {0,1,..., L} be the projection. Then, as before one obtains a map

D(x) : X1 — X1, D(x) <E> = E/,

. (2.27)
k,, = oo h"™(x).
Let ®: X;,1 — Xp+1 be amap, and take an initial condition
(S, KRS, ) (2.28)
and a boundary condition
GHASE (2.29)
Then, we inductively put
(kb k) = (ki k) = @ (k) KD, ) € X (2.30)

We call (k, k!,...) as the flow of @.

In Section 6, we consider the flow of the Lotka-Volterra cell automaton by the iteration
of the interaction map for some family of interval maps. LV cell automaton is isomorphic to
the BBS system described below. We will study the isomorphism in Section 4.

2.3. BBS System

Let %, be the set of two-sided sequences with two alphabets, and consider its subsets Zg C 2y
= ={(..,von,...,00,01,...) €10, =0V large [n] > 0}. (2.31)

Notice that it is shift invariant.
Let us describe the dynamical system T : Zg = Zg called BBS below (see [9]). One can
canonically identify =) with the set of ordered integers

S=0={i1<ip<- <ip:ix€{...,01,...}, meN} (2.32)

by (...,v-n,...,0pn,...) = {n:v, =1} asin the introduction.
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Let us choose an element ¢ € X) and let (iy < i» < -++ < i,y) be the corresponding
ordered integers. Let

T(0), = (...,vlm,...,vg,vi,. . ) ey (2.33)

be another element defined as follows: let j; > i; be the smallest index with v;, = 0. Then, we
put

v, 1#i, 1,
v =30, I=1i, (2.34)

1, I=j.

Next we do the same thing for vil2 = v;, in T(0); and find another smallest index j, > i,
with v}.2 = 0. Then, we exchange 0 and 1 in v}z and v}z as above. The result is denoted by T(0),.

We continue this process for i3, i4, . . . until i,,, and finally one obtains the desired T'(0) =
T(0),, € 2.

Thus one has obtained a continuous bijective map

T:50=5) (2.35)

which is calld the box and ball system (BBS) (see [13]).

Let On = {i1 <ip <--- <in ik € {...,0,1,...}} C O be the subset consisted by the
set of exactly N indices. Let =3(N) C X be the corresponding subsets. Then, the BBS system
preserves them and induces bijections T : Zg(N ) = Zg(N ).

2.3.1. BBS as a Mealy Automaton

Let us describe the BBS map T by an interaction of a family of interval maps. The basic method
will take two steps. Firstly we will describe it by a proper Mealy automaton, and then we
write down the automaton by an interaction of a family of maps. Here we will use some
modified way in order to express it by a family of continuous maps. For the presentation, see
also Section 4.1.

Firstly we will construct an automaton A. It will induce a map M : Zg(N ) = Zg(N )
which corresponds to T(0); in Section 2.3. Then, the BBS map T : Z9(N) = X5(N) is given by
T |Z)(N)=MN.

Lemma 2.1. For the state set S = {0,1,2,3,4} with the initial state O, there is a proper Mealy
automaton A which induces M : ) = 5.

Proof. Let us define A by

¢:Sx{0,1} — (0,1}, $:Sx{0,1} — 5§, (2.36)
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Table 1: Values of ¢.

0 1 2 3 4
4 2 4
1 1 3 4 3 4
where
e, a=1,2,
¢(a,) = (2.37)
id, a=0,3,4

(e € 5, is the nontrivial element in the permutation group on {0,1}).
It is immediate to check the conclusion. This completes the proof. O

Let us consider expressing BBS by an interaction of maps. Let us denote ¢ = {¢o, $1}
as in Table1 and ¢ = {¢o, g1}, where ¢; : S — Sand ¢; : S — {0,1} fori = 0,1. Let
a:[0,1] — {0,1} and o5 : [0,1] — {0, 1,2,3,4} be the canonical projections.

If the automaton above is described by compositions of a family of continuous maps
{ai}icop and {fi};_o1 as ¢; = 75 0 a; and ¢; = 7 o f;, then we say that the automaton is given
by an interaction of maps on intervals (see [6]).

It is immediate to see that the above A cannot be expressible by a family of continuous
maps as above. So we will modify as follows. Let us choose two permutations €y, €1 :
S = S. Then, we say that A is given by a modified interaction of maps with respect to
(€0, €1), if there are families of continuous maps {a;};_o; and {fi},.o; so that the following
hold:

$i=€iomsoam,
(2.38)

gi=oo fi

When these maps can be chosen piecewisely linearly, then tropical geometry in
Section 6 can be applied, since piecewise linear functions can have representations by the
relative arithmetics of (max, +). BBS is also the following case.

Lemma 2.2. There are families of continuous maps and permutations so that they give the modified
interaction of maps representing the proper Mealy automaton A above. In particular the BBS
automaton is given by MN=Mo---oMon Zg(N)forN =0,1,2,....

Proof. Let us choose permutations as
€:(0,1,2,3,4) — (0,2,4,1,3),

(2.39)
e1:(0,1,2,3,4) — (0,1,3,4,2).
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Then, we can choose piecewise linear functions a; and f; so that they satisfy the
following properties:

ii+1 ii+1 .
aOl T [EIT 7 1_0/1/2/
e B |
aO 5/ 5 5/ 5 4 ao
i i+1 i+1 i+2
i =0,1,2
| 15 5 5 7 5 7 1 O/ 747
(2.40)
l[z i+1 C[i—l i] i34
5 5 5 7 5 7 - 7 7
+1 +1 1
fol ],] [ ] =034, fol ],] c[-,l], i=12,
5 2
+1 +1 1
il l]— [ ] =12, fil 1]— c[o,g], j=0,3,4.
This completes the proof. O
3. Quotient of the Braid Groups and BBS System
3.1. Quotient of the Braid Groups
Let B, be the braid group with n-strands. It has the following presentation:
By ={t,... thr s titj = tjty, |i— j| > 1, titiati = tiatitia ). (3.1)
It has a canonical element representing the half-twist, that is,
Qu=(t1...th1)(t1 ... ty2) -+ (L1it2)t1 € By, (3.2)

The quotient group by Q?2 is isomorphic to a subgroup of the mapping class group on (n+1)-
punctured sphere, which is consisted by groups which fix oo point and index n + 1 (see [14]):

B,/ {(Q2) C MPG,.. (3.3)

Let us generalize it and have quotient braid groups.

Leti=1,...,n-1land k=0,...,n-1, and denote subsetsby [i,k]=(,i+1,...,i+k) C
{1,...,n—1}. Let Bjix] C B, be the subgroup generated by {¢;,...,ti«}. By the same way, each
Bj; k] contains the following corresponding canonical elements.

Qi) € Blij- (3.4)
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We will define two types of quotients of the braid groups using these canonical
elements.

Definition 3.1. The mod 2 braid group M,B, is given by the following:

MzEn = {tl,. . .,tn_1 : i’itj = t]'ti,

n-1 (35)
= Bn/gen< Ut12>

i=1

i—j|>1, titiati = ti+1titi+1/ti2}

For example, M,B, = Z, and M;B; is an infinite group which has a presentation given by
Zr x 7,/ (thibtitoty).
Let us denote the quotient map by

a7 : By — M>B,. (3.6)

Lemma 3.2. Let JZ'(Q%I. k) =1¢€ M,B,, for any i, k. Then, in particular one has

M2§n=Bn/gen< U in,k]>. (37)
n-1}

[i,k]c{1,...,

Proof. We check for n = 4, and the general case will follow from this immediately.

In fact 7(Q]) = (hhtshibh)(hibishibh) = hbishbiihishbt = hbtshbtshitt =
titatst st oty = titatststititaty = 1.

This completes the proof. O

Let I C {1,...,n - 1}* be a set of subsets, and denote by gen(Q; : I € I) the group
generated by elements ;. Then, we define another type of quotient braid groups by

B,(I) = B,/gen(Q; : [ €1). (3.8)

Notice that we do not include elements like (i,0) which correspond to one string. We will
denote i1 : B, — En(l) for the projection.

Later we will have geometric meaning to divide by the twists in terms of the BBS
system. In particular we will see in the following section that solitary behaviour in BBS system
can be represented as an element in the quotient braid groups.

3.2. Solitary Flow

Any o € X can be uniquely expressed by a finite set

{Ilr-”/ll} = {(ierl)/"'/(illNl)}r (39)
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where N; > 1and [ > 0. They satisfy the following:

(2) vj = 0 holds for some j in {ix + Ng,...,iks1 =1}, k=1,...,L
We call (Ny, ..., Nj) the index of 0. Thus one may regard each I; as one soliton.
Let o € Zg and consider the BBS map T. The indices of T'(0), (S1,...,Sm) are all

constant for sufficiently small t « 0, and also for all sufficiently large ¢ > 0, they are also
constant (Ty, ..., T,y), where £S; = 2T holds. Here inequalities hold as follows:

5125228, Ti<Th<- <Ty. (3.10)
We say that o has its type
<{Si}Z1r{Tj}7i1>' (3.11)
If o is a soliton, then the equality

(T, .., Tyw) = (Sp»Smt, -, S1) (3.12)

holds. More precisely, let {c'},.; C =) be a flow. We say that it is solitary if there are a set
{My,...,My} CN,1< My < M; <--- < My, and families {#},...,i,} C Z such that, for all
sufficiently large t > 0,

(G M), (i Ma), - (i, M) },

{1 M), (i Min1), -, (i M)},

O.—t

(3.13)

O.t

where

it ot it it _ it t
(1)1, <iy<---<iypandi,; <i , <---<i] hold,

m-1

(2) |i]*t—i]ff1| — wast — ooforallj=1,...,m-1

Thus for any ¢ € X9, the corresponding flow {T*(c)},; is solitary.

3.3. Assignment of Braid Elements

Let us take 0 € Z)(N), and let T be the BBS map. Let us take a large t, > 0 so that T (o)
and T% (o) have indices (Si,...,Sy) and (Ty,...,Ty), respectively. Notice the equality N =
8= 3T,

Let us put oy = T (0), and we consider the step T(0y);, i = 1,...,m, in the definition
of the map T in Section 2.2. For the step from oy to T(0p), let us assign a natural element

b1 € BN (314)
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below, where each string corresponds to an element 1 in 0p. Namely, when the most left-
hand side 1 moves into a position passing through another r number of 1’s, then t,_; --- ;
is assigned. For example, if 0y = (...,0,1,1,0,...) moves as (...,0,0,1,1,...), then one
generating element t; is assigned. Similarly, if op = (...,1,1,1,0,...) which moves as
(...,0,0,1,1,1,...), then t,t; is assigned.

Next for the second step from T'(0yp); to T(0p),, one assigns another element b, € By
by the same way. Continuing, one obtains another bs, ..., by,.

By this way one has assigned an element

b= b(O‘(), to) =b,,bu1---b1 € By (315)
which we call the braiding element.

3.3.1. Braiding Maps

Notice that b depends on the choice of ty and so oy in the above. In fact there will be infinitely
many elements which are different from each other with respect to the choice of ty. The
ambiguities arise from choices of the starting point op = T~ (o) and the ending point T" (0).
Let o have the type ({S;}i%;, {T; };”2,1). They are essentially given by the twists of the canonical
elements

Q[1,5,-11, Q[5,+1,5:-1]s [S145:41,55-1] s - - - » QS 44511 +1,5-1] (3.16)
for the former and given for the latter by

QU 4t T4, Ty 11y ATyt T4 Ty +1,Tj-1] -+ + 1 QIN-T, T, 1] (317)
where the rest indices all correspond to one string:

Sk=1 (k=i+1,...,m), =1 (1=1,2,...,j). (3.18)

Let us denote the set

I(O) = {[1151_1]/[51+1152_1]r-~/[51+"'+Si—l+1rsi_1]/

[Tl +'-'+T]'+1,T]'+1—1], [T1 +"'+Tj+1 +1,T]‘+2—1],...,[N—Tmf,Tmf —1]}
(3.19)

We say that I(0) is the index of the BBS flow for o.
LetIc {1,...,n -1} be a set of subsets. Then, we put

s0(1) = {o exd:I(o) = 1}. (3.20)
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Let oy be the projection as before. Then, we define the following restricted braiding map
with respect to I as

B(I) : =3(I) — Bn(I) (3.21)

by assigning a1 (b), b = b(0oy, to)). It is independent of choice of ¢y and gives a single map.
The above map depends on I. Below we will have another braiding map from X as a
multivalued one. The target space is also obtained by the quotient of the braid group.
Let « : By — M,By be the projection. Thus o (b) € M,By have ambiguity at most
finitely many elements with respect to to. Now we define the mod 2 braiding map:

B%:5)(N) — M,By (3.22)

as the images of all various values of f; for sufficiently large |to| > 0, given by xr(b) = b €
M, By, where b is as above. Thus B? is a finite multivalued map
We call b the mod 2 braiding element.

3.4. Connected Braiding Maps

Let us take two elements as follows:

ok = ( .0, ail,k,...,a,-mk,k,o,...) ex) k=12 (3.23)

Choose sufficiently large M > 0. Then, we define the connected sum of o' with o2 of length
M by

0
o1#tp0n = ( ..,0, aihl,...,aiml,l,O,.. .,O,aiz,z,...,Elimzfz,o,...) € 22, (324)

where 0 appears M times in the middle.
The index of the connected sum and their union are given by

I<01,02;M> = I<01> UI<02> Ul(oi#po) C{1,...,m; +mp — 1},

3.25
I<01,0'2> = U I(o1#p107). ( :

M>0
In fact I(c!, 0; M) is completely determined by the triple (I(c'),1(c?), M).
Let Iy be all of the set of subsets in {1,..., N — 1} such that each element can be an

index for some o € X9. Then, for large M > 0, there are maps

HM . IN X INr e IN+N’ (326)

which give the indices of connected sums.
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Thus these induce a family of maps
H(LY; M) : BN(I) x By (I') — Bnan (Hu(LT)) (3.27)
satisfying
H(L1; M) (BM)(0"), B(') (0?)) = B(HM(LT)) (0 #n0?) (3.28)

forT € Iy and I' € In.. We will say that H(I,I'; M) is a connected braiding map.
Proposition 3.3. H(I,I'; M) is eventually period with respect to M.

This follows since the target space is divided by twists in braid groups.

4, Transformations on Cell Automata
4.1. From BBS to LV

The Lotka-Volterra cell automaton is given by the equation

Vi - Vi = max(0, Vi, - L) —max (0, Vi - L). (4.1)

+1

This is obtained from the original Lotka-Volterra equation by taking differentiations twice. It
is known that this possesses solitons which are induced from the ones of the difference LV
solitons.

There is a procedure to transform BBS equation to LV cell automaton and vice versa
(see [9, 13, 15]):

By =min{1- B, 57 (Bl - BI") | = Vi - V) = max{L, V], } -max{L, Vi1}, (42)

by changes of variables.
Let

Oy = LV cell automaton — O; — --- — Oy = BBS (4.3)

be a procedure of transformations. We say that it is invertible, if the procedure has its inverse
Or — Ok1 — -+ — Og. We say that Op and Oy can be connected by an invertible
procedure.

Lemma 4.1. LV cell automaton and BBS can be connected by an invertible procedure as follows:

Op={V!} — 0, ={U} — 0,={S} — 05 = (B.}. (4.4)
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Proof. They can be connected by three steps as follows:

St - S, =min{0,1- 8, +S;1}, S, =3 B

n+l =—00" 1’/

uth - uy, = max{o,upt -1} - max{o,u,, -1}, U, =8

n+l n+l

- st (4.5)

VI -V = max{1L VL, ) - max{1 VL), v, = U

n

For the first transformation, one has the relations B!, = S!, - S! . For the second, notice
that S7%1 = 0 for all sufficiently large a. Then, we have the relations

s t+x _ gt
szounfx =S

n+l IIILI’I;OS:;%IH = Sil+l' (4~6)

This completes the proof. O

Remark 4.2. It has been shown in [3] that LV cell automaton is given by a family of PL maps
and projections on the interval [0, 1]. We have seen that BBS is given by a family of PL maps,
projections, and permutations in Section 2.3.

4.1.1. Deformation by Commutators

Let us consider the second step in the proof of Lemma4.1. We express the linear

: t _gt _ gt
transformation U, = S| ., — S, as

U = a(S), (4.7)

where we mean that a(S)!, = U!,. By this way, let us express others by

f(8), f(S),=8,-S.1,
BS), B(S) =Sy =S, (4.8)
¥(8), 1S, =minfo,1-574}.
Now the second step is expressed as
U =a(S), (4.9)
fU) =po f(S), (%)

and the defining equation becomes

f(8) =yoa(S). (%)
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Thus combining with (x) and (**), after the transformation, the equation changes as below:
fU) = poyl). (* % %)

Let us consider deforming the transformations. Let h be a transformation. Then, we
say that it commutes with f if

foh=hof (4.10)

holds.

Example 4.3. Let U = {U,},, satisfy lim;_, .U’ = 0 for each t and n.
Let h be given as

hU)p =x) _ u? (4.11)

n—i’

and let f be f(U);, = U, - U' as above. Then, h commutes with f.

Let us consider transformations given by (*) and (*) above. Then, a deformation of the
transformation by a commutator h is another one given below:

W =hoa(S),
(4.12)
f(W)=hopo f(S),
which follows from (x). When one considers the equation of the form
f(S)=yohoa(s), (4.13)
then it is changed to f(W) = ho fo y(W).
We denote all of the set of commutators with respect to f by
C(f)={h:[h f] =0}. (4.14)

4.2. Spaces of Cell Automata

So far, we have considered certain types of automato in Section 2.1, mainly those whose
defining equations are given by max-plus equations. These are not closed under change of
variables, and so here we will generalize the classes of functions we treat.

Let us denote the set of integer-valued maps

PL, = {f 22" 7 (X X, Yn e YO, Y1, Yn) € Z}. (4.15)

Notice that there are canonical extensions of any f € PL, to piecewisely linear maps f :
R3*1 — R just by connecting images of f piecewisely linearly. Sometimes we will identify
both of the maps. Such viewpoints will become important in Section 6.
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A general automaton is given by an element of the direct limit

f€PL, = lim PL,, (4.16)
where the defining equation of the automaton is given by
T=f({ o T T T f e T T ) (4.17)

If f is of the form f(x_n,...,X-1,.. ., Y-n,-- -, Y1,---,Yn,...), for some N, then we say
that it is of (N, c0) type.

If f is of the form f(...,x_pn, ..., X_1,Y-M,-- -, Y1,---, Yn,-..), for some M, then we say
that it is of (oo, M) type.

For simplicity, we will say that they are of finite-co or co-finite types, respectively. If
both cases hold, then we say that it is of (IN, M) or of finite-finite type.

Notice that the Lotka-Volterra cell automaton is of finite-finite type and the BBS is of
infinite-infinite type.

Let us denote all of the set of general automata and its subsets consisted by those of
*-*' types by

GAut,.. C GAut, (4.18)

where *, %' = finite or co. Notice that GAut.,.., = GAut.
We will also denote the set of general automata presented by the max-plus equations
and its subsets by

MP,_. C MP. (4.19)
One has the following inclusions:

BBS € MP C GAut > GAuty¢ D MPg¢ 5 L-V CA. (4.20)

4.3. Loop Groupoid

Let us choose two general automata O = {S!} and O’ = {T}} in GAut. A transformation from
O to O' is the one given by a change of variables:

T =F({ Sk St Sia b {885 ) (4.21)

for some linear function F. We denote the transformation by

0—O0. (4.22)

They are mutually invertible if both O — O’ and O' — O hold.
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Let us consider two invertible paths Oy =0 — Oy — - —» 0, =0"and O, = O' —
O} — --- = O, = Oin GAut. Then, the composition

0=0)—-—0, —0,—0,---— 0, =0 (4.23)

gives a loop with the origin O. Clearly two loops with the origin O admit a natural
composition, and by this operation, the set of loops

Qo = {6 =0=0y)— 0y — O,, = O : invertible paths} (4.24)

admits a group structure.

Definition 4.4. The loop groupoid Q is given by

Q(0,0") ={0 =0y — Oy — -+ — O, : invertible paths}. (4.25)

Therefore, Q(O) = Q(O, O) is called the loop group.

Let Og be the LV cell automaton, and denote all of the set of the solutions of the
equation

Spy = {{v;}trn : solutions of the LV cell automaton}. (4.26)

Let us take an element O € Qp,. Then correspondingly, there is a bijective map between
solutions of the equations:

O. : Sy = Syy. (4.27)

We call it as an induced map associated with O € Qo,.
In Section 6 we construct and study an involution on some classes of GAut by use of
tropical geometry and projective duality in affine algebraic varieties.

Example 4.5. Let us use the notations in Section 4.1. Let {B!,} and {V/!} be the BBS and LV cell
automaton, respectively. In Section 4.1, one has obtained a path O = {Op = {VI} — Oy =
{U,} = 0:=1{S,} — 05 ={B}}.

Let us put a general automaton

Tt=Bt

n n+l

- B, (4.28)
Then, O} = {T},} € GAut s linearly invertible with {U,} by the relations

u,=xr TesT =U,-U_,. (4.29)

Thus one has obtained another path 0 = {Op — O] — O — Os3}.
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5. Actions on the Boundary of Trees
5.1. Actions on the Boundary and Compactification

For any graph with marking on each edge, we denote by m(e) the marking at the edge e. A
tree T is said to be biinfinite if, for any vertex v € T, it contains a geodesic real linev € R C T.

Let T, be the marked biinfinite binary tree with marking {0, 1} so that it contains a base
pathlp : R — T, with m(lp(t)) = 0,t € Z. Let P = {R — T} be all of the set of geodesics.
Then, there is a canonical inclusion

PCS, (5.1)

where %, is the set of two-sided sequences with the alphabets {0,1}. Thus %, can be regarded
as a compactification of the set of all geodesics in T>.
Let us put

P’ = {l € P:m(I(t)) = 0 V sufficiently large [t| > 0}. (5.2)

Then, we have the following proper inclusions:
PPcPcX,. (5.3)
It is easy to see that P’ C 3, is dense. In fact 3, \ P° consist of elements | = (..., a_1, a0, ai,...)

such that the sets {i : m(a;) = 1} are unbounded at least for one direction.
Now we have a natural identification (Section 2.2)

=P 3. (5.4)

Then, the BBS system is described by an isomorphism

@: P’ =P (5.5)

Notice that the only fixed pointis (...,0,0,...).

Proposition 5.1. @ can be naturally extended to the continuous map

D : 22 — Zz, (56)

where

o((...,1,1,...)) = (...,0,0,...). (5.7)

Thus the extended map is not an isomorphism. More generally one has noninjective
points

@((...,0,1,0,..)) = (...,0,0,1,...) =d((...,0,1,1,0,1,...)). (5.8)

The extension also has one fixed point (...,0,...).
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In Section 4.1, we have assigned the following isomorphic procedures:

Oy =BBS — O; — O, — O3 = LV cell automaton, (5.9)

where we denote each step by F; : O; — Oy, i = 0,1,2. Each O; admits an N action by the
flow. By the construction, we have that Fy and F; both are equivariant with respect to the
flow, but F; is not.

Let us put 3% = U , 39, and 3, is defined similarly. Then, by the above procedure
F : Oy — O3, we have an injection

F:P' s 50 (5.10)

which assigns the solution of the BBS to the one of LV.
Notice that F extends as F : P — X, with respect to the compactification of P° defined
above; on the other hand, it cannot be extended as F : 3, — 2.

Lemma 5.2. F: P — X, is not a surjection to the set of all solutions of the LV cell automaton.

Proof. Recall that, in the transformations above, Fy and F; : O; — O; are equivariant, and F,
is just change of indices. Then, the result follows since there are at least two fixed points for
O, as

{(...,0,0,..),(..,1,1,..)}. (5.11)
O

Question 1. Let us choose a large N > 0. Describe compactification of F(P’) N Zy € 9.

5.2. Embedding of the Lamplighter Group

Let S and A be finite sets. An automata group G is an infinite group acting on the rooted tree
T;,, m = #A, which is determined by a transition function ¢ : Sx A — S and an exit function
¢:SxA — Asuchthat ¢g(a) € S,, is an element of the permutation group for each a € A.

Let T, be as in Section 5.1. Recall that the lamplighter group is an automata group
which acts on the rooted binary tree T, and it has a presentation (see [11])

G= <a,y =1, [y“",ya’] =1,i,j€ z>. (5.12)

The action of G preserves each level set of T, since it is constructed using an automaton. The
automaton is given in Table 2:

p@=e  ¢b)=id, (5.13)

where € € S; is the nontrivial permutation on {0, 1}. We call it the lamplighter automaton.
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Table 2: Values of ¢.

Let us construct another group G which contains G and acts on T. Recall that T,
contains a line (...,0,0,...) C T, and choose a base vertex * on the line. By identifying *
with the root in T}, one can embed T into T5:

T & T (5.14)

Now passing through this embedding, one can make G act on T, by letting the same action
as the lamplighter group on T — T, and by putting the identity on T \ T7.

Now Aut T, > G > G is generated by G and another element 7. Let us describe 7.
Notice that each edge of T, is assigned by one of {0,1}. We say that an automorphism g on
T, preserves the marking if g(e) has the same marking as the one of e in {0,1}. Now 7 is an
automorphism preserving the marking and uniquely defined by the property that it shifts
i-zero in ((...,0,0,...)) to i + 1-one. Thus 7 preserves the line. Then, G is generated by a, y,
and 7.

The action of G on T, has no fixed point. Moreover it is finitely generated and has
quotient isomorphic to Z. Thus the Bass-Serre theory suggests the following.

Question 2. Is Gan amalgam? If so, write down explicitly G1, G, and A with an isomorphism

G = G1#4Go. (5.15)

5.3. Actions on Tree by Cellular Automata

The action of the automata group on T; is determined by the levelwise way. In fact it is an
action on each vertex of T;. This is not the case for general cellular automata, like LV cell
automaton. In fact the action is determined for each path in T}, rather than points in T;. More
precisely, for many automata including LV case, the image of a vertex v by an element g € G
is determined by a neighbourhood of v.

5.3.1. LV Cell Automaton as a Transition Function

Let us consider a cell automaton

®:NxN? —N, (5.16)

where each U, is determined inductively by U4 = U, , U, U! ).

n-17 n
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We say that {U!,} degenerates with respect to @ if there is another function G so that it
satisfies the following relation:

uizﬂ = (IJ(G(LI;, ufﬁ-l)’u:z' u£1+1)' (5'17)

Recall that the lamplighter automaton has two states {a, b} and the alphabets {0,1}.
In order to compare the LV cell automaton with the transition function of it, we regard the
flow {UY}, — {U}}, as an output of a transition function. By this way let us regard that the
initial flow (UJ,UY,...), U? € {0,1} is a sequence of the alphabets and (U}, U},...) is another
sequence of the states, where one identifies a and b with 0 and 1, respectively.

Lemma 5.3. Suppose an initial sequence (ag, a1, . ..) consists of only {0,1} entries.
Then, the degeneration of the LV cell automaton by G(x,y) = x is the same as the transition
function ¢ of the lamplighter automaton.

When one expresses the flow of @ by an automaton, one puts an exit function by:
¢(a,i)=0, ¢bi)=1 1i=01 (5.18)

In particular, the corresponding continuous map on the rooted tree is not an automorphism
(it is not one to one).

In general flows of the LV cell automaton take integer elements U!, € N. In order to
treat these cases, let us put a sequence of states

(aOr ati, .. -)/ (519)

where ap = a and a; = b. Let S, be the group of compactly supported permutation on
{0,1,...}. Then, consider an exit function

¢:N— S, (5.20)

with ¢(0) =€ € S, C Sy, and (1) =1id.

In general let ® : N x N> — N be a transition function, and choose an initial sequence
(io,i1,...) C Nand any U € N.

Now we define the generalized automaton (®, ¢s) as follows. As an output, we will exit
another sequence (i}, i},...) C N as follows.

Firstly determine the sequence of the states (U}, U], ...) inductively by ®:

uy = (U} i, i,y ) (5.21)

Then, inductively we obtain the exits by

ih =g (up) (). (5.22)
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By this way one obtains an assignment which is in fact an isomorphism:
Sut + Xoo = X, (5.23)

where Xy are the sets of one-sided sequences with N alphabets and X, is their union. The
group G(®, ¢) generated by g,,, m = 0,1,..., is also called the generalized automata group
given by (@, ¢).

In the case when @y is the LV cell automaton, the equation of the transition function
becomes

uy,, = i, +max(L, it,,) - max(L,UY). (5.24)

Definition 5.4. The LV cell automata group is a group acting on the boundary oT:, =, OT? of
the rooted infinite tree defined by the transition function @ and an exit function ¢ as above.

A generalized automata group is of bounded type by N if it induces an action between
Xy = T},

5.4. Quasi Actions on Trees

Let G be a group acting on the boundary of the rooted tree T7.

We say that an element y € G is a ko-quasi action on T, if there is some ko > 0 such that,
if we write y(ag, a1,...) = (a,, a’l, ...), then a’M is determined by the data (ag, a1, ..., amk,)
for each M =0,1,.... We denote

y(ao, a1,...) )y = (ay, ..., dy) € F, (5.25)

where F; is the free group generated by {a, p}. We denote the word length by |g].
Suppose that y is a 1-quasi action. Then, we have a map

Fy:F, — B,
-1 (5.26)
Fi(2) = (r(3a)g) 1(8B) € Fa

which we call the differential of y. Notice that, when y is an automorphism on the tree, then F
is the identity map.

We say that a quasi action by y is (ko, lp)-semi Markov if there is some Iy > 0 such that
a), is determined by (an,, ..., amk,) foreach M =0,1,....

Let y has a 1-quasi action on T;. We say that it is bounded if there is a bounded function
B: F, — F;so that the differential satisfies the following equality:

Fy(g) = B(gx) ™ B(gp)- (5.27)
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Lemma 5.5. A bounded quasi action y is semi-Markov.

Proof. In fact one has the equality

y(ga) B(32) ™" =y(8h),B(3B) " (5.28)

This implies the equality
Y(8%) g-n = Y(8P) g1-nv (5.29)
where N = sup{|B(g)| : g € F»}. This completes the proof. O

6. Associated Algebraic Varieties
6.1. Tropical Algebra

Maslov introduced a kind of scale transform called the dequantization of the real line R. It is
given by deformations of the arithmetics over the real number R, which are parameterized
by a family of semirings R; for t > 1.

The multiplications and the additions are, respectively, given by

x@y:logt(tx+ty), x®y:x+y. (6.1)
t t
Notice the following particular property:
x@yztlirgx@y=max{x,y}. 6.2)
s} t

This is called the tropical semiring.
Corresponding to polynomials over the usual real numbers, one obtains R;-polynomials
as

pr(x) = <a1 +j1x>@ . @(ak +jkx> (x e R", jl € Z") (6.3)
t t

whose limitt — oo satisfies the following max-plus equation:
- 1 k
(poo(x)—max<a1 X, k] x). (6.4)
Let Log, : (C*)" — R”" be defined as
Log,(z1,...,2za) = (log|z1|, ..., 10g|z4|). (6.5)

The following can be checked easily by direct calculations, but the conclusions are
highly nontrivial and interesting.
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Proposition 6.1 (see [4, 12]). f; = (logt)’1 og;oLog, : R — R, isin fact a polynomial map
fi(z) = Zjt%iz.

Thus Ri-polynomials are conjugate to the standard real polynomials by log,.

Conversely let ¢ : R? — R, be a piecewisely linear map equipped with the
presentation by a max-plus equation. Then, one can associate a parameterized R; and
R polynomials, respectively, since their presentations are determined by the coefficients
aL, ..., a, jl,..., jk. Later on, we will denote them, respectively, by ¢; and f; and call the
associated Ry and R polynomials with respect to ¢.

6.2. Tropical Maps in LV Cell Automaton

It is immediate to generalize Section 6.1 to the relative case [16].
Let F; : CN — Cbe a family of rational functions given by

>t z'

S (6.6)

F(er---/ZN) =

where j = (ji,...,jN) € ZN and z = (z1,...,zn) € CN. Then, we define the corresponding
tropical polynomial f = f, as a piecewise linear map on RN by

fu(xt, ..., xN) = mlax{al + jlx} - m"ellx{bm +j"x}. 6.7)

where x = (x1,...,xn) € RYN. Such functions are called the relative (max, +) functions.
Let us recall the Lotka-Volterra cell automaton in Section 4. We describe it as flows of
the generalized interactions in Section 2.2.

Proposition 6.2 (see [3]). There is a family of smooth maps { fi;}; -, 1 so that the corresponding

flow ®(x)', t = 0,1,..., determined by {fij}i; gives the solutions of the Lotka-Volterra cell
automaton.

Proof. Let us construct the map

~ (6.8)
®(K, ., K K ) =Ky € {0, L),
Let us put a piecewise linear map fiyv by
fiv(x1, x2,x3) = x1 + max{Lo, x2} — max{Lo, x3} 69)

= x1 + max{0,x, — Lo} — max{0, x3 — Lo}.
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Then, we renormalize them and put f;; : [0,1] — [0,1] by
1 ..
fij(x) = ffLV(l’]’ Lx) €[0,1]. (6.10)

Let us divide the interval [0,1] into L+1 intervals, and denote them as Iy < I; < --- < I;.. Then,
fij(h) C I&)(l/i,j) are satisfied for alli,j, I € {0,1,...,L}. This is the desired family of maps.
This completes the proof. O

6.3. Associated Hypersurfaces

In order to avoid minus sign in the defining equations, one can transpose some terms there.
Then, the equation can be expressible by max-plus equations in both sides. So when a
bounded automaton is determined by a relative (max, +) function ¢, then it associates the
pair of (max, +) functions (¢1, ¢2).

For example, the LV-CA can be immediately rewritten as

n

v +max{L,V,tl+1} =V!  +max{L,V!,}. (6.11)
Let us consider a bounded automaton defined by a relative (max, +) function:

vl - (p(VH ..,V,i”). (6.12)

n+l = n-k’*

Let ¢1 and ¢, be two max-plus equations with respect to ¢. Then, the above equation can be
rewritten as

o1 (Vi Vi) = (Vi i), n=01,., (6.13)
for some k and I. Notice that ¢; can be rewritten as
o1 <V£j{, . .,v;j) =V 4 5y <V;j’k, N .,V,i”) (6.14)
for another some (max, +) function ¢, and they satisfy the relation

p(Vid, VI = pa(ViE V) = Gy (Vi Vi)

— t-1 t+1Y) t-1 t+1 t+1 (615)
(p2<Vn7k,...,Vn ) (p1<vn7k,...,vn+1> + VL

One may assume that both ¢; and ¢, have the same N variables.
Let f! and f? be the associated R polynomials and assign the complex variables z =
(z1,22,...,2zN+1) With respect to (Vé:l S, VD).
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Definition 6.3. The associated affine hypersurfaces are a parameterized family of hypersur-
faces given by the following equations:

V(A), = {z eCN: fl(z) = ff(z)}. (6.16)

Example 6.4. Let us consider the LV cell automaton. Let us put a parameterized polynomial
of degree 2 by fi(z,w) = ttz + zw. Then, the corresponding equation becomes f;(zy4, z3) =
fi(z1,z2), where each z; corresponds to z; < V! |, z, < V! ,, z3 < V/*! and z4 < V!'1. Thus
the associated hypersurfaces V(LV), C C* are a family defined by

V(LV)t = {(Zl, Zn,23, Z4) € C4 : ft(Z4, Z3) = ft(Zl,Zz)}. (617)

6.3.1. The Associated Complex Dynamics

Let us consider a bounded automaton A given by a relative (max, +) function ¢. As above, it
is given by a pair of (max, +) functions (¢1, ¢,). Let f; and ( ftl, ftz) be the associated rational
and the pair of polynomial functions with respect to ¢ and (¢1, ¢») mutually. Notice that they
are related in the following way:

znafF (21,22, -, ZN)

ft(Zl,Zz,...,ZN) = . (618)
fi(z1,22,..., 2N, ZN41)
For the LV cell automaton, f; above is given by
-1
ft(Zl, Z, Z3) = <tL + 23> <tL21 + 2122>. (6.19)

Now for t = 0,1,..., let us consider a flow given by infinite sequences of complex
numbers (2}, z}, 25, ...) € C* which obey the equation

RS ACANRNE (6:20)

Notice that, if (z/,,...,z/1) € R, then z!*}, € (0, o).

Since it also satisfies the equation
1( -l t41 2( -1 t+1
fi (zn_k,...,zr;l) = f; (zn_k,...,zn+ ), (6.21)

each building block z}, = (z/,,..., 2%) lies on V(A), for all n > k and t > I. We say that the
sequences

{Z;}nzk, 1 C V(A), (6.22)

are the induced dynamics on V (A),.
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6.3.2. Stability

So far, we have discussed by fixing the parameter t. Here we consider the asymptotics of
flows ast — oo.
Let (¢1, ¢2) be a bounded automaton given by two max-plus functions with the N +1

variables (V7! ..., V!*1) as above. Let us denote the associated polynomials ¢} and f/,i = 1,2.

Lemma 6.5. Let z € RN be a family of points. Suppose that the convergent condition
x = lim Log, (z") (6.23)

is satisfied. Then, x € RN* satisfies the following equation:
$1(X) = p2(x). (6.24)

Proof. We recall the equality f; = logt‘1 o ¢; o Log, on the positive real numbers. Thus they
satisfy the following equation:

¢ oLog,(z') = ¢? o Log,(z"). (6.25)
Then the conclusion holds, since ¢! converge to the original max-plus functions ¢'. This

completes the proof. O

Let [v] € Z be the integer part of v € R. For a sequence v = (v1, v, ...), we denote by

[V] = ([01]/ [UZ]/ . )

Definition 6.6. Let A be a bounded automaton, and choose parameterized families of
sequences {z!,},5¢ 15 C CN*L
We say that they are stable, if there is f( so that, for all t > t,

{[Log,(z)]} o, 11 € ZN" (6.26)

gives a flow of the solutions of the original automaton A.

Let A be the LV cell automaton. Then, as in Section 6.2, there is a family of interval
maps {fi;};; so that the flow of the solutions of LV-CA can be represented by interactions
of maps between { f; ;}. Thus existence of stable families above will be heavily influenced by
stability of dynamical properties of the family { f;;} under continuous deformations of these
maps.

6.4. Cell Automatic Varieties

Let A; and A be two cell automata, and consider an integer-valued flow

(Vi=(V},vi,..) }t20 cZ™. (6.27)



34 International Journal of Mathematics and Mathematical Sciences
If it satisfies both equations for A; and Ay, then we say that {V'}, is a flow for A; and As.
Let us denote the set of such flows by

F(A1, A2) = { (V') 51, CZ* : flows for both Ay, A, . (6.28)

We say that F(A;, Ay) is a cell automatic variety for A; and A,.
Let Ay,..., Ay, be a family of cell automata. By considering flows for them, one also
obtains the cell automatic variety F(Ay,..., An).

6.4.1. Compatible Automata

Let Ay and A; be two cell automata given by ¢ and ¢’, respectively:
Vil = 0OV (Vi Vi A Vil it} 140, (6.29)
Let us denote the following sets:

n+l’ " n-k'’ "

Vi= (Vi Vi Vit Vi) e 2V (6.30)

We say that A; is compatible with A; if the following holds; suppose that V/ satisfies
both [%] and [*]'. Let V!, be determined by [*]". Then, it also satisfies [x].

In the case of compatible automata (A;, Az), the cell automatic variety F(A;, A) will
be nonempty, which does not hold in general.

Example 6.7. Let A; and A, be both automata given by linear maps as follows:

Une1 = AUy + Py +y, (A1),

(6.31)
Uy =au, +b, (Ay).
If these coefficients satisfy the following relations:
(1-pa=a, (1-p)b=y, (6.32)

then A, is compatible with A;.

6.4.2. Associated Varieties

Let A; and A, be two CA. Let us denote the associated R-polynomials by f/ and g/ fori = 1,2,
respectively. Then, one obtains the parameterized affine algebraic varieties given by the following
equations:

V(A A), = {zeCV: fl(2) = fA(2), 81 (2) = (@) }. (6.33)
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Let us consider the associated systems of complex dynamics. Let (2!, z5,25,...) € C*
which obey the following system of the equations:

1( t-1 t+1 0\ _ g2 t-1 t+1
ft <zn—k""’zn+1> _ft <Zn—k""’zn >/

1 t-1 1Y _ 2 ( ] i (6.34)
gt<Zn_k,...,Zn+1> gt<zn_k,...,zn >

Again each building block z!, = (z7 ..

the induced dynamics on V (A1, Az),.
Let Ay,..., Ay be a family of CA. Then, by the same way as above, one obtains the
following parameterized associated affine algebraic variety:

.,z ") lies on V(Ay, Ay),, and we say that {z},,, is

1 2
V(A1,..., An), = {z eCN: (f[‘) (z) = (f[‘) (z), k = lm} (6.35)
where ( ftk )i, i = 1,2, are the associated R-polynomials with respect to Ag.

6.5. Duality

Here we introduce a new duality on the set of automata. It passes through the projective duality
between algebraic varieties [17].

Let V be a complex n-dimensional vector space and let P(V) be its projective space.
There is a natural isomorphism P(V) = P*(V*), where P*(W) is the set of all hyperplanes in
W and V* is the dual space to V.

Projective duality generalizes this operation to varieties. Let us quickly describe its
construction. Let X C P(V) be an algebraic variety. Then, one can associate another variety
XY ¢ P(V*) as follows. A hyperplane H ¢ P(V) is said to be tangent to X if there exists a
smooth point x € H N X and the tangent space of X at x is contained in H. Let X* C P*(V)
be all of the set of tangent hyperplanes, and passing through the above isomorphism, one
obtains a set XV C P(V*) which is the desired one. It is called the projective dual variety. In
the case when X" c P(V*) is a hypersurface, then its defining polynomial A is called the
X-discriminant.

Let {Ay,..., Ay} be a family of automata. Thus one obtains a parameterized family of
projective varieties V ({ A;}); C CPN by taking closure of the associated affine varieties.

Let V({A;}); c CPN be the corresponding parameterized projective dual varieties.

Suppose that these are hypersurfaces, and denote the defining functions by ;% a/z/.
When one can modify the polynomial as ;t*w’ by change of variables a;z; = wj, then we
call ;t%w! the { A;}-discriminant and denote it by

A({A});- (6.36)
We will denote the corresponding modified varieties by

V({Aih/ (6.37)
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and call them as the associated dual varieties with respect to { A;};. They are isomorphic with
VA

Definition 6.8. Let ¢; be the associated R;-polynomials to A({A;});). The automaton defined
by ¢ = lim;_, - ¢; is called the projectively dual automaton.

We denote the projectively dual automaton by

{A)Y. (6.38)

6.5.1. Curves in CP?

In general it is not easy to calculate the defining equations of the projective varieties. However
as far as the simplest case is that of the curves in CP?, one can write down them explicitly.
Using this fact, we verify the following.

Proposition 6.9. Consider

[max{au,, a + auy, ) =c]’
(6.39)

a < a>+ a ac_ _a
= max c—— U1 u, t =c.
a-1 a’ a-1""a-1 a-11"

Proof. Let X C CP? be an irreducible curve. Then, it is known that XV ¢ CP? is also another
irreducible one. In the affine coordinate, if X has a parameterization x = x(s) and y = y(s),
s € C, then X" has a parameterization given by the following (see [17]):

x'(s)

x'(s)y(s) = x(s)y'(s)’

-y'(s)

x'(s)y(s) — x(s)y'(s)’ (6.40)

p(s) = q(s) =

Using this, let us consider the very simple case above. Let a > 2, let « and ¢ be integers,
and consider an automaton A given by

max{au,, a + auy.1} = c. (6.41)
The associated polynomial and the associated varieties are given by
X={(xy) eCcCP?:xt sty =}, (6.42)
Choosing a parameterization as
xX=s, y =t - s7)l/e, (6.43)

one can immediately obtain the parameterization of X" as

t(u/(a—l))(c—u/u)qu/(u—l) + taC/(a—l)Pu/(u—l) =t (%) (6.44)
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which gives the dual varieties
V) ={(p.g) €CcCP: (0. (6.45)

Thus the projectively dual automaton admits the desired presentation. This completes the
proof. O

6.6. Transformations

Let us take two automata O and O, and let O = {O=0¢p - O — ---0,, =0’} € Q(O,0)
be an invertible path, as in Section 4.3, whose associated R-polynomials are given as the pairs
(f}, f5)i i = 0,...,m. Then, correspondingly the associated hypersurfaces {V(O;)} C

CN are obtained. We call this a lifting of O € Qo.

i=0,...,m

Question 3. What are geometric structure of such liftings?

Recall that we have obtained other cell automata O; and O, during the process of
transforming from BBS to LV; see Section 4.1. Similarly, as above we rewrite these as

utt +max{1,llt } = U;+max{1,ll§1+1},

n+l n+l
(6.46)
Sirh +max{Sy 41,80, } =S, + S5+ 1,
Let us assign the variables as
z1 — X, z— X!, 23 e X Zy4 — X::jrll (6.47)
for both X = S and X = U. Then, we have the corresponding polynomial pairs as
ftl(zz,24) = z4(t + zp), ftZ(Zl,Zg,) =z(t+z3), forl,
(6.48)
fl(z2,23,24) = za(tzs + 22),  f?(z1,23) = tzzz;, for S.
Thus one has obtained three associated hypersurfaces as follows:
V(LV), V(U),V(S) c C*. (6.49)

Below we study one aspect of Question 3 for this case.

6.6.1. Representatives by Homogeneous Maps

Let us consider a bounded automaton A given by a relative (max,+) function ¢. As in
Section 6.3.1, it is given by a pair of (max, +) functions (¢1, ¢2). Let (f!, f?) be the associated
polynomials with respect to (1, ¢2).
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If both f! and f? are homogeneous polynomials of the same degree, then we say that
Ais a homogeneous cell automaton.

The LV-CA is not homogeneous; see Section 6.3. However one can deform it so that
the result becomes homogeneous as below.

Let O be a cell automaton. We say that O admits a homogeneous representative if there is
an invertible transformation O = Oy — O; — -+ — O so that Oy is homogeneous.

Lemma 6.10. LV cell automaton admits a homogeneous representative.

Proof. Let Og = LV — O; — O, — Oz = BBS be the invertible path in Lemma 4.1. Then,
certainly O, is homogeneous as above.
This completes the proof. O

Let O be a homogeneous cell automaton. Then, one obtains the associated projective
hypersurface

V(0O) c cPN-L, (6.50)
We say that V(O) is the associated projective hypersurface.

7. Interaction Graphs

Let f,g:[0,1] — [0,1] be two interval maps and let ®(x, f,g) : Xo — Xj be the interaction
map. Recall that or : [0,1] \ 1/2 — {0,1} is the projection. Let us choose another map d :
[0,1] — [0,1]. _

Suppose that, for a point z € [0, 1] and some k € X;, the following equality holds:

o(x, f,g) (E) = Jr((d(z),dz(z),...» = <Jr(d(z)),7r<d2(z)>,...>. (7.1)

Then, we express this by a marked oriented edge as

(f, x) &b, (d, z). (7.2)

Let us choose families of maps { fo, ..., fx} and points {xy,...,x;}. For each (i, j, x) €

{0,...,k }2 x{xo,...,x1}, let us assign an element k(i, j, x) € X,. Thus we obtain another family

(k(i, j, Xn) }ﬁﬁ’ig e Xj. Then, we put the following two sets:

V={(fi,xj):0<i<k0<j<I} (the setof vertices),

(fik(ioxn))

(7.3)
E= {ei,j,k  (fi, xn) ————— (fi, X0) :} (the set of edges).
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Definition 7.1. An interaction graph is a marked oriented graph, where the sets of vertices V
and edges E are given as above. We denote it by

G({f,-}f; {oi )15 {7, 20) }i'j:k’h:l). (7.4)

i,j,h=0
We will denote the set of interaction graphs arising from { fo, ..., fx} and {xo, ..., x;} by
k !
Qs({fi}i:o? {xj}j:o>‘ (7.5)

Notice that this is a finite set.

Let us put

XM = XEH = X % Xy x -+ x Xa. (7.6)

Then, any element in X;c’l can be written as E(i, j,x) as above. Then, the family of the
interaction map gives a map

@: X — XK, (7.7)

where

o({k@i,jx)})={K i}

- _ (7.8)
K (i,j,x) = O(fi, £, %) (K (i %))
This induces a map on the set of the interaction graph as
k 1 k 1
. 6 ({fily {3} 0) — S (1A} (2] (7.9)

. (G(1Ail5 1) (kG i })) = (UK (e ({kG i ). 710)
Thus one obtains a sequence of the interaction graphs as follows:
(Go, Gy, ---),

R (N (Al )} o1

i,j,h=0
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This gives a dynamics of the interaction graphs. Below we will formulate several geometric
spaces arising from dynamics of the interaction graphs which we call the spaces from the
interaction graphs.

7.1. Veronese Map

Here we have an easy example of spaces from the interaction graphs. Let ({fi}, {x;},

{k(i, j,x1)}) be an interaction system, and denote the corresponding interaction graphs by
(Go, Gy, ...). Passing through the forgetful map, one obtains a sequence of finite graphs
(Gy, Gy, -0

For each vertex v € G}, let e(v) be the number of the edges with a common vertex v.
Let us fix m > 0 and put

P(m,G) = { (o, i) : T ye(ia) =m, k < N}. (7.12)

Let N + 1 be the number of the edges in the interaction graphs. The Veronese map with
respect to {G;}; is a family of embeddings:

I : cPN — CPM,
) ) (7.13)
[x0,...,xN] — [{xg’ ...,x;f : (io,...,0x) € P(m,Gi)}],

where N; = #P(m;, G;) + 1 and M = (N + 1)N/2 is the maximum number of the edges in the
graphs.

7.1.1. Reduction to Dynamics of Toric Ideals

Let & be the set of finite graphs, and let
k !
F:6({fi)iy (%)) — © (7.14)
be the forgetful map. Then, one obtains a family of finite graphs

G1,Gy,...C 6 (715)

consisted by the images of F of the interaction graphs. We call them just the associated graphs.
Let {Go, Gy, ...} be a family of finite graphs. We say that the family is strongly reqular
if the numbers of edges of G; are all the same. In Section 7.1, we will always assume that
sequences consisted by the images of F of the interaction graphs are strongly regular.
For each G € &, let us associate a configuration

A=1{ay,..., am} cZV (7.16)
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as follows, where N = (k + 1)(I + 1) is the number of the vertices. Let us make a numbering
of the set of vertices, vy,...,vn, and let e; € ZN be the unit vector (0,...,0,1,0,...,0), where
1 appears only at the ith. Then, e; + e; € % if and only if v; and v; are mutually connected by
an edge.

Thus one obtains a reduction from dynamics of the interaction graphs to the one of the
following configurations:

{Ao,2Aq,...}, (7.17)

which we call the transcripted configurations.
For a configuration 2 = {ay,...,a,} C ZN we associate a Laurent polynomial:

cla=cl,... | cclg,.. 1], (7.18)

_ 1 N
where % = tlllk e t;z\? ,ax = (a;,...,a). We call C[2] as the associated toric ring.
By assigning y; — t%, one obtains a ring homomorphism

x:Cly, ..., ym] — C[2] (7.19)

and its kernel Iy is called the toric ideal.

For each interaction graph G; € &({f;}%,, {x; };:0), one forgets markings on edges and
orientation and then obtains a finite graph F(G;). Then, one can assign a configuration 2; C
ZN. Now correspondingly one has the associated toric ideal I; C C[y, ..., ¥]. Thus one has
obtained a sequence of toric ideals as

10,11,...,Ik,1k+1,...CC[yl,...,ym] (720)

which we will call the associated ideals. Notice that there are a finite number of ideals
{J1,...,Ja} such that each I; coincides with one of {];}. We say that the associated ideals
are regular if all I; has the same dimension.

Let us fix a total ordering < on the set of monomials of the polynomial ring
Cly1, ..., Ym), for example, lexicographic or its reverse ones.

Let I € Cly1,...,Ym] be an ideal, and let Z = {z1,...,zx} be a generating set. We
denote by intz; to imply the leading term of the polynomial with respect to the ordering. Let
intI ¢ C[yy,...,yn] be another ideal generated by intz for all z € I. It is called the initial
ideal. We say that z is a Grobner basis if

int] = gen{intzy,...,intz}. (7.21)

Notice that the sequence of the toric ideals {I;}; is obtained originally from the data
fitir {x;} j7 {k(i,j,xn)}). The following problem seems natural, since, in some cases, these
interactions come from some combinatoric structures, like cell automata [3].

Question 4. Can one find an algorithm to find out Grobner basis successively for Iy, I3, . . . from
the interaction data?
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7.1.2. Grobner Fans and Translated Varieties

Let w = (wy,...,wn) € R™ be a vector which is called the weight vector. Then, the weight of
a monomial y{" -y, is equal to (w,d) = wiay + waas + - -+ + Wyay,. For each polynomial
f=3cay® €Clyr, ..., Ym], letin,(f) = ZECEyb, where any b satisfies (w,E) = maXq,0{wW, a).

Let I be an ideal. Then, we denote the corresponding initial ideal in,,(I) generated by
all elements of the form in, (f). It is known that, for every ideal I and ordering <, a weight
vector w is associated which satisfies in. (1) = ing,(I).

For an ideal I, we say that w and w' are equivalent if they give the same initial ideal
int,, I = int,yI. The equivalence class

(I, w) = {w' € R™ :int,, I = inty, I} (7.22)

is an open polyhedral cone in R™.

The set of the cones {€(I,w)},, is finite and defines a polyhedral fan §(I). We say that
itis the Grobner fan of I (see [18]).

For each fan, there associated with a toric variety. Thus for each interaction graph G,
one associates with a toric variety X which we call the translated variety.

Thus corresponding to a sequence of the associated ideals Iy, I, ..., one obtains a
sequence of fans over R” and the associated translated varieties

X =(Xo,X1,...,Xi,...) (7.23)

Remark 7.2. In order to study structure of X, one may use resultants for the defining
polynomials of these ideals.
Now we have started from a finite data

D = ({filio (%} (@G0 W) V100 ™): (7.24)

We will call such data an interaction data.
Then, we have obtained a sequence of the interaction graphs:

Go, Gy, ...,
. : o (7.25)
Gi= G({fi)Ly {3} o @ (i3, h))))-
By forgetting extra data, one obtains a sequence of the transcripted configurations:
Ao, Ay, ..., (7.26)

where 2; ¢ ZN. Then, one has obtained a sequence of the toric ideals {Iy, I1,...} and the
translated toric varieties:

{Xo,X4,...} cCP™ 1, (7.27)

where each X; coincides with one in a finite set of toric varieties {Y3,...,Y;} ¢ CP" 1.
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7.1.3. Correspondence on Polytopes

Let ({ f,-}k, {xj}l ,{a(i,j,h)}) be a triple, and consider the corresponding interaction graphs
{Gi}Z,- Then, there are finite configurations {2(y,...,2,;} C ZN such that each G; associates
one of 2; for some j = j(i).

Let 2 C ZN be a configuration, and let m be the number of the elements in 2.

Let A be a triangulation of 2. Then, every ¢ € R™ defines the corresponding piecewise
linear function g, a on R™ satisfying g, a(a;) = ¢(a;) for each vertex a; of A which is affine
on each simplex of A.

Then, we put

(A, A) = {g € R": g is concave and g, a > ¢(a;) whenever g; is not a vertex of A}.
(7.28)

Moreover, €(2, A) is a closed polyhedral cone, and

FA) ={€(A, A) : A is a triangulation } (7.29)

forms a complete fan on R™ and is called the secondary fan of 2 [17, page 219]. It is known
that the Grobner fan is a refinement of the secondary fan [18].
Let Q C R™ be a polytope. Then, for each p € Q, let us define the normal cone

N(Q,p) ={veR":(v,p)>(v,y)Vy € Q}. (7.30)
The set of the normal cones

NQ= |J N@Qp) (7.31)

peVertQ

is called the normal fan.

Theorem 7.3 (see [17]). For a configuration 2, there is a polytope Q = (1) and an assignment
of a vertex ¢ € Q for each triangulation A such that the normal cone N (Z(21), pa) coincides with
C(A, A).

In particular there is a natural correspondence from the secondary fan § (L) to the correspond-
ing normal fan N(Q).

2(2) is called the secondary polytope.
Let us denote 2 = {ay, ..., a,,}. Then, one can describe Q explicitly as follows. Let us

put
ba = <¢}5,...,¢gf> €R",

4’)2 =2{vol(t): T €A, a; € T}.

(7.32)
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Then, Q = Z(2) is given by
Q = Conv{¢, : A is a triangulation of 2}, (7.33)

where vol(T) is the volume of 7.
Now let {2Ay,...,2,...} C ZN Dbe the transcripted configurations. Then, correspond-
ingly one obtains other sequences of polytopes:

{Z(Ao), Z(A1), ...}, (7.34)

which is called the secondary transcripted polytopes.

7.2. Dynamics over Local Charts

Let us fix two sets { f; }fzo and {x; };-:0. Then, there associates with finite numbers of toric ideals

{]1/- -~/]m} C C[yll- . /yN]
If we choose a finite subset {a(i,j,h)} C X5, then one obtains an infinite sequence of
ideals

1({a(i,j,n)}) = o, I, ..., I,..) (7.35)

among a finite set {J;}; above.
Let us put all of the set of sequences

1= {1({a(i,j,h))) : {a(i,j,h)} Cc Xa}. (7.36)

We call it the sequence of local charts.

One may consider this as though it might be a symbolic dynamics of some “Markov
partition” over some algebraic variety V, by regarding each I as a defining ideal of a local
chart of V.

7.2.1. Algebraic Markov Partition

Let V be an algebraic variety with the affine coordinates V; defined by an ideal J;. Let us take
an automorphism A on V. We say that an affine coordinate {(V;, J;)} 1%, is an (stable) algebraic
Markov partition for A if, for each i, there is some j so that

A(V) €V (7.37)

holds.

Example 7.4. Let A be an automorphism on CpN by [zo,z1,...,2N] — [21,20,22,23,...,2N]-
Then, for V; = {[z0,z1,...,2n] : zi#0}, CPN admits an affine covering by Vp U V;. Moreover
A(V;) = Vs mod 2.
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Let A : V =V be an automorphism, and consider its iteration A’ : V = V. Let us have
an algebraic Markov partition by the set {V;};. Then, one obtains a symbolic dynamics of the
algebraic Markov partition:

Z(A/ {‘/l}l) = {(Llo, ai,.. ) : A(Vui) C VaM)} C Xm, (738)

where m is the number of the local charts. It can be expressed by a set of sequences of the
defining ideals { (I, I1,...)}.

One can consider its converse. Let us put the set of all sequences coming from the
algebraic Markov partition:

A={(Io,...)}. (7.39)

When one is given an interaction data ({f;}; {x;} j7 {a(i,j, h)}), then one obtains a
sequence of ideals. Thus a fundamental question in symbolic dynamics of ideals will be to
construct correspondence from interaction data to algebraic Markov partitions.

Question 5. Let I be a set of sequences of ideals among a finite set of ideals. Then, can
one construct an algebraic Markov partition {Jj,..., Jk} for an algebraic variety V and an
automorphism A, so that I ¢ A might hold? Namely, when are a set of sequences of ideals
symbolic dynamics of algebraic Markov partitions?

Conversely, given A, can one find some { f;}~, and {x; }ﬁ':o so that the corresponding I
might satisfy I C A?

We say that associated ideals I = (Io, I3, . ..) are regular if they have the same dimension
as the others. Letus put U; Ii = {J1,--., Jx}-

Definition 7.5. Let ({fi};, {x;};, {a(i,j,h)}) be an interaction data, and suppose that the
associated ideals by I = (Iy, I, ...) are regular. The sequence is called a symbolic flow of an
automorphism if there is an algebraic Markov partition for (V, A) with an affine coordinate
{(Vi, Ji}E, and some x € V so that its orbit { A"(x) }n=0,1,.. corresponds to the sequence.

We call such pair (V, A) corresponding to I a prohedron. (One may imagine as though
it represents some state of a protein.)

Let us consider the simplest case. Let us consider the partition of CPN = V; U V; and
the involution A in Example 7.4.

Lemma 7.6. Let ({f; }fzo, {x; };:O, {a(i,j, h)}) be an interaction data such that the corresponding
sequence of the interaction graphs Go, G1, . . . satisfies that (1) the numbers of edges are all constant m,
that (2) F(Gy;) and F(Gois1) are mutually the same finite graphs G and G, respectively for all i, and
(3) there are no primitive loops of even length for any graph.

Then, the corresponding sequence of ideals gives an algebraic Markov partition for (Vy, V1, A)
above.



46 International Journal of Mathematics and Mathematical Sciences

This follows from the following general facts.

Sublemma 6.1

The toric ideal is generated by the set of primitive loops of the even length.

It follows from this that the corresponding ideals are all zero, which defines the affine
plane CN. This completes the proof.

This simple case suggests that, in general, possibility of construction of algebraic
Markov partitions will be reflected by combinatorics of the transcripted configurations.

7.2.2. Automorphism Groups

Let us choose a family of interval maps { f;}*, and let V be an algebraic variety. We denote

D({£)V) = { (=) @Gim)) : (A1 (=) kG m) })

give algebraic Markov partitions for some A on V

(7.40)

in (Uy([0,1]"*" x X5).
Let us put the set of the associated automorphisms E and the automorphism groups G
generated by E as

E((£)V) = {A= AU ()5 {kGim }) : (1) {kGj ) }) e D(1x). V) |,
G<{fi}k,V> = genE({f,-}k,V>.
(7.41)

We also put the closure of G({f,-}k, V) by 5({fi }k, V) C AutV.
Thus for each algebraic variety V, one has obtained a map from a set of interval maps
and a Lie subgroup of Aut V:

(1£)5V) = G(1£)5V) c Au. (7.42)

It is known that, when V is compact and nonsingular toric variety, then Aut V is linear,
and its root system can be written explicitly from the fan of V. Thus in this case G C Aut V is
a closed subgroup of a linear algebraic group. Thus it will be natural to ask the following.

Question 6. Whether one might write down the above subgroups from the information of the
associated family of Grobner fans.

7.3. Zariski Subsets on the Moduli of Interaction Graphs

Let us choose an interaction data: (1) a set of interval maps { f1, ..., fx}, (2) anindex {1,...,1},
and (3) a set of {0, 1} sequences {a(i, j, h) }i,]-,h c Xo.
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For each assignment from {1,...,I} to {xi,...,x;}, one obtains the associated
interaction graph G. Each edge e = ((i, h), (k,v)) € G is assigned with some j € {1,...,k}

i jh
so that (fi, xn) M (fk, xv) hold. So an interaction graph Gy is a weighted finite graph
such that each edge is assigned with an element in {1,...,k}.
Let us fix k and [ as above and denote the set of interaction graphs as follows:

G(k,I) = {G(k,I) : interaction graphs}. (7.43)
Then G(k, ) can be parameterized as

Gn = [0,1] xMap[({l,...,k} x{1,...,1})* — {0,1,...,k}] =[0,11™, (7.44)

where 0 in the last term implies no edges and M = M(k,I).
So once one gives an interaction data

({fr- s @i g h)}), (7.45)

then one obtains the family of the associated interaction graphs as follows:

G(f) aGim) = U G({fi) {xi); (aGim)) (7.46)

{x;};,€01]"
in G(k,1) = [0,1]™.
Definition 7.7. A Zariski subset X ¢ G(k,I) = [0, 1] is a subset of the form
X =G({fi}, {a(i,j,h)}) c[o,1]™. (7.47)
Let A be all of the set of the interval maps. Then, we have obtained a map
J: 2k x [0,1]' x XK — G(k, ). (7.48)

Let {fi} and {g;} be two k interval maps. Then consider the following.

Question 7. (1) In order to guarantee that J({fi},) = J({gi},) implies that {f;} = {gi}, how
should k and I be large?
(2) Can one find some continuous properties for J?

Let X be a Zariski subset, and consider a proper decreasing Zariski subsets

X=XyD>2X;D--2X,. (7.49)

We define the dimension of X to be the largest number n with the above property.
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7.3.1. Dynamics on Zariski Subsets

Let us choose a set {x; }' ¢ [0,1]". Then, one obtains sequences {a(i, j, h)" }n=0,1,.. by using the
interaction map. Thus one obtains a sequence of Zariski subsets as follows:

XO/ Xl/ ey an Xn+1/ ... C [0/ 1]M/

X, = G({f:}, (@i, j,n)"}).

(7.50)

We say that (), X, is an invariant subset. If lim, X, C G(k,I) exists, then we say that the
associated dynamics of the Zariski subsets converges.
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