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For birth and death processes with finite state space, we consider stochastic processes induced by
conditioning on hitting the right boundary point before hitting the left boundary point. We call the
induced stochastic processes the conditional processes. We show that the conditional processes are
again birth and death processes when the right boundary point is absorbing. On the other hand, it
is shown that the conditional processes do not have Markov property and they are not birth and
death processes when the right boundary point is reflecting.

1. Introduction

For one-dimensional diffusion processes on [0, 1] related to diffusion models in population
genetics, Ewens [1] considered stochastic processes induced by conditioning on hitting the
boundary point 1 before hitting the other boundary point 0. The boundary points 0 and
1 are accessible and absorbing boundaries for the diffusion processes that he considered
and the induced stochastic processes are again diffusion processes. Then the induced
stochastic processes are referred to as the conditional diffusion processes by Ewens [1] (see
also [2]). Motivated by this work, lizuka et al. [3] were concerned with one-dimensional
generalized diffusion processes (ODGDPs for brief) on (I;,l;) whose speed measures are
right-continuous and strictly increasing functions. They considered stochastic processes
induced by conditioning on hitting the right boundary point I, before hitting the left
boundary point /5. The induced stochastic processes are called the conditional processes.
They showed as Theorem 2.1 that the conditional processes are again ODGDPs when the
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boundary point I, is accessible with the absorbing boundary condition (Assertion 1). If the
original process x(t) is a one-dimensional diffusion process with the generator

L=""— 4+b(x)—, (1.1)
X

then the conditional process x*(t) induced by conditioning on hitting I, before hitting [; is
again a one-dimensional diffusion process and its generator can be expressed as

. a(x) d? So(x) d
L —Tﬁi-{b(X)‘f'a(X)m}a. (12)

Here we put

so(x) = exp{—z fx b(y) dy},

« a(y) (1.3)

() = [ sy,

where c is a point with [; < ¢ < I, (see [4, 5]). On the other hand, lizuka et al. [3] showed as
Theorem 2.2 that the probability distributions of the conditional processes do not satisfy the
Chapman-Kolmogorov equation when the boundary point I, is accessible with the reflecting
boundary condition. Hence the conditional processes cannot be Markov processes when the
boundary point I, is accessible with the reflecting boundary condition (Assertion 2).

An important class of ODGDPs which is used as stochastic models in various fields
is that of birth and death processes. For example, Moran [6] introduced a birth and death
process as one of fundamental stochastic models in population genetics called Moran model
(we will consider this model in Section 5). However, the speed measure of any birth and
death process is not a strictly increasing function (see [7]) and we cannot apply the results of
[3] to birth and death processes.

In this paper we prove that Assertions 1 and 2 hold for the case that the speed
measure is a nondecreasing step function. The motivation of this paper is to investigate the
properties of the conditional processes induced by conditioning on hitting the right boundary
point before hitting the left boundary point when the original processes are birth and death
processes. The proof of Theorem 2.2 in [3] is analytical (nonprobabilistic) and it is not easy to
see that the conditional processes do not satisty Markov property when the right boundary
point is accessible with the reflecting boundary condition. The proof presented in this paper
for Assertion 2 is based on the fact that the state space is discrete. The proof is probabilistic
and we can see intuitively that the conditional processes do not satisfy Markov property
when the right boundary point is reflecting. It is our extra purpose to see this by considering
birth and death processes.

In Section 2 we state our results more precisely. Section 3 is devoted to their proofs.
In Section 4 we introduce a very simple birth and death process and present concrete
expressions of its conditional processes considering all the boundary conditions. Finally we
discuss some stochastic models in population genetics and their conditional processes in
Section 5.
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2. Main Results

Let ¢ be an exponentially distributed random variable with the mean 1 and let {e1, ¢, ¢3,...}
be a sequence of independent copies of e. We put 7p = 0 and 74 = 3%, ¢; (k = 1,2,...). For
{e1,¢0,¢3,...}, an integer N (N > 2), and points a; (i = 0,1,...,N) such that ap < a1 <
a, < .-+ < an, we consider a birth and death process D = [X(t), P,] with the state space
2 = {ap, a1, ay,...,aNn} satisfying the following conditions. For a; € ~ and 7x < t < Tk,
conditional probabilities conditional on X (7x) = a; satisfy

Pe(X(#) =a; | X(1x) =a;) =1,
P (X(7k+1) = ain | X(7x) = ai) = pi,
P (X(Tks1) = ai1 | X(7k) = ai) = qi,

2.1)

Px(X(Tk+1) = a; | X(Tk) = al-) =1 -pi—qi=Ti,

where 0 < po <1, pn =0, =0,0<gy <1l,andp; >0, g >0, r;, >0fori =1,2,...,
N — 1. Here P, denotes the probability measure concentrated at the event {X(0) = x}, that
is, Px(X(0) = x) = 1. The end (boundary) point ay [resp., an] is called to be absorbing or
reflecting according to py = 0 [resp., gy = 0] or pg > 0 [resp., gn > 0].

The generator £ of D is given by

Lu(a;) = pilu(ain) —u(a)} — gi{u(a;) —u(ai-)}, i=12,...,N-1, (2.2)

for u € D(£), where D(.£) is the set of all functions u on X such that

u(ap) =0 if ag is absorbing,

Lu(ag) = pof{u(ar) —u(ag)} if ag is reflecting,

(2.3)
u(an) =0 if ay is absorbing,
Lu(an) = —gn{u(an) —u(an-1)} if an is reflecting.
Here is a proof of (2.2). By means of (2.1), we find that
Eq[u(X(#))] = Eq,[u(X(1));t < 1] + Eq,[u(X(#)); 71 <t <] + Eq [u(X(1)); 72 < 1],
Eq [u(X(1);t <71 = u(a;) P, (t <71) = u(a)e™,
(2.4)

Eq[u(X(1)); 71 <t <] = {u(ai)pi + u(aia)gi + u(apr;} (1-e™)e™,
Eu[uX(t));m<t]=o(t) ast]O0.
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Therefore we obtain the following:

Eq [u(X(H))] — u(a:)
t

Lu(a;) = lhr(r)l

= —u(as) + u(ai)pi + (@) g + u(anr, 25)

= pi{u(ain) —u(a)} - gi{u(a;) —u(ai-1)}

(see also [7]).
We show that the birth and death process D can be described as an ODGDP. We set

if =0, if =0,
R =0 gav iban 2.6)
—oo if po >0, o if gn>0,
(po(x), I <x < a,
X — Ay
- ap S X S ay,
s(x)=4¢ A1~ 4 ' (2.7)
S(ai) + NP 9 . Al , a4 < x < ajy, i= 1/' . -/N - 1/
pip2---pi 4iy1 — 4;
Ls(an) + pn(x), any <x<b,

where pg [resp., pn] is an increasing continuous function on (I1, ao] [resp., [an, )] such that
po(ap) =0and py(l1) = —oo [resp., pn(an) = 0 and pn(l2) = oo]. Further we set

-

—00, x<11,
-1/po, I <x < ay,
0, a<x<a,
1/q1, a; <x<ap,
mix) = ey 28
(%) {m(ai—)+m, a;<x<aj, i=2,...,N-1, 28)
g2 qi
m(aN—)+—P1p2mpN_l, an <x <y,
qqu...qN
o, 12 Sx

Note that {I; < x < ap} = 0 [resp., {an < x < L} = @] if py = O [resp., gy = 0]. Here s
is a real-valued continuous increasing function on S = (l;,1), and m is a right-continuous
nondecreasing function on R. They are called the scale function and the speed measure,
respectively. We set m({x}) = m(x) - m(x-), m; = m({a;}), and s; = s(a;),i = 0,1,...,N.
We note that my = oo [resp., mn = o] if ag [resp. an] is absorbing.

For a function f on S, we simply write f(l;) [resp., f(I2)] in place of f(l1+) [resp.,
f(l,-)] provided f(I1+) [resp., f (I,—)] exists. Further, f* [resp., f~] stands for the right [resp.,
left] derivative of f with respect to s if it exists, thatis, f*(x) = lim.jo{ f(x+¢€) — f(x)}/{s(x+
£) - s(x)} [resp., f~(x) = limajol f(x = &) = F(x)}/s(x = £) = s(x)}].
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We set 3* = XN S. Let D(G) be the space of all bounded continuous functions # on S
satisfying the following conditions.

(G.1) There exist a function f on X* and two constants A;, A, such that

u(x) = Ay + Ax{s(x) —s(c)} + f {s(x)-s(y)}f(y)dm(y), xe€S. (2.9)

c,x]

(G.2) Foreachi=1,2, u(l;) =0if |[;| < co.

Throughout this paper we denote by c an arbitrarily fixed point of X*. The operator G is
defined by the mapping from u € D(G) to f thatappeared in (2.9). The operator G is called the
one-dimensional generalized diffusion operator (ODGDO for brief) with (s,m). It is known
that there exists a strong Markov process D* with the generator G, which is called an ODGDP
on S (see [8, 9]). It is also known that D can be identified with D* (see [7-9]). Indeed, it is
easy to see that u € D(G) satisfies the following;:

u(aiv) —u(a;)

W) = (@) = SRR =01, N,
e = 120
= pilutain) - u(@)) - gilua) —u(a ), i=12...N-1,
u(ap) =0 if po=0, (2.10)
Gu(ag) = %) _ pyu(ar) — (o)) i po> 0,

Mmyo
u(any) =0 ifgn=0,

) g uan) - u(an-) if gy >0.

Gu(an) =

In order to make the boundary conditions at ay and ay clear, we use DY and P,ﬁj in
place of D and P,, respectively. Here I, ] € {A,R}, and I = A [resp., ] = A] means that ay
[resp., an] is absorbing (i.e., po = O [resp., gy = 0]) and I = R [resp., ] = R] means that ag
[resp., an] is reflecting (i.e., po > O [resp., gn > 0]). It is known that there is the transition
probability density p'/ (t, x, y) of D!/ with respect to m, that is,

P (X(t) =y) =p" (t,x,y)m({y}), t>0,x,ye=* (2.11)

(see [8,10]).
Let 3, = {a1,...,an} and let o, be the first hitting time at a, that is, 0, = inf{t > 0 :
X(t) = a}. In this paper we consider stochastic processes induced by the following conditional

probability:

J() =PI ( |00y <0q), x€Z,. (2.12)
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We set
h(x) = P/ (0ay < 0ay), X €EZ. (2.13)

It is known that

s(x) —s(ag) _ s(x)

s(an) —s(ag)  sn

h(x) = , xe€3X (2.14)

(see [8]). We note that h is independent of boundary conditions I, | € {A, R}.
First we show that Q4 induces a birth and death process for I € {A, R}.

Theorem 2.1. Assume that ay is absorbing. Then QIA(X (t) = y) is independent of I € { A, R}, and
it is represented as

h(y)

chA(X(t):y) - h(x)

T XM =y) = - )PAA(fxy) (y)ym({y}), (2.15)

fort>0and x,y € =, \ {an}. Further Q1A induces a birth and death process D, on X, for which the
end point ay is reflecting, the end point an is absorbing, and the generator £, is given by

Lou(a;) = pi{u(air1) —u(ai)} - gi{u(a;) —u(ai-1)}

G g pi ) (2.16)
+— ; i =2,...,N-1,
— Sl{”(thl) u(ai-1)}, i
for u € D(L,), where D(X£,) is the set of all functions u on X, such that
Lou(ar) = (p1+ q1) {u(az) — u(ar)}, (2.17)
u(an) = 0. (2.18)

Theorem 2.1 shows that the relation between (1.1) and (1.2) for diffusion processes
corresponds to the relation between (2.2) and (2.16) for birth and death processes. We note
that the generator is given by (2.17) and the boundary condition (2.18) when N = 2.

Remark 2.2. By means of (2.7),

pisii _  Qi---4i Pi qisin _ Q-G Gi
Si ' pPi---pi Si ’ Si ' pi-..pi-1 Si ' (219)
P gt = pirgicl,  1-pP g2 oy

i
S; S; Si Si
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Combining these with (2.16), we find that QI satisfies the following. For x € X, \ {an},
T« (k=1,2,...),and Tk <t < Tk41,

QAX () = ai | X(1) = ai) = 1,

Si
QA (X(Ten) = @i | X (1) = @) =pi—_,

i

. (2.20)
QM (X(Tn) = @i | X (k) = @) = g ;_ ,

QA (X (k) = ai | X() = @) = ;.

We turn to the case that an is reflecting. When m(x) is strictly increasing, a
representation of QIR is given by (2.11) of [3]. We note that this representation is available
even if m(x) is not strictly increasing. Therefore we obtain the following representation for
birth and death processes:

(y)

QGF (X =y) = - PAA(X(t y)+ ﬂ(txy)

(2.21)
s( )I P (W N (t =1, an, y)du,

forT € {A,R},t>0,and x,y € 3, \ {an}. Here pu,(u), M(t,x,y) and N'(t x,y) are given as
follows. Fort > 0and x € 3, \ {an}, let

pAAt x,an) - pAA(t x, y)

«(t) = -lim (2.22)
# ylan s(an) - s(y)
Fort>0and x € 3,, let
AR t/ 7 - pAR t/ 7
() = limP % ¥) ~ Pk x, ao) (2.23)
ylag s(y) - s(ao)
It is known that y, and v, are nonnegative density functions such as
t
Py (Oay <t,0ay < Oay) = j pc () du, (2.24)
0
t
PR(g,, <t) = j vy (u)du (2.25)
0

(see [8]). Note that y, is independent of I, | € {A, R} and v, is independent of I € {A, R}. By
virtue of [11], we see that

px () = M, ve(t) = M. (2.26)

SN — SN-1 51
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Then we set

t
M(t,x,y) = fo poe (W) PR (X (= 1) = y)du,
(2.27)

N (t,x,y) = ft v () PER (X (t - u) = y)du.
0

We note that AU4(-,-,-) = 0.

The second and the third terms of the right-hand side of (2.21) come from sample
path’s behavior after hitting the boundary ay . This representation suggests that Q'R does not
satisfy Markov property. Indeed we obtain the following theorem.

Theorem 2.3. Let I € {A,R} and 0 < t; < t;. Then
QR (X(h) =y | X(t) =z2) =QF(X(ta-t) =y) (2.28)

does not hold for some x,y, z € X,. This implies that QIR does not satisfy Markov property.

This theorem is proved by applying the following simple proposition for sample path’s
behavior after hitting the boundary ay.

Proposition 2.4. Let I, ] € {A, R} and t > 0. Then
P (X(t) = y,0uy < 0ay) = PV (X(t) = ¥) PV (Guy < Oay) (2.29)

does not hold for some x € 3, \ {an} and y € Z,.

We prove this proposition in the following section.

3. Proofs of Theorems

We use the same notations as those in Section 2.

3.1. Proof of Theorem 2.1

First we prepare the following lemma. The proof of this lemma is easy and we omit it.
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Lemma 3.1. Let I, ] € {A, R}, t >0,and x,y € X, \ {an}. Then it holds true that
PV (X(t) = y,t < Oy AOay) = PAA(X(1) = ), (3.1)
P (X(t) = y) = PA(X(t) = y) + P (X(t) = y,t > Oay A Oay), (3.2)
PY (X(t) = Y, < Oay A Oay, Oay < Oay)
=plJ (X(t) =y, t <04 A O'aN)P;](O'aN < 0g) (3.3)
= PM(X(1) = y)h(y).

Proof of Theorem 2.1. We assume that ay is absorbing. Let I € {A, R} and t > 0. Then

A A N 1 if y=an,
QllN (X(t) - y) - PuN (X(t) - 3/) - (34)

0 otherwise.

Let x € 2, \ {an}. Then by means of (2.13), and (2.24),

PIAX(t) = an, Ouay <t < 0gy)
PiA(O'aN < Oqy)

QA (X(t) = an) =
(3.5)
1

h( )PIA(o,lN <t<og) = hix )f Uy (u)du.

Let x,y € %, \ {an}. Then by using Markov property of D4, (2.13) and (3.1), we see that

QAX(t)=y) = h( PIA(X(t) Y,t < Oay A Oay, Oay < Ogy)

h( )PIA (X(t) =y, t < Oay A oug)PyIA(o,zN < 0gy) (3.6)

(y)

PAA(X ) =y).

The formulas (3.4), (3.5), and (3.6) show that QI4(X(t) = vy) is independent of I € {A,R}.
The formula (2.15) follows from (2.11), (2.14), and (3.6).

It follows from Theorem 2.2 and Propositions 3.1 and 3.4 of [12] that Q!4 induces an
ODGDP D, on (ao, an), the boundary ay is entrance in the sense of Feller (see [8, 13]), the
boundary ay is absorbing, and the generator is the ODGDO G, with (s,, m,), where

1

so(x) = IS(I/) dS(y)‘—) @)’ (3.7)

mo(x) = f( ] s(y)’dm(y). (3.8)
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Therefore,

u(ai) —u(a;)  u(ai) —u(aiq)
So(@ir1) = So(ai)  so(ai) — So(ai-1)

Goular) = { }{mo<ai> Cmo(a)), (39)

for a functionuon 3, \ {ay}andi=2,3,..., N —1. By means of (2.7), (2.8), and (3.7), we see
that

1 1 i i
(50(a1.2) = 50(a) (o) = mo(ai-)) = (- = = ) st = (s = 5) 2% = o (610

In the same way, we have

Si
{So(ai) = so(ai-1) }{mo(ai) — mo(ai-)} = Si1qi (3.11)
Therefore we get
Gou(a;) = S:l pilu(aiq) —u(a;)} - S;_ll gifu(a;) —u(ai1)}
l ’ o (3.12)
= pilu(air1) —u(a;)} — gi{u(a;) —u(ai-1)} + P . %{u(flm) -u(ai-1)},
fori=2,3,...,N — 1. Since qg is entrance, we see that
(a2) —u(ar) -1
Gou(ar) = — 2= (1 (a;) ~ mo(ai-))

So(az) — so(ay) (3.13)

= Z_jpl{u(a2) - u(al)} = (Pl + 41){11(112) _ u(al)},

by virtue of general theory on ODGDOs. Thus we find that DD, is a birth and death process
on X,, the generator is given by (2.16), the end point a; is reflecting with (2.17), and the end
point ay is absorbing. The proof is completed. O
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3.2, Proof of Theorem 2.3

We introduce the Green function corresponding to DV/. For I, ] € {A,R}, k =1,2,and a > 0,
let g,? (-, &) be a continuous function on S satisfying the following properties:

g,?(-, a)>0on S, (3.14)

¢!’ (-, ) is nondecreasing and g} (-, a) is nonincreasing on S, (3.15)
o (a0, @) = 0, (3.16)

8" (a0, ) = g (a1, @) - g (ao, @) = ag,” (a0, @)mo, (317)

g (an,a) =0, (3.18)

I (o) - gk (an, a) - gl (an-1, a) = —ag!R(an, aymn, (3.19)

SN —SN-1

g (x,a) =g/ (c,a) + g (c, ) [s(x) - 5(c))

+ cxf( ]{s(x) -s(y) }g,?(y,a)dm(y), x €S. (3.20)

Here gg’i(x,a) = limglo{g,? (x£¢a) - g,i] (x,a)}/{s(x £ €) — s(x)}. It is known that there

exist such functions g,y(',(x),k = 1,2 (see [8]). We set W/ (a) = gln’+ (x, a)géj(x,(x) -
gln (x,a) gé“(x, a). Note that WY (a) is a positive number independent of x € S. We put

GY(a,x,y) =G (a,y,x) = W”(a)_lglU(x, a)ggj (y,a), (3.21)

fora >0and l; < x < y < b, which is the Green function corresponding to DU. It is also
known that

G (a,x,y) = f e p! (t,x,y)dt, (3.22)
0

fora>0and x,y € X (see [8, 14]).
First we prove Proposition 2.4.

Proof of Proposition 2.4. We divide the proof into four cases.
Case 1. I = J = A. Since ay is absorbing, we find that
PA(X(t) = Y, 0ay < Ogy) = PA(X(t) = y,t < Ogy A Oay, Oay < Oay)

= PM(X(t) = y)h(y),

(3.23)

by means of (3.3). Since there are x, y € 3, \ {an} such that x #y for N > 3, (3.23) shows that
(2.29) does not hold true for x #y for N > 3.
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Let N =2. Then

PAA(X(t) = a2, 0ay < Ogy) = P2(0u, < Oy, 0ay < 1), 620
3.2
PAAX(t) = a) P4 (04, < Oay) = P (Cay < Oay, Oay < 1) P4 (0, < Oay),

which imply that (2.29) is not valid for x = a; and y = a,. Thus (2.29) does not hold for some
x,Y € 2.

Case 2. I = Rand ] = A. By means of (3.2), we also see that

PI(X(t) = Y, Oay < 0qy) — PFA(X(H) = y)h(x) 6525)
= PM(X(t) = y) {h(y) - h(x)} = PEA(X(t) = y,t > gy A Oay ) (). '

The right-hand side of this formula is negative if x > y. This implies that (2.29) does not hold
true for x > y.

Case 3. I = A and ] = R. By means of (3.3),

PfR(X(t) =Y, 0ay <0q) = P;‘A(X(t) =y)h(y) + PfR(X(t) =Y,t > Ogy A Oay, Oay < Ogy)-

(3.26)
Since ay is absorbing, we get
PAR(X(t) = y,t > Oay A Oay, Oay < Oay)
= PAR(X(t) = i, Oay <t < Oay) (3.27)
= PAR(X(t) = y,t > Ogy A Oay)-
Combining these equalities with (3.2) and (3.3), we see that
PIR(X(H) = y, 0ay < 0ay) = PAR(X () = y)h(x)
(3.28)

= PAM(X(t) = y) {h(y) — h(x)} + PAR(X(t) = y, 00y <t < 04) {1 - h(x)}.
The right-hand side of this formula is positive if x < y. This implies that (2.29) does not hold
true for x < y.

Case 4. I = ] = R. Suppose that (2.29) holds true fort > 0, x € %, \ {an}, and y € Z,. Then

f e ™H(t,x,y)dt =0, (3.29)
0
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fora>0, x € %, \ {an}, and y € Z,, where

1

m({y})

H(t,x,y) = {PER(X(t) = y, 0uy < 00) = PER(X() = y)h(x) }. (3.30)

By means of (3.3),

PJIcQR(X(t) =Y,0ay < an)

= P;‘A(X(t) =y)h(y) + PfR(X(t) =Y, t> 04 A Oay,Oay < Oap)

(3.31)
t
- PIAXO = () + [ PG € i< o P (X (-1 = ),
fora>0and x,y € %, \ {an}.
Combining this with (3.22), we see that
0= J e ™H(t,x,y)dt
0
(3.32)

= G*(a,x,y)h(y) + EXR[e7%, 04y < 04)) G*¥ (2, an, )

- G®®(a, x,y)h(x),

fora>0and x,y € %, \ {an}, where E if stands for the expectation with respect to P,{j . Here
we note that (3.32) is valid for y = an. Indeed,

PRR(X(t) = an, Oay < Oay) = PRR(X(t) = an, Cay < t, 00y < Oy)
J-t (3.33)

PRR(g,, € du,u < oaO)Pflf(X(t —u) =an).
0

Combining this with (3.22), we see that

0= f e ™H(t,x,an)dt
0 (3.34)

= EXR[e7%%N , 0,4y < 04| GRR (@, an, an) = GR¥(a, x, an)h(x),

which implies (3.32) with y = an.
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Since (3.32) holds true for x € %, \ {an} and y € X, we have

0=-G*(a,x,an-1)h(an-1)
+ EXR e, 0 < Oy {GRR(a, an,an) - G*R(a, ay, aN_1)} (3.35)

- {GRR(a, x,an) — GRR(a, x, aN,l)}h(x),

for x € 3, \ {an}. By virtue of (3.17), (3.20), and (3.21), we see that

G*(a, an, an) - G*®(a, an, an-1)
= W)™ { g (an, @) - gf*(an-1, @) | g5 (an, @) (336)

_ aWRR () (s — sn_1) 8RR (an, @) f[ ¢ (=, aydm(z).

ap,an-1]

We take a point x € %, \ {an} such that x < an_;. Then by virtue of (3.19), (3.20), and (3.21),

GRR(“/ X, ElN) - GRR(a/ X, aN—l)
= WRR (@) " gf® (x, @) { g (an, @) - gF% (an1, @) | (3.37)

= —aWRR (@) (sn - sN_l)ng(x,a) J( ng(z, a)dm(z).

an-1,an]
Thus we obtain that

0= —GAA(IX, X, aN,l)h(aN,l) + E?R [e_“G“N,O'aN < GaO]
N-1
x aWRR(@) (sn = sn-1) D gfR (a1, @) gR% (an, a)ymy (3.38)
1=0

+ h(x)aWRR(a) (s — sn-1)gRR (x, ) gRR (an, a)m.

It is known that

s() — s(ao) }{s(an) —s(n) }

s(an) - s(ao)

h{gG“(mm)J , ap<é<n<an,

(3.39)

11%1 aGRR(a,¢,7) = ¢&,nes

1
m(ly) —m(ly)’
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(see [8, 9, 14, 15]). Therefore letting a | 0 in (3.38) leads us to

() h(x) (SN — SN-1) <
0= E{—(sN —sn-1)h(an-1)} + m %ml
(3.40)
= izx)(SN - SN—l)z'
SN

This contradicts the fact that the last term is positive. Thus (2.29) does not hold true for ¢ > 0,
x €23, \ {an}, and y € Z,. O

Remark 3.2. Let N =2,1=] € {A,R}, g0=0, p» =0,and p; = g1 = 1/2. Then we see that

1
Ptgll(o.tlz < Gao) = E/ (3 41)

Pg(X(t) =a1,04 < Og) = Pg(X(t) =a1,04 < 0g,),

where I € { A, R}. Therefore

1
Pyl (X(t) = a1, 04, < Oay) = EPif(X(t) = a1) = P,/ (X(t) = a1) Py, (0a, < Oay), (342)

1

that is, (2.29) is valid for x = y = a;. Proposition 2.4 implies, however, that (2.29) does not
hold for x = a; and y = a».

Proof of Theorem 2.3. Let I € {A,R}, 0 <t; <t, x,z € 2, \ {an}, and y € Z,. Then, by using
Markov property of D'R, we obtain that

QIR(X(h) =z, X(t) = y)
QF(X(t) = 2)
PIR(X(t) = 2, X () = ¥, Oay < Oa,)
T PIR(X(h) = 2, Cay < Oa)

Qf(X(k) =y | X(h) =z) =

= {PAAX () = 2)PIR(X(t2 = 1) = ¥ | Gy < 0o )(2)
+PIR(X (1) = 2,0uy < t1, Oay, < 0a)PIR(X (2~ 1) = y) }

< [PAAX (1) = 2Dh(z) + PRX (1) = 2,00y <11, 00y <0a)] -
(3.43)
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Therefore (2.28) is equivalent to the following:

PAM(X(h) = z)PIR(X(tr = t1) = Y | Oay < Ogy)h(2)

+ PIR(X(t) = 2,00y < 11,04y < 0ap) PIR(X(t2 - t1) = y)

(3.44)
= {PAAX(0) = 2)h(z) + PIR(X (1) = 2, 0ay < 11, 0ay, < 00 |
x PIR(X(ta —t1) =y | Oay < Oay)-
Again (3.44) is equivalent to the following:
PIR(X(t) = 2,04y < t,0ay < 0a)) PR (X(ta - t1) = )
(3.45)
= PIR(X(t)) = 2,04, < t1,04y < O'aO)PZIR(X(tz —t) =Y | Oay < Og)-
Since PIR(X(t1) = z, Oay <t, Oay < 0g4) >0, (3.45) is equivalent to
PIR(X(ta—t) =y) = PR(X(tr —t1) =y | Cay < Oap)- (3.46)

However (3.46) does not hold true for some y € X%, and z € %, \ {an} by virtue of
Proposition 2.4. Thus (2.28) does not hold true for some x,z € %, and y € %,,. O

4. Examples

In this section, we consider a simple birth and death process. Let N =3, a; =i (i=0,1,2,3),
Go=0,p3s=0,and p; = qs = 1/K (i = 1,2), where K > 2. For 7 (k = 1,2,...) given in
Section 2, the transition law of this birth and death process D satisfies that

1
Pe(X(7k41) = 0| X(76) = 1) = Pe(X(7s1) =2 [ X(7k) = 1) = &
) (4.1)
Pe(X(7k41) = 1| X(7) = 2) = Pe(X(7s1) =3 | X(7k) =2) = X
4.1. Case That the End Point 1 Is Absorbing
We first consider D44, that is,
Pe(X(7ke1) = 0| X(7k) =0) = 1,
(4.2)

Pe(X(7ki1) = 3| X(7k) = 3) = 1.
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Then [; = 0 and I, = 3. Further (2.7) and (2.8) are reduced to

.
-0, x<0,

0, 0<x<1,
s(x) = x, m(x)=4K, 1<x<2, (4.3)

2K, 2<x<3,

Lo, 3<x.

By virtue of [11], we obtain that

P (X () =y) =p™ (tx,y)m({y}),

1 ) o (44)
Pt xy) = s xna1 (0 xna (W) { e+ () e K],

where ya(¢) =1 [resp., ya(¢) =0] if ¢ € A [resp., ¢ ¢ A]. Further by virtue of Theorem 2.1,
K
QA (XD =) = Lp* (1 x,y), (45)

for x,y € {1,2}, where I € {A, R}. Note that QR4(X(t) = y) is expressed by using pA4(t, x, y).
As in Remark 2.2, this induces a birth and death process D, on {1, 2,3} with the transition law

IAX (Tra1) =2 | X(1) = 1) = 1,

3
(X (1) =3 | X(m) =2) = 7,

) (4.6)
X (men) =11 X(1) =2) = 5,

IA(X (Tha1) =3 | X (i) =3) = 1.

4.2. Case That the End Point 0 Is Absorbing and the End Point 3 Is Reflecting
We next consider D4R with g5 = 1, that is,
Pe(X(1is1) =0 | X() = 0) = 1,

(4.7)
Pr(X(7i1) =2 | X(7) =3) = 1.
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For simplicity, we put K = 2. Then /; = 0 and I, = oo. Further (2.7) and (2.8) are reduced to

-0, x<0,
0, 0<x«<1,
s(x) =x, m(x) =1 2, 1<x<2, (4.8)
4, 2<x<3,
L5, 3<x.
By virtue of [11], we obtain that
PAR(X() =y) =p™(tx,y)m({y})), xye(1,23),
1 1 _
(% y) = e P @ () + 3¢y e (v)
1 _
+ g5 IR ()R (y),
(x, x=0,1, x, x=0,1,
(4.9)
pi'R(x) = V3, x=2, g3 R(x) = 40, x=2,
2, X = 3, _1/ X = 3/
(x, x=0,1,
» 2, y=1,2,
giR () =1 -V3, x=2, m({y}) =
1, y=3.
L2, x =3,
By means of (2.21), we obtain that
3
QIR (X(H) = y) = ZPAM(X(1) = y) + ZM(t,x,y)
(4.10)
_ Y aa t EM
=P G y)m({y)) + Mt x y)m({y}),
for x,y € {1,2}, where pA4(t, x, y) is given by (4.4) with K =2, and
t
M(t,x,y) = f e (p™R(t - u,3,y)du,
0
1( _ .
uat) =P %,2) = e+ (1)), (1)

1( o _ -
pR(E3,y) = c{e TVIgR(y) 26 R (y) + e VIR (y) ).
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4.3. Case That the End Points 0 and 3 Are Reflecting

We finally consider DRR with py = 1 and g5 = 1, that is,

Pe(X(7i41) = 1| X(m) =0) = 1,
(4.12)
Pe(X(Tks1) =2 | X(7ic) =3) = 1.

For simplicity, we put K = 2. Then l; = —oo and I, = oo. Further (2.7) and (2.8) are reduced to

-1, x<0,
0, 0<x«<l1,
s(x) = x, m(x)=42, 1<x<2, (4.13)
4, 2<x<3
5, 3<«x

By virtue of [11], we obtain that

PEX() =y) =p"(tx,y)m({y}), xy€{0,1,23},

1 1
Pt Y) = 2o (e (y) + 3¢ 29" (047" (v)

-3t/2

1 1
+ 37 PR @) (y) + ce e (e (y),

-1)*,  x=0,3,
¢rRx) =1, x=0,1,2,3, ¢fR(x)=

D7, (4.14)
2 7 7 4
1, x=0,3,
(pr(x) = 1 (pr(x) =(-1)*, x=0,1,2,3,
_Er X = 1/2/
1, y=0,3,
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By means of (2.21), we obtain that
RR _ N _ Y paa _ § E ' Ry
w (X)) =y) = SPAXO =y) + ML y) + R (t-u,3,y)du
3
= Lp*A(x y)m({y) + SM(Lxy)m((y) (4.15)

t
+ %J. [/lx(u)NR(t_ ur3fy)m({y})du’
0

for x,y € {1,2}, where pA4(t, x, y) is given by (4.4) with K = 2, and M(t, x,y) and p.(t) are
given by (4.11). Further NR(¢,3, ) is given as follows:

¢
NR(t,x,y) = f vy (w)p™R(t - u,0,y)du,
0
va(t) = p*R(t,3,1) = l{e—(z—\/i)t/z ety e—(2+\/§)t/2} (4.16)
4 4 6 7

pRR(t’O,y) = %{1 — (_1)y€—t/2 _ e—3t/2 + (_1)y€_2t}.

5. Conditional Processes in Population Genetics

Here we consider two stochastic models in population genetics and their conditional
processes. In this section, we use notations different from those of the previous sections to
emphasize the difference between the original models and the induced models of conditional
processes. We denote the conditional process by x*(t) [resp., X*(t)] when the original process
is x(t) [resp., X(t)] as we did in Section 1.

5.1. Diffusion Model

We consider the following diffusion model for a randomly mating population consisting of
N haploid individuals with two types (alleles) A; and A;. Let x(t) be the relative frequency
of A; at time t. Then x(f) is a one-dimensional diffusion process on [0, 1] with the generator

_x(1-x) d&*
2N dx?

+{ux(1 —x) —upx} (5.1)

E/

where u; [resp., u] is mutation rate from A; [resp., As] to A, [resp., A1] (see [4]).
First we consider the case that u; = 0. The point 1 is accessible and exit boundary if
u; = 0 (see [16]). For this diffusion process, consider a stochastic process x*(t) induced by
conditioning on hitting the boundary point 1 before hitting the other boundary point 0. The
induced stochastic process is again a diffusion process with the generator
[ x(1-x) d? (

1 d
—2N E + | U + —> (1 - x)% (52)

N
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by (1.2) and Theorem 2.1 of [3]. Note that the effect of conditioning is that it inflates the
mutation rate u; to up + 1/N. Ewens [1] considered the case that u; = u; = 0 and the induced
diffusion process is referred to as the conditional diffusion process by Ewens [1] (see also
(2]).

Next we consider the case that 0 < 2Nu; < 1. The point 1 is regular boundary in this
case (see [16]) and we can pose various boundary conditions there. If we pose the absorbing
boundary condition, then the induced process is again a diffusion process with the generator

L*:ﬂ;—mdd—;+{<u2+%>(l—x)—u1x};—x (5.3)

by (1.2) and Theorem 2.1 of [3]. On the other hand, if we pose the reflecting boundary
condition as it is usually done in population genetics (see [17-19]), then the induced
conditional process does not satisfy the Chapman-Kolmogorov equation and this process is
not a diffusion process due to Theorem 2.2 of [3]. These results imply that we cannot use the
diffusion model whose generator is given by (5.3) as the conditional process when we pose
the reflecting boundary condition at the boundary point 1.

5.2. Moran Model

Moran [6] introduced the following birth and death process as one of the fundamental
stochastic models in population genetics called continuous-time Moran model (see [4] for
discrete time Moran model). We refer to this model as Moran model for brief. Let N be the
number of individuals in a haploid population with two types A; and A, where N is an
integer greater than 2. Let 7o = 0 and 7¢, k = 1,2, - - - be a sequence of random times introduced
in Section 2. At time 7y an individual is chosen randomly and it reproduces a new individual
(k > 1). The type of the newborn individual is A; [resp., A;] with probability 1 —v; [resp.,
1 -] and it is A, [resp., A;] with probability v, [resp., v;] if the parent is A; [resp., A;],
where 0 < vy, v, < 1. Then at this time 7 an individual except newborn individual is chosen
randomly to die. There is no change at time t#7; (k > 1). Denoting by X(t) the relative
frequency of A; at time t, X(t) is a birth and death process on {0,1/N,2/N,...,(N-1)/N,1}
with the transition law

_A-m)i(N=j) +wa(N-j)° _

p(X(r) =L 1X(m) = L)

N N2 Pis
-1 i\ (=) (N =j)j+mj?
P<X(Tk+1) = ]_N | X(7e) = %) _ (=) sz)] Iy, (5.4)

P<X(Tk+1) = % | X(1x) = %) =7,

where p; +gj +r; =1 (0 < j < N). Note that pg = v, g0 =0, 79 =1-v, pnv =0, gn = v1, and
rn = 1 - ;. Note also that p; > 0 unless v; = 1and v, =0, g; > O unless v; = 0 and v, =1,
and r; > 0 for 0 < j < N. The process X(t) does not jump at time 74 if the types of newborn
individual and the dead are the same even though a “birth and death” event occurs at time
Tr. One of the end points 0 is absorbing [resp., reflecting] when v, = 0 [resp., v, > 0] and the
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other end point 1 is absorbing [resp., reflecting] when v; = 0 [resp., v1 > 0]. Let o; be the first
hitting time to i (i = 0,1).

First we consider the case that v; = v, = 0. This is the case without mutation and both
boundary points are absorbing with

__J(N-j)
pi=4;= N2 4
. . (5.5)
T [\ ).
rp=1-pi—q;=1- N2
By (2.7) and (2.8) we have
s(x) = x,
r—oo, X<O,
1
0, 0<x<—, (5.6)
_ N
Tn(x)_< 2 2 2 . .
N + N +---+L L<x<i i=1 N-1
N-1 2(N-2) i(N-i) N~ N~ T !
o, 1<x.

Then Theorem 2.1 implies that the conditional process X*(t) conditional on {07 < 0p} is again
a birth and death process on {1/N,2/N,...,(N —1)/N, 1} with the transition law

- |
P(x =L 1xm = L) -5

- |
p(x ) = 100 - 1) =4 57)

P(X*(Tk+1) - LX) = §> =1,

where py, = q5, = 0 and

il GED(N-)

Pj j ] N2 ’

o_i-1 _G=DIN-J)

q9; = j q; = N2 ’ (5.8)
. 2j(N - j)
r=tj= 1—T,
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for 1 < j < N. The end point 1/N is reflecting since p; = 2(N —1)/N? > 0. Note that m(x) of
the original Moran model X(t) reduces to

-0, x<0,
1
0, 0<x<-,
*=3
9 1 2
m(x) =4 2 < z (5.9)
(%) S5 3SxX<3
2
9, §SX<1
o, 1<z,

if N = 3 and this is essentially the same as the simple birth and death process discussed in
Section 4.1.

Next we consider the case that 0 < v; < 1. The boundary point 1 is reflecting. Then the
induced conditional process does not satisfy Markov property and this conditional process is
not a birth and death process by Theorem 2.3.
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