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We give some coupled fixed point results for mappings satisfying different contractive conditions
on complete partial metric spaces.

1. Introduction and Preliminaries

For a given partially ordered set X, Bhaskar and Lakshmikantham in [1] introduced the
concept of coupled fixed point of a mapping F : X x X — X. Later in [2], Ciric and
Lakshmikantham investigated some more coupled fixed point theorems in partially ordered
sets. The following is the corresponding definition of a coupled fixed point.

Definition 1.1 (see [3]). An element (x,y) € X x X is said to be a coupled fixed point of the
mapping F: X x X — X if F(x,y) =xand F(y,x) = y.

Sabetghadam et al. [4] obtained the following.

Theorem 1.2. Let (X, d) be a complete cone metric space. Suppose that the mapping F : X x X — X
satisfies the following contractive condition for all x, y,u,v € X

d(F(x,y),F(u,v)) < kd(x,u) +1d(y,v), (1.1)

where k, | are nonnegative constants with k +1 < 1. Then, F has a unique coupled fixed point.
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In this paper, we give the analogous of this result (and some others in [4]) on partial
metric spaces, and we establish some coupled fixed point results.

The concept of partial metric space (X,p) was introduced by Matthews in 1994. In
such spaces, the distance of a point in the self may not be zero. First, we start with some
preliminaries definitions on the partial metric spaces [3, 5-13].

Definition 1.3 (see ([6-8])). A partial metric on a nonempty set X is a functionp : XxX — R*
such that for all x, v, z € X:

(Pl) x =y = p(x,x) =p(x,y) =p(y, y),
(P2) p(x,x) < p(x,y),

(P3) p(x,y) =p(y,x),

(p4) p(x,y) <p(x,2) +p(z,¥) - p(z,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial
metric on X.

Remark 1.4. It is clear that if p(x, y) = 0, then from (p1), (p2), and (p3), x = y. Butif x = y,
p(x,y) may not be 0.

If p is a partial metric on X, then the function p* : X x X — R, given by
p*(xy) =2p(xy) -p(x,x) -p(y,v), (1.2)

is a metric on X.

Definition 1.5 (see ([6-8])). Let (X, p) be a partial metric space. Then,
(i) a sequence {x,} in a partial metric space (X, p) converges to a point x € X if and
only if p(x, x) = limy, — 1op(x, x,);

(ii) a sequence {x,} in a partial metric space (X, p) is called a Cauchy sequence if there
exists (and is finite) limy, ;— oo (X0, Xim);

(iii) a partial metric space (X, p) is said to be complete if every Cauchy sequence {x; }
in X converges to a point x € X, that is, p(x, x) = limy, ;— +eopP (Xn, Xm).

Lemma 1.6 (see ([6,7,9])). Let (X, p) be a partial metric space;

(@) {xn} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric
space (X, p®),

(b) a partial metric space (X, p) is complete if and only if the metric space (X, p®) is complete;
Sfurthermore, lim,, _, ,oop® (X, x) = 0 if and only if

px,x) = lim p(xn,x) = lim_p(xu, ). (1.3)

2. Main Results

Our first main result is the following.
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Theorem 2.1. Let (X, p) be a complete partial metric space. Suppose that the mapping F : X x X —
X satisfies the following contractive condition for all x,y,u,v € X

p(F(x,y),F(u,v)) <kp(x,u) +1p(y,v), (2.1)

where k, | are nonnegative constants with k +1 < 1. Then, F has a unique coupled fixed point.

Proof. Choose xg, 1o € X and set x1 = F(x0, o) and 11 = F(yo, Xo). Repeating this process, set
Xn+1 = F(xn, yn) and yy41 = F(Yn, x,). Then, by (2.1), we have

p(xn, Xn1) = P(F(Xn-1, Yn-1), F(Xn, Yn))

(2.2)
S kp(xn—ll le) + lp(]/n—ll ]/n)/
and similarly
P(Yn Yni1) = P(F (Yn-1, Xn1), F (Yn, Xn)) (2.3)
< kp(Yn-1, Yn) +1p(xXn1, Xn).
Therefore, by letting
dn = p(Xn, Xn1) +p (ynz Yn1 )/ (2.4)
we have
dy = p(xn/ Xns1) + P(yn, ]/n+1)
< kp(xXn-1, %) + 1p(Yn-1, Yn) + kp(Yn-1, Yn) + Ip(Xn-1, Xn) 03)
= (k+l) [p(yn*hyn) +p(xn71/xn)] '
= (k+1)d,1.
Consequently, if we set 6 = k + [, then, for each n € N, we have
dy <6dpy <6%dpn <--- < 6"d. (2.6)

If do = 0 then p(xo, x1) +p(yo, y1) = 0. Hence, from Remark 1.4, we get xg = x1 = F(x0, o) and
Yo = y1 = F(yo, x0), meaning that (xo, /o) is a coupled fixed point of F. Now, let dy > 0. For
each n > m, we have, in view of the condition (p4)

P(xn, Xm) < p(Xn, Xn-1) + p(Xn-1, Xn-2) = P(Xn-1, Xn-1)
+ p(Xn-2, Xn-3) + p(Xn-3, Xn-4) — p(Xn-3, Xn-3)
(2.7)

+ o+ P( X2, Xme1) + P(Xmat, Xm) — P (X1, Xma1)

Sp(Xn, Xp-1) +P(Xn-1, Xn2) + -+ p(Xms1, Xm)-



4 International Journal of Mathematics and Mathematical Sciences

Similarly, we have
P(Yn Ym) S P(Yn Yn1) +P(Yn-1,Yn2) + -+ p(Ymer, Ym)- (2.8)
Thus,

P, Xm) + P (Yn, Ym) < dnot + Ana + -+ + diy
(s -

6111

< )
_1—6d0

By definition of p°, we have p*(x,y) < 2p(x, y), so, for any n > m

m

6
P (%, Xm) + P° (Yn, Ym) < 2P (X, Xm) + 2P (Y, Ym) < ZEdo, (2.10)

which implies that {x,} and {y,} are Cauchy sequences in (X, p*) because of 0 < 6 = k+1 < 1.
Since the partial metric space (X, p) is complete, hence thanks to Lemma 1.6, the metric space
(X, p®) is complete, so there exist u*, v* € X such that

P G 1) = i p* (9, 07) =0. (2.11)
Again, from Lemma 1.6, we get

p(u*,u*) = lim p(x,,u*) = lim p(x,, x,),

(2.12)
p(0’,0%) = lim p(y,,v°) = Hm p(yn, ¥n).
But, from condition (p2) and (2.6),
P (Xn, Xun) < Pp(xXn, Xns1) < dpn < 6"do, (2.13)
so since 6 € [0, 1[, hence letting n — +oo, we get lim,, _, .o p(xn, x,,) = 0. It follows that
p’,u) = lim p(xy, u’) = lim p(xn, xn) = 0. (2.14)

Similarly, we get

p(v",v") = lim p(y,,0*) = lim p(ya, ya) =0. (2.15)

n— +oo
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Therefore, we have, using (2.1),

p(F(u*,v"),u*) < p(F(u*,v"), xp1) + p(Xp1, U*) = p(Xpe1, Xns1), by (p4)
<p(FW*,v"), F(xn,Yn)) + P (Xns1, u*) (2.16)

< kp(xn, u*) + Ip(Yn, 0°) + p(xXp41,u*),

and letting n — +oo, then from (2.14) and (2.15), we obtain p(F(u*,v*),u*)) = 0, so
F(u*,v*) = u*. Similarly, we have F(v*,u*) = v*, meaning that (u*,v*) is a coupled fixed
point of F.

Now, if (#/,v") is another coupled fixed point of F, then

p(u,u*) =p(F(u',v"), F(u*,v*)) <kp(u',u*) +1p(v',v"),

(2.17)
p(v',v*) =p(F(v', '), F(v*,u*)) < kp(v',v*) +Ip(u, u*).

It follows that
p(u,u*) +p(v,v*) < (k+1)[p(u,u*) +p(v,0")]. (2.18)

In view of k + 1 < 1, this implies that p(«/, u*) + p(v/, v*) =0, so u* = 1’ and v* = v'. The proof
of Theorem 2.1 is completed. U

It is worth noting that when the constants in Theorem 2.1 are equal, we have the
following corollary

Corollary 2.2. Let (X, p) be a complete partial metric space. Suppose that the mapping F : X x X —
X satisfies the following contractive condition for all x, y,u,v € X

p(F(x,y), F(u,v)) < g(p(x, u) +p(y,0)), (2.19)

where 0 < k < 1. Then, F has a unique coupled fixed point.

Example 2.3. Let X = [0, +oo[ endowed with the usual partial metric p defined by p: X xX —
[0, +oo[ with p(x,y) = max{x, y}. The partial metric space (X, p) is complete because (X, p°*)
is complete. Indeed, for any x,y € X,

p*(x,y) =2p(x,y) —p(x,x) -p(y,y) =2max{x,y} - (x+y) =[x -y, (2.20)

Thus, (X,p®) is the Euclidean metric space which is complete. Consider the mapping F :
X x X — X defined by F(x,y) = (x +y)/6. Forany x, y,u,v € X, we have

p(F(x,y),F(u,v)) = %max{x+y,u+v} < %[max{x,u} +max{y, v}]
2.21)

1
= zlp(x,w) +p(y,0)].



6 International Journal of Mathematics and Mathematical Sciences
which is the contractive condition (2.19) for k = 1/3. Therefore, by Corollary 2.2, F has a

unique coupled fixed point, which is (0, 0). Note that if the mapping F : X x X — X is given
by F(x,y) = (x +y)/2, then F satisfies the contractive condition (2.19) for k = 1, that is,

p(F(x,y),F(u,v)) = %max{x+y,u+v} < %[max{x,u} +max{y, v}]
2.22)

1
= 5lp(xw) +p(y, )]

In this case, (0,0) and (1, 1) are both coupled fixed points of F, and, hence, the coupled fixed
point of F is not unique. This shows that the condition k < 1 in Corollary 2.2, and hence
k +1 <1 in Theorem 2.1 cannot be omitted in the statement of the aforesaid results.

Theorem 2.4. Let (X, p) be a complete partial metric space. Suppose that the mapping F : X x X —
X satisfies the following contractive condition for all x,y,u,v € X

p(F(x,y),F(u,v)) <kp(F(x,y),x) +Ip(F(u,v),u), (2.23)

where k, I are nonnegative constants with k +1 < 1. Then, F has a unique coupled fixed point.

Proof. We take the same sequences {x,} and {y,} given in the proof of Theorem 2.1 by
Xni1 = F(Xn,Yn),  Yne1 = F(Yn,x,) forany neN. (2.24)
Applying (2.23), we get

p(xn/ xn+1) < 6P(xn—1/ xn) (225)

P(Yn, Yni1) < 6p(Yn-1,Yn) (2.26)
where 6 = k/(1 —I). By definition of p®, we have

P° (X, Xn+1) < 2P(Xn, Xns1) < 20"p(x1, X0) , (2.27)
P°(Yn Yns1) < 2P (Yn, Yus1) < 28"p(y1, Yo)- (2.28)
Since k+I < 1, hence 6 < 1, so the sequences {x,} and {y,} are Cauchy sequences in the metric

space (X, p®). The partial metric space (X, p) is complete, hence from Lemma 1.6, (X, p?®) is
complete, so there exist u*, v* € X such that

lim p* (s, u") = lim p*(y, 07) =0, (2.29)

n—+oo
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From Lemma 1.6, we get

p(u*’ u*) = n]ir?wp(xn, u*) = n]ir?wp(xn, xn),

(2.30)
p(0’,0%) = lim p(yn,v*) = Hm p(yn, yn).
By the condition (p2) and (2.25), we have
p(xXn, Xn) < p(xXn, Xn1) < 6"p(x1, X0), (2.31)
so limy, —, +oop(xy, x,) = 0. It follows that
pu’,u’) = Hm p(xy,u’) = Hm p(xn, x,) = 0. (2.32)
Similarly, we find
p(v*,v*) = nlirpmp(yn, v*) = nlirpmp(yn,yn) =0. (2.33)
Therefore, by (2.23),
p(F(u*,v%),u") < p(F(u*,0"), Xn1) + p(xns1, 1)
=p(F(',v"), F(xn, Yn)) +p(xni1, u") -
< kp(F(u*, U*)/ u*) + IP(F(x"' yn)’x"> + P(xn+1/ u*)
= kp(F(u*,0"),u") + Ip(xns1, Xn) + p(Xns1,u"),
and letting n — +oo, then from (2.27)-(2.32), we obtain
p(F(u*,v"),u") < kp(F(u*,v"),u"). (2.35)

From the preceding inequality, we can deduce a contradiction if we assume that
p(F(u*,v*),u*) #0, because in that case we conclude that 1 < k and now this inequality is,
in fact, a contradiction, so p(F(u*,v*),u*) = 0, that is, F(u*,v*) = wu*. Similarly, we have
F(v*,u*) = v*, meaning that (u*,v*) is a coupled fixed point of F. Now, if (#',7') is another
coupled fixed point of F, then, in view of (2.23),

p(u,u) =p(F(u,v'), Fu",v"))
<kp(F(u',7"),u") +Ip(F(u*,v*), u*)
(2.36)
=kp(u',u') +Ipu*, u*)
<kp(u',u*) +Ip(u',u*) = (k+Dp(u',u*), using (p2),
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thatis, p(u', u*) = 0 since (k +1) < 1. It follows that u* = u'. Similarly, we can have v* = v/, and
the proof of Theorem 2.4 is completed. O

Theorem 2.5. Let (X, p) be a complete partial metric space. Suppose that the mapping F : X x X —
X satisfies the following contractive condition for all x, y,u,v € X

p(F(x,y),F(u,v)) <kp(F(x,y),u) +Ip(F(u,v),x), (2.37)

where k, 1 are nonnegative constants with k + 21 < 1. Then, F has a unique coupled fixed point.

Proof. Since, k + 21 < 1, hence k + I < 1, and as a consequence the proof of the uniqueness
in this theorem is as trivial as in the other results. To prove the existence of the fixed point,
choose the sequences {x,} and {y,} like in the proof of Theorem 2.1, that is

Xni1 = F(Xn, Yn), Yn1 = F(Yn,x,), forany neN (2.38)
Applying again (2.37), we have

p(xn, Xn1) = p(F (Xn-1, Yn-1), F(xXn, Yn))
< kP(F(xn—lz yn—l)/ xn) + lP(F(xn/ yn)/ xn—l)

= kp(xpn, Xpn) + Ip(Xps1, Xn-1)

(2.39)
< kp(xXns1, Xn) + Ip(Xps1, Xn-1)], by (p2)
S kp(xps1, Xn) + Ip(Xpar, Xn) + Ip(Xn, Xpn-1) — Ip(xn, x,), using (p4)
< (k+Dp(xn, xni1) + Ip(xn-1, Xn).
It follows that for any n € N*
(xp, x )<;(x Xn) (2.40)
P\ Xn, Xn+1 _1_l_kP n-1,4n)- .
Letus take 6 =1/(1 — 1 - k). Hence, we deduce
p°(xXn, Xns1) < 2p(Xn, Xni1) < 26"p(x0, x1). (241)

Under the condition 0 < k + 21 < 1, we get 0 < 6 < 1. From this fact, we immediately obtain
that {x,} is Cauchy in the complete metric space (X, p®). Of course, similar arguments apply
to the case of the sequence {y,} in order to prove that

P° (Yns Y1) <29 (Yn, Y1) < 28"p(yo, 1), (2.42)
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and, thus, that the sequence {y,} is Cauchy in (X, p®). Therefore, there exist u*,v* € X such
that

I PG 07) = B p* (yn o) = 0. (2.43)

Thanks to Lemma 1.6, we have

lim p(x,,u*) = nlir?wp(xn,xn) =p(u*,u’),

e (2.44)
Jim p(yn,0%) = Hm p(Yn, yn) = p(v”,0").
The condition (p2) together with (2.41) yield that
p(xn, Xn) < p(xXn, Xns1) < 6"p(x0,x1), (2.45)
hence letting n — +oo, we get lim, . .o p (x5, x,) = 0. It follows that
p’,u) = lim p(xy, u’) = lim p(xn, xn) = 0. (2.46)
Similarly, we have
p(v",0%) = lim p(y,,v") = Im p(yu ya) =0. (2:47)

Therefore, we have, using (2.37),

p(F(u*,v"),u") < p(F(u",0"), xp41) + p(xps, u*)
=p(FW",0°), F (xn, Yn)) + p(Xns1, ")
< kp(F(u*,v"), xn) + Ip(F (Xn, Yn), ") + p(xps1, 1*)
= kp(F(u*,v"), x,) +1p(xps1, u*) + p(xpe1, u*)
<kp(F(u*,v"),u") + kp(u*, xn) + Ip(xps1, u*) + p(xp41,u*), using (p4).
(2.48)

Letting n — +oo yields, using (2.46),
p(F(u*,v"),u") < kp(F(u*,v"),u"), (2.49)

and since k < 1, we have p(F(u*,v*),u*) = 0, thatis, F(u*, v*) = u*. Similarly, thanks to (2.47),
we get F(v*,u*) = v*, and hence (u*, v*) is a coupled fixed point of F. O

When the constants in Theorems 2.4 and 2.5 are equal, we get the following corollaries.
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Corollary 2.6. Let (X, p) be a complete partial metric space. Suppose that the mapping F : X x X —
X satisfies the following contractive condition for all x,y,u,v € X

p(F(x,y),F(u,v)) < g(p(F(x, y),x) +p(F(u,v),u)), (2.50)

where 0 < k < 1. Then, F has a unique coupled fixed point.

Corollary 2.7. Let (X, p) be a complete partial metric space. Suppose that the mapping F : X x X —
X satisfies the following contractive condition for all x,y,u,v € X

p(F(x, ), F(,0)) < x (p(F(x,y), 1) + p(F(,0), x)), (251)

where 0 < k < 2/3. Then, F has a unique coupled fixed point.

Proof. The condition 0 < k < 2/3 follows from the hypothesis on k and I given in Theorem 2.5.
O

Remark 2.8. (i) Theorem 2.1 extends the Theorem 2.2 of [4] on the class of partial metric
spaces.
(ii) Theorem 2.4 extends the Theorem 2.5 of [4] on the class of partial metric spaces.

Remark 2.9. Note that in Theorem 2.4, if the mapping F : X x X — X satisfies the contractive
condition (2.23) for all x, y, u, v € X, then F also satisfies the following contractive condition:

p(F(x,y), F(wv)) = p(F(u,v),F(x,y))

(2.52)
< kp(F(u,v),u) +Ip(F(x,y),x).
Consequently, by adding (2.23) and (2.52), F also satisfies the following;:
k+1 k+1
p(F(x,y), F(u,v)) < —; p(F(u,0),u) + —; p(F(x,y),x), (2.53)

which is a contractive condition of the type (2.50) in Corollary 2.6 with equal constants.
Therefore, one can also reduce the proof of general case (2.23) in Theorem 2.4 to the special
case of equal constants. A similar argument is valid for the contractive conditions (2.37) in
Theorem 2.5 and (2.51) in Corollary 2.7.
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