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We present various kinds of statistical convergence and J-convergence for sequences of functions
with values in 2-normed spaces and obtain a criterion for J-convergence of sequences of functions
in 2-normed spaces. We also define the notion of J-equistatistically convergence and study J-equi-
statistically convergence of sequences of functions.

1. Introduction

The concept of ideal convergence was introduced first by Kostyrko et al. [1] as an interesting
generalization of statistical convergence [2-5].

Throughout this paper N will denote the set of positive integers. Let (X, | - ||) be a
normed space. Let K be a subset of positive integers N and j € N. The quotient d;(K) =
card(K(N{1,...,j})/j is called the j'th partial density of K and d; is a probability measure on
P(N), with support {1,...,j} [2,3].

The limit d(K) = lim;_,d;(K) (if exists) is called the natural density of K. Clearly,
finite subsets have natural density zero and d(K¢) = 1 — d(K) where K¢ = K \ N, that is,
the complement of K. If K; C K; and Kj, K, have natural densities then d(K;) < d(K3).
Furthermore, if d(K7) = d(K3) =1, then d(K; N K3) =1 [6].

Recall that a sequence (x;),cy of elements of X is called to be statistically convergent
to x € X if the set A(e) = {n € N: ||x, — x|| > €} has natural density zero for each € > 0. In this
case we write st-lim,, _, ,x, = x [2-4].

A family 9 € P(Y) of subsets a nonempty set Y is said to be an ideal in Y if

(i)pe?,
(ii) A, B € O implies AJB €9,
(iii) A €9, B C A implies B € D,
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while an admissible ideal 2 of Y further satisfies {x} € O for each x € Y [7, 8]. Let 0 C P(N)
be a nontrivial ideal in N. The sequence (x;),cy in X is said to be J-convergent to x € X, if
for each € > 0 the set A(e)={n € N: ||x,, — x|| > €} belongs to I [1, 9].

2. Preliminaries

The notion of linear 2-normed spaces has been investigated by Géhler in the 60’s [10, 11] and
this has been developed extensively in different subjects by others [12-14]. Let X be a real
linear space of dimension greater than 1, and ||, -|| be a nonnegative real-valued function on
X x X satisfying the following conditions:

(G1) ||x, y|| = 0 if and only if x and y are linearly dependent vectors;
(G2) llx, yll = lly, x|| forall x, y in X;
(G3) |lax,y|| = |a|||x, y|| where a is real,

(G4) llx + v, 2l < lx, 2]l + lly, =]l for all x, y, z in X

|I,-|l is called a 2-norm on X and the pair (X, ||-,-||) is called a linear 2-normed space. In
addition, for all scalars & and all x, y, z in X, we have the following properties:

(1) |I-, -|l is nonnegative;
@) llx, yll = llx, y + ax|;
@) llx-y,y-zl=lx-yx-z|.

Some of the basic properties of 2-norm are introduced in [14]. Given a 2-normed space
(X, |I,-Il), one can derive a topology for it via the following definition of the limit of a
sequence: a sequence (x,),y in X is said to be convergent to x in X if lim, o [|x, — x, 2| =0
for every z € X. This can be written by the formula

VzeY) (Ve>0) (Anp e N) (Vn>mno) |xn—x,z| <e. (2.1)

We write it as
X, [ llx x- (2.2)

Lemma 2.1 (see [13]). Let v = {vy,..., vk} be a basis of X. A sequence (x,),cx in X is convergent
to x in X if and only if im, _, ||x, — x, vi|| = 0 for every i = 1, ..., k. We can define the norm || - ||,
on X by

Ix]l := max{||x,vi]| :i=1,...,d = k}. (2.3)

Lemma 2.2 (see [13]). A sequence (xn),ey in X is convergent to x in X if and only if
limy, o |xn — x|, = 0.
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Example 2.3. Let X = R? be equipped with the 2-norm ||x, y||:= the area of the parallelogram
spanned by the vectors x and y, which may be given explicitly by the formula

Take the standard basis {i, j} for R.
Then, ||x,i|| = |x2| and ||x, j|| = |x1], and so the derived norm || - ||, with respect to {i, j}

x| =[xy - x|, x=(x1,x2), v=(y1,42). (2.4)

is
llxll, = max{[xi], [x1]}, x=(x1,%2). (2.5)

Thus, here the derived norm || - ||, is exactly the same as the uniform norm on R?. Since the
derived norm is a norm, it is equivalent to the Euclidean norm on RZ.

Definition 2.4. Let O C 2N be a nontrivial ideal in N. The sequence (x;),cy Of X is said to be
O-convergent to x, if for each € > 0 and nonzero z in X the set A(e) = {n € N : ||x, —x, z|| > €}
belongs to O [9].

If (x4) ey is D-convergent to x then we write it as

- lim [lx, —x, 2| =0 or I lim [lx,, 2| = [|lx, 2]. (2.6)
n—oo n— oo

The element x is J-limit of the sequence (x,),,cn-

Remark 2.5. If (xy),cy is any sequence in X and x is any element of X, then the set

(neN:|x,—x,z|>eVzeX} =0 (2.7)

since if z = 0, ||x, — x, z|| = 0 < € so the above set is empty.

Further we will give some examples of ideals and corresponding J-convergences.
Now we give an example of J-convergence in 2-normed spaces.

Example 2.6. (i) Let O be the family of all finite subsets of N. Then Oy is an admissible ideal
in N and J¢-convergence coincides with usual convergence [11].

(ii) Put 94= {A ¢ N : d(A) = 0}. Then 9, is an admissible ideal in N and ;-
convergence coincides with the statistical convergence [15].

Example 2.7. Let O = D4. Define the (x,),,cy in 2-normed space (X, |-, -||) by

(0,n), n=k% keN,
xn = (28)

(0,0), otherwise
and let x = (0,0) and z = (z1, 2z2). Then for every e >0 and z € X

(meN: |x,—xz|>e€) C {1,4,9,16,...,112,...} (2.9)



4 International Journal of Mathematics and Mathematical Sciences

we have that

d{neN:|x,—x,z||>€e}) =0 for every ¢ >0 and nonzero z € X. (2.10)

This implies that 94 — lim, . ||xs, z|| = [|x, z||. But, the sequence (x,),y is not convergent
to x.

3. Convergence for Sequences of Functions in 2-Normed Spaces

We discuss various kinds of convergence and J-convergence for sequences of functions with
values in 2-normed spaces.
Let X, Y be 2-normed spaces and assume that functions

f:X—=Y, fn:X—Y, neN (3.1)

are given.

Definition 3.1. The sequence (f), is said to be positive convergent to f (on X) if
fn(x) Ll f(x) foreach xeX. (3.2)
We write
[y (3.3)
This can be expressed by the formula
(YyeY) (Vx e X) (Ve>0) (Ang €N) (Vn>mng) || fulx) - f(x), |y <e (3.4)

Remark 3.2. If functions f, f,, are given as in Definition 3.1 and dimY < oo then (f,) is
pointwise convergent to f (on X) if and only if

(Vx € X) (Ve >0) (Fng eN) (Vn>ng) || ful(x) - f(x), 9|, <e. (3.5)
We introduce uniform convergent of (f,),.y to f by the formula
(Yy €Y) (Ve>0) (ng €N) (Vn>mng) (Vx € X) | fulx)-f(x),y|y <€ (3.6)
and we write it as

BNy (3.7)

uniform
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Example3.3. f X =Y = R? is introduced in Lemma 2.1 then define

(0,0) if [x2| <1,
1\ %"
f(x1,x2) = OIE if xo| =1,  fu(x) = Olm ’ (3.8)
2
0,1) if |xo| > 1
then
foi fo (39)

Example 3.4. Let X =Y =[0,1] x (0,1) C R* and define

1
"nx; + 1

foles,x2) = (o ) f(xn,x2) = (0,0). (3.10)

Then obviously f, Loly, f. But we show that f,, does not converge uniformly to f in Y. Fix
e=1/2and forall np e Nputng =n+1,x,=(0,1/2n) then

1

2
. a1
nx, +1 € (3.11)

3

[1£n (o1, x2) = 0|, =

Definition 3.5. Let X and Y be 2-normed spaces with dimY < oo and let f : X — Y be a
function. The function f is said to be sequentially continuous at xp € X if for any sequence
(xn) pen Of X converging to xy one has

Fen) 20 £(xp). (3.12)

Definition 3.6. Let X and Y be two 2-normed spaces, and dimY < oo. If f, : X — Y isa
sequence of functions, we say (fy), is equi-continuous (on X) if

(VzeX) (Ve>0) (36 >0) (Vx,x0 € X) |lx—x0,z[lx <6 = || fulx) = fu(x0)]|, <&
(3.13)

Corollary 3.7. Let X and Y be two 2-normed spaces, xo € X with dimY < co.
If f : X — Yisa function such that satisfying the following formula

(VzeX) (Ve>0) (36>0) (VxeX) [x-xozllx<6= |f(x)-f(x)|, <e (3.14)

then f is sequentially continuous at x.
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Proof. Let (x5),ey be a sequence in X such that x, Ik, xp. Let € > 0. There exists 6 > 0 such

that || f(x) — f(xo0)ll,, < € for every x € X where ||x — xo, z||x <6 for each z € X. On the other

hand x, ol xo hence for all z € X there exist ng such that ||x, — xo, z||x < 6 for all n > ny.

Therefore f(x,) e, f(x0) and f is sequentially continuous at xy. O

4. D-Convergence of Functions in 2-Normed Spaces

Let X, Y be 2-normed spaces. Fix an admissible ideal 2 C (N) and assume that functions
f:X =Y f,:X — Y,neNaregiven.

Definition 4.1. A sequence (fn),ey Of functions is said to be J-pointwise convergent to f (on
X) if O-limy, , oo|| fn (x) = f(x), 2]l =0 (in (Y, ||, -|ly)) for each x € X. We Write

[l-ll
fn — "Y>9 f (4'1)
This can be expressed by the formula

(VzeY) (Vx € X) (Ve>0) AM €0) (YneN\ M) |fux) - f(x), 2

ly <e. 4.2)

Definition 4.2. A sequence, (fn),cy is said to be J-uniformly convergent to f (on X) if and
only if

(VzeY) (Ve>0) M e D) (Vne N\ M)(Vx € X) | fu(x) - f(x),z

|y <e. (4.3)

We write fnmg f.

uniform

Remark 4.3. 1f 9 = 9,4 then mg , and lly—m . Will be read (respectively) as J-pointwise and

uniform

J-uniform statistically convergence. If fni'ly—md f, then for all x € Xf, (x)mg . f(x) which
may be given by the formula

(VxeX) (Ve>0) {neN:|fu®) - f(x)|., 2¢) € (4.4)

we have by [15]

(Vx e X) (Ve,6>0) Bnp eN) (Yn2ny) di({neN:|fu(x)-f(x)], >€}) <6 (45)

Remark 4.4. We obviously have

fat o f = fum o f,
(4.6)
for o f = sup | fol) - £(x), 2

uniform

b0 vzev.
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Remark 4.5. Let J be such that J-convergence of sequences of points in (Y, |-, ||y) is strictly
more general than the usual convergence. Then there is a sequence (y,),oy € Y, such that

[l--lly
n

yn—0y but lim |lyn -y, z||, #0 foreach z €Y. 4.7)

Putting f,(x) = y, and f(x) = y for x € X and n € N, we have

Furlss £ but ~f —20 1, (4.8)

uniform uniform

Thus, in this situation, J-uniform convergence of sequences of functions is strictly more
general than the usual uniform convergence.

Theorem 4.6. Let O C P(N) be an admissible ideal and X,Y be two 2-normed spaces with dimY <

co. Assume that fnmg f (on X) where functions f, : X — Y,n € N are equi-continuous (on X)

and f : X — Y. Then f is sequentially continuous (on X).

Proof. Let z,xg € X and € > 0. By equi-continuty of f,’s, there exist 6 > 0 such that
Il frn(x0) = fu(x)|l, < € for every n € N whenever [|x - xo, z|| < 6.

Fix x € X such that ||x — xg, z|| < 6. Since fnmg f, the set

£ £
{nen: @ -feoll, 25 bo{neN:lam-rml 2 5} @9
is in 2 and different from N. Hence there exists 19 € N such that
€ £
o (20) = F @)oo < 5 fo ) = @) < 5. (410)

We have

17 o) = f )l < 11 (o0) = forn (o) | + (1 fo (x0) = s () [l + [l fra (20) = F (),

< E + E + E
3 33 (4.11)
=€

and by (Corollary 3.7) f is sequentially continuous at xy € X. O

5. J-Equistatistically Convergent

Let X, Y be two 2-normed spaces with dimY < oo and 9 =9, C 2X be admissible ideal on X.
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Definition 5.1. A (fu) e is called D-equi-statistically convergent to f (we writeitas f, <= o, f)
if for every € > 0 the sequence ( g]-,e)].6 N Of functions gj. : X — R given by

Gje(x) =di({neN: || fu(x) - f(X)|,>¢€}), xeX (5.1)

is uniformly convergent to the zero function (on X). Hence fn”:/.ﬂygd f if and only if the
following formula holds:

(Ve,6>0) (Ang e N) (Vj>mg) (VxeX), di({neN:|falx)-fx)|_,>e}) <6 (52)

Corollary 5.2. The following properties hold:

@) £l fimplies f i, f,

(i) furilong f implies £, <55, f.

uniform

Proof.

-y

(i) If f, ~ o4 f by the monotonicity of operator d;, we take ¢ = 6 in Definition 4.2.
Thus it is obvious.

lI-lly

(ii) Assume f,——), f and € > 0. By Definition 4.2 there exist a set M € Jd such that
uniform

| fn(x) = f(x)]l, <eforalln € D5\ M and x € X. Since M € J4. We can pick ng € N
such that d;(M) < ¢ for all j > ng. Let x € X and n € N. Thus || f.(x) - f(x)|, > €
implies n € M. Hence for each j > ng, we have

4i((n €N | fulx) - FOOL, 2 e]) < (M) < 5.3
by Definition 4.2 witnesses that fn”'(;ﬂyg WS O

Example 5.3. Define f:[0,1] x [0,1] — R?, £, : [0,1] x [0,1] —» R?,n €N

<O,—>, if Xy = —,
fn(x1,x2) = n n f(x1,x2) =(0,0), (5.4)
(0,0), otherwise,

Then fnllzﬂygd f but ﬂfnmgd f.Indeed, let ¢ > 0 and k € N such that 1/k < €. Then for all

uniform

j>kand x = (x1,x2) € [0,1] x [0,1] we have

di({neN: |[fa(0) - FOO| > ) s%s%se. (5.5)

Hence fnllzﬂygd f.
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Suppose that fnmg . f- Thus there is the set M € D, such that for alln € 95\ M and

uniform
x €[0,1] x [0,1] we have || fu(x) - f(x)||_, <1.
Choose k € 94 \ M. Then fr must be the zero function, a contradiction.

Theorem 5.4. Assume f : X — Yand f, : X — Y forn € N fix xo € X. Iffn”'«iﬂygdf and all
functions f,,n € N, are sequentially continuous at xo then f is sequentially continuous at xy.

Proof. Let ¢ > 0. Since fn”'(/'ﬂyg . f, we can find ny € N such that
£ 1
dn0<{neN: ||fn(x)—f(x)||w2§}> <5 Vx € X. (5.6)

PutE(x) = {n < K : | fu(x) = f(x)|l, <€/3},x € X.Inother word d,,, is a probability measure
on P(N) with the support {1,...,ng}, it follows that d,,(E(x)) > 1/2 for all x € X. By the
sequentially continuity of f1,..., fu, at xo, there exist 6 > 0 such that || f;(x) - fi(xo)|l_, < €/3
foralll <i<mnpand x € X, ||x—xg, z|| < 6 for each z € X. Fix x such that x € X, ||x—xo, z|| < 6
for each z € X.

Since dp,,(E(x)) > 1/2 and d,,, (E(xp)) > 1/2, there exists p € E(x) () E(xo) such that

[1fGe) = fx0) | < (15 ) = S @ [y + 1 (x) = Fo (o) [ + (| fp o) = f (xo) [,

<—+-+

[SSTROY
W[ ™
[SSTROY

(5.7)

I
™

Thus we show that || f(x) — f(x0)[|, < eforallx € X, [[x—xp,z|| <6 foreachz e X. O
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