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The estimation of a biased density for exponentially strongly mixing sequences is investigated. We
construct a new adaptive wavelet estimator based on a hard thresholding rule. We determine a
sharp upper bound of the associated mean integrated square error for a wide class of functions.

1. Introduction

In the standard density estimation problem, we observe n random variables Xj, ..., X, with
common density function f. The goal is to estimate f from Xj, ..., X,. However, in some
applications, Xi, ..., X, are not accessible; we only have n random variables Zj, ..., Z, with
the common density

g(x) = pw(x)f (%), (1.1)

where w denotes a known positive function and p is the unknown normalization parameter:
u = [w(y)f(y)dy. Our goal is to estimate the “biased density” f from Zj,..., Z,. Practical
examples can be found in, for example, [1-3] and the survey by the author of [4].

The standard i.i.d. case has been investigated in several papers. See, for example, [5-
9]. To the best of our knowledge, the dependent case has only been examined in [10] for
associated (positively or negatively) Zi, ..., Z,. In this paper, we study another dependent
(and realistic) structure which has not been addressed earlier: we suppose that Z, ..., Z,
is a sample of a strictly stationary and exponentially strongly mixing process (Z;);.; (to
be defined in Section 2). Such a dependence condition arises for a wide class of GARCH-
type time series models classically encountered in finance. See, for example, [11, 12] for an
overview.
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We focus our attention on the wavelet methods because they provide a coherent set of
procedures that are spatially adaptive and near optimal over a wide range of function spaces.
See, for example, [13, 14] for a detailed coverage of wavelet theory in statistics. We develop
two new wavelet estimators: a linear nonadaptive based on projections and a nonlinear
adaptive using the hard thresholding rule introduced by [15]. We measure their performances
by determining upper bounds of the mean integrated squared error (MISE) over Besov balls
(to be defined in Section 3). We prove that our adaptive estimator attains a sharp rate of
convergence, close to the one attained by the linear wavelet estimator (constructed in a
nonadaptive fashion to minimize the MISE).

The rest of the paper is organized as follows. Section 2 is devoted to the assumptions
on the model. In Section 3, we present wavelets and Besov balls. The considered wavelet
estimators are defined in Section 4. Section5 is devoted to the results. The proofs are
postponed in Section 6.

2. Assumptions on the Model

We assume that Z;, ..., Z, coming from a strictly stationary process (Z;);c;. For any m € Z,
we define the mth strongly mixing coefficient of (Z;);c; by

am = sup  [P(ANB)-P(A)P(B)],

(AB)EF?Z, \xFh o 1)

where, for any u € Z, ?goolu is the o-algebra generated by the random variables ..., Z,_1, Z,
and ?35,00 is the o-algebra generated by the random variables Z,,, Z,.1, . . ..

We consider the exponentially strongly mixing case, that is, there exist three known
constants, y > 0, ¢ > 0, and 0 > 0, such that, for any m € Z,

Am <Y exp<—c|m|9>. (2.2)

This assumption is satisfied by a large class of GARCH processes. See, for example, [11, 12,
16,17].

Note that, when 6 — oo, we are in the standard i.i.d. case.

W.o.l.g., the support of the functions f, and w are [0, 1].

There exist two constants, ¢ > 0 and C > 0, such that

c < inf w(x), sup w(x) <C.
x€[0,1] () xe[oI,)u (x) (2.3)

There exists a (known) constant C > 0 such that

sup f(x) <C. (2.4)
x€[0,1]
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For any m € {1,...,n}, let gz, z,) be the density of (Zy, Z,,). There exists a constant C > 0
such that

sup sup  |gzz. (X, y) —8(x)g(y)| <C. (2.5)

mefl,..,n} (x,y)e[0,1]2

The two first boundedness assumptions are standard in the estimation of biased
densities. See, for example, [6-8].

3. Wavelets and Besov Balls

Let N be an integer ¢ and ¢ be the initial wavelets of dbN (so supp(¢$) = supp(¢) = [1 -
N, N1]). Set

Pix(x) =22p(2x-k),  gix(x) =22 (2x - k). (3.1)

With an appropriate treatments at the boundaries, there exists an integer 7 satisfying 27 > 2N
such that the collection B = {¢rx(), k € {0,...,27 = 1}; ¢ji(:); j e N-{0,..., 7 -1}, k €
{0,...,2/ = 1}}, is an orthonormal basis of .? ([0, 1]) (the space of square-integrable functions
on [0,1]). See [18].

For any integer ¢ > 7, any h € L?([0, 1]) can be expanded on B as

201 o 2i-1
h(x) = Y aokder(x) + D D Bixyin(x), x€[0,1], (3.2)
k=0 j=¢€ k=0

where a; and f; are the wavelet coefficients of h defined by

1

1
ajk = f h(x)pjr(x)dx,  Pijx = f h(x) gk (x)dx. (3.3)

0 0

Let M >0,s>0,p >1,and r > 1. A function h belongs to B}, ,(M) if and only if there
exists a constant M* > 0 (depending on M) such that the associated wavelet coefficients (3.3)
satisfy

- 1/p " 2/’71 1/P r 1/1”
27(1/2—1/p)< |aTk|P> + Z 2j(s+1/2-1/p) <Z |ﬁjk|P> < M*. (3.4)
k=0 j=r k=0

In this expression, s is a smoothness parameter and p and r are norm parameters. For a
particular choice of s, p, and r, B;/r(M ) contains some classical sets of functions as the Holder
and Sobolev balls. See [19].
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4, Estimators

Firstly, we consider the following estimator for p:

-1
/1E 1
m= <E.Zw(zi)> ' *1

It is obtained by the method of moments (see Proposition 6.2 below).
Then, for any integer j > 7 and any k € {0,...,2/ — 1}, we estimate the unknown
wavelet coefficient

(i) ajx = 3 f(x)Pjx(x)dx by

A i(Z)
aﬁ—ggﬁkm, @2)
(i) Bix = [ f(X)gsjx (x)dx by
~ i ik (Zi)
Bix = %; e (43)

Note that they are those considered in the ii.d. case (see, e.g., [8, 9]). Their statistical
properties, with our dependent structure, are investigated in Propositions 6.2, 6.3, and 6.4
below.

Assuming that f € B; (M) with p > 2, we define the linear estimator Loy

2/0-1

Fre0 = X aiidiok(x), x€[01], (44)
k=0
where @ is defined by (4.2) and jp is the integer satisfying
%nl/(2s+1) < 2o < nl/(2s+1). (45)

For a survey on wavelet linear estimators for various density models, we refer the
reader to [20]. For the consideration of strongly mixing sequences, see, for example, [21, 22].
We define the hard thresholding estimator fH by

R 21 ji_2i-1
FQ) = D @nkper(x) + 3 S Bikl 5 s, ik (), (4.6)
k=0 j=T k=0
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x € [0,1], where &, is defined by (4.2) and ﬁ,-,k by (4.3), for any random event <4, [ 4 is the
indicator function on <4, j; is the integer satisfying

1 .
5 nl e <2' < n1 1767 (4.7)
2 (Inn)™* (Inn)'*

0 is the one in (2.2), x is a large enough constant (the one in Proposition 6.4 below) and 1, is

the threshold
0
A= (Inn)™e (4.8)
n

The feature of the hard thresholding estimator is to only estimate the “large” unknown
wavelet coefficients of f which contain his main characteristics.

For the construction of hard thresholding wavelet estimators in the standard density
model, see, for example, [15, 23].

5. Results

Theorem 5.1 (upper bound for fL). Consider (1.1) under the assumptions of Section 2. Suppose
that f € B;lr(M) withs >0,p > 2,and r > 1. Let fL be (4.4). Then there exists a constant C > 0
such that

E<f: (Fr - f(x)>2dx> < O3/ Coeh), G

The proof of Theorem 5.1 uses a suitable decomposition of the MISE and a moment
inequality on (4.2) (see Proposition 6.3 below).

Note that n72/5*1) is the optimal rate of convergence (in the minimax sense) for the
standard density model in the independent case (see, e.g., [14, 23]).

Theorem 5.2 (upper bound for f¥). Consider (1.1) under the assumptions of Section 2. Let fH be
(4.6). Suppose that f € B, (M) withr 21, {p 2 2and s > 0} or {p € [1,2) and s > 1/p}. Then
there exists a constant C > 0 such that

1, 141/0 \ 25/(2s+1)
E(L (fH(x) —f(x))zdx> < C<%> . (5.2)

The proof of Theorem 5.2 uses a suitable decomposition of the MISE, some moment
inequalities on (4.2) and (4.3) (see Proposition 6.3 below), and a concentration inequality on
(4.3) (see Proposition 6.4 below).

Theorem 5.2 shows that, besides being adaptive, f H attains a rate of convergence close
to the one of f. The only difference is the logarithmic term (In ) !+1/€)@/(2s+1)



6 International Journal of Mathematics and Mathematical Sciences

Note that, if we restrict our study to the independent case, thatis, 8 — oo, the rate of

convergence attained by fH becomes the standard one: (logn/n)*/ ). See, for example,
[14, 15, 23].

6. Proofs

In this section, we consider (1.1) under the assumptions of Section 2. Moreover, C denotes
any constant that does not depend on j, k and n. Its value may change from one term to
another and may depends on ¢ or ¢.

6.1. Auxiliary Results

Lemma 6.1. For any integer j > T and any k € {0,...,27 — 1}, let ajx be (4.2) and ajr =
f; f(x)@;j(x)dx. Then, under the assumptions of Section 2, there exists a constant C > 0 such that

+‘%—%‘> (6.1)

This inequality holds for ¢ instead of ¢ (and, a fortiori, ﬁ,-,k defined by (4.3) instead of ajx and Pjx =
Jo £ )5k (x)dox instead of ;).

#Z¢Jk(z)

w(z) Tk

|k — k] <C<

i=1

Proof of Lemma 6.1. We have

" Z;
Q- = 2 <§Z¢]k( ) _ “i,k> + a,-,kﬁ<i - i) (6.2)

Due to (2.3), we have |ji| < C and |/ | < C. Therefore

| — aji| < C<

Using (2.4) and the Cauchy-Schwarz inequality, we obtain

(Z)

Z

=1

— | + [ ekl

%_%D (63)

1 1
ajel < [ F@Igia@ldx < C [ [gia]dx
0 0

12 (6.4)
1
gc<f (¢,-,k(x))2dx> =C.
0
Hence
(Zi) 1 1
|a]k—cx]k|<C< P‘;(Z}"(Zl) aj| + 2" ;D (6.5)

Lemma 6.1 is proved. O
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Proposition 6.2. For any integer j > T such that 2/ < n and any k € {0,...,2/ = 1}, let ajx =
fo £k (x)dx and i be (4.1). Then,

(1) one has

o Pik(Z)N 1\ 1
E<EZ w(Z) > - ik E<ﬁ) T (©©)

U Pik(Zi) 1
V(EZ o (Z) > <C, 6.7)

V(%) <cl (6.8)

These results hold for ¢ instead of ¢ (and, a fortiori, pjx = j; f ()i (x)dx instead of aj).

Proof of Proposition 6.2. (1) We have

& Pik(Zi) $ik(Z)\ (M Pix(x)
<zz > E< w(Z1) > 1), i SO |
(6.9
_ ¢]k( ) ,1
“p | S ) fdx - f Fb(0dx = ayp.
Since f is a density, we obtain
1 1 1 L
5(7)= <;Zw >‘ (amz) =, wstoe
(6.10)

) L 1 1 1
= fo M‘u w(x) f(x)dx = p fo f(x)dx = v
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(2) We have

B Pin(Z)\ 12 & & Pik(Zo) Pix(Ze)
V<EZ w(Z) > - EZZC< W(Z,) " w(Ze) >

$ixk(Z1) W& S [ 9ik(Zo) Pixk(Ze)
w(Z1) >+2E§,§;C< w(Za) ' w(Z2) > (61D

2
<ty
n

7~ N 7 N

$ik(Z1)\ 1 |E T Pik(Zo) Pik(Ze)
w(Z) >+2$ ZZC( w(Zy) " w(Ze) >‘

v=2 ¢=1

Using (2.3) and (2.4), we have SUP ye(0.1] g(x) < C. Hence,

$ix(Z1) Pix(Z1) ? 2
V( w(Z1) > - E<< w(Z1) > ) < Cu((gu(20)’)

(6.12)
1 ) 1 )
= CI (pjk(x))"g(x)dx < Cf (¢ix(x))’dx = C.
0 0
It follows from the stationarity of (Z;),c, and 2/ < n that
LG $ikZo) $ixZa)\| | &, $ik(Zo) Pik(Zm)
;ﬂ;@( w(Zy) " w(Ze) >‘ - mzzl(n m)(C< w(Zo) " w(Zm) >‘
(6.13)
- Pix(Zo) ¢ik(Zm) \| _
Snmzzl (C< w(Zo) " w(Zm) >‘ =T + 1>,
where
2 L bik(Zo) Pik(Zm)
T —an:l (C< w(Zo) wZm )
(6.14)

n

C $ik(Zo) Pjx(Zm)
w(ZO) ’ w(zm) )

Let us now bound T; and T5.
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Upper Bound for Ty

Using (2.5), (2.3), and doing the change a variables y = 2/x — k, we obtain

Pir(Z0) $ixZm) NI _|( (' _ ik (x) pix (v)
o2 2N |- | [[ () - s D 2t B
! B Pik(x) || Pik(y)
Sff0|g<zo,zm>(x/y) g(x)gW)| w@® || wly) dx dy

2

1 2 1
SC(I |¢f'k<X>Idx> =C<2‘f/2f |¢<x)|dx> = 2.
0 0

(6.15)
Therefore,
T, < Cn272/ = Cn. (6.16)
Upper Bound for T,
By the Davydov inequality for strongly mixing processes (see [24]), for any g € (0, 1), it holds
that
2/(1-q) 1-q
c Pix(Zo) Pjx(Zm) <104 (& Pik(Zo)
w(Zo)  w(Zy) J|T " w(Zo)
) (6.17)
2q 2 -4
< 10a, sup Pik(x) E Pik(Zo) .
xefo1]| w(x) w(Zy)
By (2.3), we have
¢j,k (.X') i/2
<Csu ik(x)| <C2 (6.18)
xefo1]| w(x) xe[Oﬁ]ld)] |

and, by (6.12),

2
IE( <¢;]k((zzo‘;)> ) <C (6.19)

C ¢ik(Zo) Pjx(Zm)
w(Zy) " w(Zm)

Therefore,

<C9al,. (6.20)
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Since 3", miah, < S miaj, =y 3w miexp(—cqm®) < oo, we have

n n
T, < Cn29 Z al, <Cn Z mial, < Cn. (6.21)

m=2/ m:2i

It follows from (6.13), (6.16), and (6.21) that

Lt L dik(Zy) Pix(Ze)
ZZ(C< w(Z) w(Zy) >‘ < Cn. (6.22)

v
v=2 ¢=1

Combining (6.11), (6.12), and (6.22), we obtain

U Pik(Zi) 1
V(EZ o (Z) > <C—. (6.23)

1 1 1 &GO 1 1
- = - - 6.24
nV<w(Z1) +2nzZ C( w(Zv)’w(Ze)) (2
1 1 1¢ 1 1
y(L Yl Sle(Ll )|
n <W(Z1)> n,g{ w(Zo)" w(Zm)
Using (2.3) (which implies sup,. (o ;;(1/w(x)) < C) and applying the Davydov inequality, we
obtain
1 1 LA 1
Z)<c= <C-. .
V<ﬁ) _cn<1+mZ:1am> <C- (6.25)

The proof of Proposition 6.2 is complete. O

Proposition 6.3. For any integer j > T such that 2/ < n and any k € {0,...,2/ = 1}, let ajx =
fé f(x)pji(x)dx and a; be (4.2). Then,

(1) there exists a constant C > 0 such that
B( (@ - a0)”) <o (6.26)
ir ir =+
(2) there exists a constant C > 0 such that

_ 4 i1
—ai)t) <c2- 6.27
B( (@ - a;)*) < C2 - (6.27)
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These inequalities hold for ﬁj,k defined by (4.3) instead of @;x, and Pjx = fé f(x)gjx(x)dx instead of
D(]',k.

Proof of Proposition 6.3. (1) Applying Lemma 6.1 and Proposition 6.2, we have

(6.28)
" b (Z;
- C<V<%§¢;Iz(zi))> * V(%)) <
(2) We have
|k — ajk| < |ajx| + x| (6.29)
By (2.3), we have |ji| < C and supxe[o/ll(l/w(x)) < C. So,
¢ Z <ct z": ikl
ni3 w(Z; ) ns w(Z ) xE[O,l] w(x) (6.30)
< C sup |¢jx(x)] < C272
x€[0,1]
By (6.4), we have |a; k| < C. Therefore
|k - aje| < C(272+1) < C22 (6.31)
It follows from (6.31) and (6.28) that
E( (@k - “j,k)4> < CZ’E< (@) - “]'/k)2> < CZ’%- (6.32)
The proof of Proposition 6.3 is complete. O

Proposition 6.4. For any j € {7,...,j1} and any k € {0,...,27 =1}, let Bix = féf(x)qrj,k(x)dx,
ﬁ,-,k be (4.3) and \,, be (4.8). Then there exist two constants, x > 0 and C > 0, such that

KAy 1
<|ﬂ]k Bix| 2 ) <C— (6.33)
Proof of Proposition 6.4. It follows from Lemma 6.1 that

3 A
]P’<|ﬂf,k - ﬁz‘,k| = %) <SP +DP, (6.34)
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where

_of |H <o ¥ik(Zi)
pl‘P< n 2wz ~Pk| 2R >
(6.35)
pzzrp(‘% i >ch>

In order to bound P; and P, let us present a Bernstein inequality for exponentially strongly
mixing process. We refer to [25, 26].

Lemma 6.5 (see [25, 26]). Let y > 0, ¢ > 0, 0 > 1 and (Z;),y, be a stationary process such that,
for any m € 7Z, the associated mth strongly mixing coefficient (2.2) satisfies a, < y exp(—c|m|®). Let
ne€N,h:R — R bea measurable function and, for any i € Z, U; = h(Z;). One assumes that
E(U1) = 0and there exists a constant M > 0 satisfying [U1| < M < oo. Then, foranym € {1,...,n}
and any A > 4mM/n, one has

1 n
BX

Upper Bound for P

An n
>1) <4 - 4y — —em?). 6.36
- >— eXp( m(64E(u§)+8AM/3>>+ v op(-em’). (636

Foranyie {1,...,n}, set

wix(Zi)

i= ﬂm ~PBik- (6.37)

Then Uy, ..., U, are identically distributed, depend on the stationary strongly mixing process
(Zi) ez, which satisfies (2.2), Proposition 6.2 gives

g (Z)\
]
E(U1) =0, E(U%) SIE<<# w(Z2) > > <C (6.38)

and, by (2.3) and (6.4),

1Bl < c( <up g () +1>
xe[0,1] xe[0,1] (6.39)

< c<2f'/2 + 1) <C2i2,
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It follows from Lemma 6.5 applied with Uy,...,U,, A = xkCl,, A, = ((lnn)“l/e/n)l/z,
m = (ulnn)"? with u > 0 (chosen later), M = C2//2 and 2/ < 2/t < n/(Inn)**/?, that

P1 = HD< 2 KC.)Ln>

©*A2n n 0
<4dexp <—Cm> + 4YE exp (—cm )

1 n
72U

i=1

x2(Inn)*1/° (6.40)

step| ¢ 1/6 ; 141/0 , \ /2
(ulnn) <1+K27/2<(11’11’l) /n) >

+4 exp(—culnn)

Y(ulnn)l/e

< C<n—CK2/(u1/9(1+K)) 4 nl—cu>'

Therefore, for large enough x and u, we have

P < C%. (6.41)
n
Upper Bound for P,
Foranyie {1,...,n}, set
1 1
U, = _2 6.42
w(Z)) p (6.42)

Then Uy, ..., U, are identically distributed, depend on the stationary strongly mixing process
(Zi) ez which satisfies (2.2), Proposition 6.2 gives

_ 2 1 _
B(U) =0, E(U})< IE< (w(Zl))2> <C (6.43)

By (2.3), we have

1

1
|Uq] < su —
5 H

xe[0,1] W X)

+ ‘ ‘ <C (6.44)
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It follows from Lemma 6.5 applied with Uy,...,U,, A = xkCl,, A, = ((lnn)“l/e/n)l/z,
m= (uln n)l/ O withu >0 (chosen later) and M = C that

1 n
Pz =P< - ZKC)Ln>
nl:l

Su

K*\%n n
< " = —cm®
_4exp< C (1+K.)LnM)>+4Y exp< cm>

2 1+1/6 6.45
<dexp| -C < (Inm) — (6.45)
(ulnn)'/® <1 + K<(ln n)“l/e/n) )
dy—ex (—culnn)
Y(ulnn)l/e P

< C<n—c1<2/u1/9 + nl‘c").
Therefore, for large enough x and u, we have
1
P, <C—. (6.46)
n
Putting (6.34), (6.41), and (6.46) together, this ends the proof of Proposition 6.4. O

6.2. Proofs of the Main Results

Proof of Theorem 5.1. We expand the function f on B as

2/0-1 oo 2/-1

fx) = Z Ao kPio k() + Z Zﬁ,kqf,k(x) x €10,1], (6.47)

j=jo k=0

where a;,x = [ f(x)$jox(x)dx and Bk = [; f(x)gjk (x)dx.
We have, for any x € [0, 1],

R 2i0 -1 w 2/-1
fL(x) - f(x) = Z (“]n k = Xjy, k)¢]o k(%) — Z Zﬂ]k(p]k(x) (6.48)
j=jo k=0

Since B is an orthonormal basis of L?([0,1]), we have,

E(Jd (fL(x) -f (x)>2dx> = ZEM (@j,x — [ng,k)2> ii (6.49)
0 k=0 i=jo k=0
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Using Proposition 6.3, we obtain

2/0—1

k=0

Since p > 2, we have B;/r(M) € B . (M). Hence

i Z_ < C2—2jos < Cn—ZS/(Zerl).
j=jo k=0

Therefore,

E< J (- f(x)>2dx> < Cn2/@h),
0

The proof of Theorem 5.1 is complete.

Proof of Theorem 5.2. We expand the function f on B as

o 2/-1

f(x) = Za7k¢7k(x)+22ﬂ]kw]k(x), x €[0,1],

j=T k=0

where a, . = f& f(X)$pri(x)dx and Bjx = f& f(X) i i (x)dx.
We have, for any x € [0, 1],

. - j1o2i-1
FH(x) - f(x) = Z(“Tk — ) Pr(x) + D) Z( PiaL psgonn)
=0 j=T k=0
w 2/-1
- D0 D Bikgik(x).
j=p+1 k=0

Since B is an orthonormal basis of .7 ([0,1]), we have

E<f: (Fx) —f(x))zdx> “R+S+T,

Z E( (CX]'o,k - “jo,k)2> < szoE < Cp2s/@s+),

15

(6.50)

(6.51)

(6.52)

(6.53)

(6.54)

(6.55)
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where
27-1 ji 271 N >
~ 2
R= ZE< (@r — ark) >’ = Z Z ((pf'kﬂ{\ﬁi,klzm\nl B ﬁj’k> >'
k=0 = k=0
(6.56)
-3
Letusbound R, T, and S, in turn.
Upper Bound for R
Using Proposition 6.3 and 2s5/(2s + 1) < 1, we obtain
1+1/9 25/(25+1)
Rnglgc<@ﬂi——> . (6.57)
n n
Upper Bound for T
Forr >1andp > 2, we have B; (M) C B; (M). Since 2s/(2s + 1) < 2s, we have
o 14170 \ 2 1+41/0 \ 25/(@s+1)
T<CY 2% <c2?* <C (nm) 777\ cof Inm "7 . (6.58)
j=ji+l n n

Forr > 1and p € [1,2), we have B;.(M) C BSH/2 1/p(M). Since s > 1/p, we have s +1/2 —
1/p>s/(2s+1).5S0

=
T<C Z 2-2j(s+1/2-1/p) « (p-201(s+1/2-1/p)
j=ptl

6.59
(In n)1+1/9 2(s+1/2-1/p) (In 11)1+1/6 2s/(2s+1) ( )
Hence, forr > 1, {p >2and s > 0} or {p € [1,2) and s > 1/p}, we have
1+1/60 25/(25+1)
TgC(QﬂQ——> . (6.60)
n

Upper Bound for S

Note that we can write the term S as

S =Sl +Sz+S3+S4, (661)
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where

] N 2
S1=2, ZE< (ﬁz‘,k - ﬁzzk> H[|B,-,k|mn]]1l|ﬂ,»,k|<m,,/zl)/
j=T k=0
121 R )
$2=2, ZE< (Bix = Bix) Lsma, Lt >
=T k=0
] (6.62)
ho2-
S3 = Z Z]E< ]k {1Bir<xAn} [Iﬂ;,klzzml>/
j=T k=0
21
Ss = Z ZE( BT 5 enin LiBi<2e0) )-
Let us investigate the bounds of S, Sy, S3, and Sy in turn.
Upper Bounds for S1 and S3
We have
2 KA,
{|ﬂf,k| <xdn, |Bjkl| 2210\:1} {|ﬁ;k—ﬁ;k }
2 K.)Ln KA n
{|ﬁ;,k| > 1y, - } {|ﬂ]k—ﬁ]k . } (6.63)
{|ﬁj,k| < KAy, ﬂj,k| > 2K.)Ln} C {|ﬁ,k| < 2|ﬁ]-,k —ﬁ]-,k| }
So,
o2i-1 N 2
maX(SL 53) S CZ Z]E( <ﬂj,k - ﬂj,k) ]I“Ej,k’ﬂj,kb’c)tn/z} > . (664:)
j=T k=0

It follows from the Cauchy-Schwarz inequality, Propositions 6.3 and 6.4, and 2/ < 2/ < n that

5 (s i) e ) < (B(G))) (2 a] > )

1 1/2 1 1/2 1
fc(”%) (@) <G

(6.65)
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Since 2s/(2s5+ 1) < 1, we have

1+1/0 \ 25/(2s+1)
Tl

n
] =T

Upper Bound for S,

Using again Proposition 6.3, we obtain

n

E((ﬁ]’k ﬂ]k) >§ %SCM‘

Hence,

(In n)1+1/9 21

T Z Z I {1Bjkl>KAn/2) -

j=T k=0

S, <C

Let j, be the integer defined by

1 1/(2s+1) 1/(2s+1)
2\ o <2< (s :
2\ (Inn)** (Inn)**

We have
Sz < 52/1 + 52/2,
where
(lnn)lﬂ/@ j2 21
Sa4 Z ZH {1Bil>x /2,
j=T k=0
(lnn)lﬂ/@ 1 2i-1
522 > L2
j=j2+1 k=0
We have

1+1/60 1+1/6 1+1/0 \ 25/(2s+1)
52/1 < C(lnn) 22] < C(lnn) 2]2 < C<%> )

n

(6.66)

(6.67)

(6.68)

(6.69)

(6.70)

(6.71)

(6.72)
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Forr >1and p > 2, since B; (M) € B; (M),

(lnn)1+1/6 1o 2i-1 0

> Zﬁ]k_cz Zﬁ < C272ps

n j=j2+1 k=0 j=p+1 k=0

1+1/60 2s/(2s+1)
. c( (Inn) > ‘
n

Forr>1,p € [1,2) and s > 1/p, using L5, >x1,/2) < C|[5]k|p/)tp B;,(M) ¢ B;:/zfl/p(M) and
(2s+1)2-p)/2+(s+1/2-1/p)p = 25, we have

Sop<C————
6.73)

1+1/60  j1 2i-1 1+1/0 \ 2-p)/2
Sy < (lnn) + Zl Zlﬂ ol < C<(1nn) + > i 9-j(s+1/2-1/p)p
i

e o (6.74)
o\ 2-p)/2 o\ 25/(2s+1) '
<C (In ”)1+1/ 2-p2(s+1/2-1/p)p < C (In 11)1+1/
< — < — .
So,forr>1,{p>2ands>0}or {pe[l,2)and s>1/p}, we have
1+1/0 2s/(2s+1)
S, < c<%> . (6.75)
Upper Bound for Sy
We have
j12i-1
Sa < > DBl g <ant)- (6.76)
=1 k=0
Let j, be the integer (6.69). Then
S4 <841+ Sap, (6.77)
where
jo 2i-1 1 2i-1
Si1= D), Zﬁ?’kﬂ[m,-,udm,,], Siz= D, Zﬁ?’kﬂ[|ﬂj,k|<2m]- (6.78)
j= k=0 j=ja+1 k=0
We have

2 1+1/60 jo 1+1/6 1+1/0 \ 25/(2s+1)
Si<CY22=C cn ”) Zz] < c(ln") 2k < c<—(ln") > . (679)

i n
j=7
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Forr >1andp > 2, since B; (M) € B; (M), we have

% 2]‘71 ‘ (ln n)1+1/9 25/(25+1)
Sin$ D, D sCrcC — . (6.80)
j=j+1 k=0

Forr >1,p € [1,2) and s > 1/p, using f7, L s <2n1,) < CA P IBiAlP, B;,(M) C B;:/Z—l/P(M)
and 2s+1)2-p)/2+(s+1/2-1/p)p = 25, we have

L, dn 24 (In ) 1+1/6 @p)/2 j o
S

j=p+1 k=0 j=jo+1 k=0
14170\ 2-P)/2
j=ja+1
14170\ (2-P)/2 1+1/6 \ 25/(25+1)
< C<M> 2—j2(s+1/2—1/p)p < C< (lnn) + > '
< " < —

So,forr>1,{p>2ands>0}or {pe[l,2)and s>1/p}, we have

1+1/6 23/(25+1)
S, < c<%> . (6.82)

It follows from (6.61), (6.66), (6.75), and (6.82) that

1+1/6 ZS/(ZS+1)
S< c<%> . 6.83)
n

Combining (6.55), (6.57), (6.60), and (6.83), we have, forr > 1, {p > 2 and s > 0} or
{pell,2)and s>1/p},

1, 141/0 \ 25/(2s+1)
E(L (F"e0) —f(x)>2dx> < C<%> : (6.84)

The proof of Theorem 5.2 is complete. O
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