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We characterize the geometry of the Hamiltonian dynamics with a conformal metric. After
investigating the Eisenhart metric, we study the corresponding conformal metric and obtain the
geometric structure of the classical Hamiltonian dynamics. Furthermore, the equations for the
conformal geodesics, for the Jacobi field along the geodesics, and the equations for a certain flow
constrained in a family of conformal equivalent nondegenerate metrics are obtained. At last the
conformal curvatures, the geodesic equations, the Jacobi equations, and the equations for the
flow of the famous models, an N degrees of freedom linear Hamiltonian system and the Hénon-
Heiles model are given, and in a special case, numerical solutions of the conformal geodesics,
the generalized momenta, and the Jacobi field along the geodesics of the Hénon-Heiles model are
obtained. And the numerical results for the Hénon-Heiles model show us the instability of the
associated geodesic spreads.

1. Introduction

As the development of differential geometry, symplectic geometry, and Riemannian
geometry, the field of dynamics has been studied from the point of geometry, and many
significant results have been reached, especially in Hamiltonian dynamics. In order to
consider the stability of the dynamical systems, it is usually necessary and efficient for one to
study the geometric structure of them.

In [1, 2], the applications of methods used in classical differential geometry are
concerned to study the chaotic dynamics of Hamiltonian systems. After getting the geodesics
in the configuration space which is equipped with a suitable metric, the geometry theory
of chaotic dynamics is investigated and applied into studying the Kepler problem and
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the restricted three body problem. Iwai and Yamaoka [3] proposed a problem, that is how
a many-body system behaves in a neighborhood of a collinear configuration and dealt with
the behavior of boundaries for three bodies in space. From the viewpoint of Riemannian
geometry, similarly to the method for obtaining Jacobi equation for geodesic deviations, the
equations of the variational vector obtained along the solution of the equations of motion, are
used to study the boundary behavior, and small vibrations near an equilibrium of dynamical
systems. Moreover, geometry is also applied to other fields of dynamics, such as Hamiltonian
and gradient control system [4], nonlocal Hamiltonian operators [5], hydrodynamics and
realization [6], fluid mechanics [7], quantum systems [8], reaction dynamics [9], and other
dynamics systems [10-12].

In the present paper, in Section 2, the foundation of the Hamiltonian mechanics,
the Eisenhart metric of a manifold M x R?, where M is the configuration space, and the
corresponding geometric structure are introduced. We study the conformal Eisenhart metric
in Section 3, and the curvatures, the geodesic equations, the equations of Jacobi field along
the geodesics, and the equations of a certain flow for the classical Hamiltonian dynamics are
obtained. Moreover, in Section 4, the conformal geometric structures of two models are given,
and numerical simulations for one of the models are shown. The final Section 5 is devoted to
the conclusion.

2. Geometry and Dynamics
2.1. Geometry and Flow

To make the paper readable, we recall some useful background of Riemannian geometry. The
readers could refer to [13-15] for more information. Let (M, g, D) be a smooth manifold
with dimension N, where g is a nondegenerate metric defined on the vector field X(M), and
D is the affine connection, which is defined as

DxY = X! <% + r;kyk> %, VX, Y € X(M). (2.1)
X i

The coefficients F;‘j of the connection D can be represented in terms of the metric tensor g by
1
Ffj = Egkl(ajgil +0igji — 01ij), (2.2)

where 9; means 9/0x’, and the Einstein summation convention is used. For any X, Y, Z €
X(M), the curvature tensor is defined by

R(X,Y)Z = DxDyZ - DyDxZ - Dixy1Z, (2.3)

where [, -] is the Lie bracket on X(M) defined as [X, Y] = XY - YX. Then the components of
the curvature tensor can be given by

I _ ) 1 h 1l h 1l
R, = Ol = 8T, + T T}~ ThT, . (2.4)
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The Ricci curvature is defined by
Rij = "' Rinj, (2.5)

where Rixjj = gkstl].. The scalar curvature is defined by
R = ¢'Ry;. (2.6)

A curve ¢(t) on M is said to be geodesic if its tangent ¢(¢) is displaced parallel along the curve
&(t), that is,

D;é(t) = 0. (2.7)

In local coordinate &(t) = (x!(t), x2(t),. .., xN(t)), the geodesic equation satisfies

d*xk_ dxi dx/
az gy ar 70 @8)

In addition, the equation for the well-known Jacobi field J = J*dy satisfies
DDy ] = R(&(t), 1)é(®), (2.9)

where {(t) is a geodesic on manifold M. It is also called the geodesic derivation equation, as
its close connection with the behavior or completeness of the geodesics. Usually Jacobi field is
used to study the stability of the geodesic spreads, that is, the behavior of the geodesics with
the time parameter f changing, of dynamical systems. In [16], the instability of the geodesic
spreads of the entropic dynamical models is obtained via the study of the Jacobi field. The
readers could also refer to [17] for more about its applications to physical systems.

A metric g defined on M is said to be conformally equivalent to g, if there exists a
function f € C* (M) such that

g=¢g (2.10)

Then the equivalent relation between metrics and the equivalence class of g is called its
conformal class denoted by [g]. In local coordinate, (2.10) becomes

gij = efg,-]-. (211)
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Hamilton [18] introduced the Ricci flow in 1982, which ultimately led to the proof,
by Perelman, of the Thurston geometrization conjecture and the solution of the Poincaré
conjecture. It is a geometric evolution equation in which one starts with a smooth Riemannian
manifold (MY, g) and evolves its metric by the equation

8gt
<E>1] - _2R1]/ (212)

where gii-0 = go and R;; denote the Ricci curvatures with g;.
In this paper, we study a similar flow, which is an evolution equation started from a
smooth manifold M~ with nondegenerate metric g, which is not needed to be Riemannian.

2.2, Geometry in Hamiltonian Dynamics

In mechanics [19], a Lagrangian function L of a dynamical system of N degrees of freedom
is usually defined by L(q', 4,t), where g = (q,...,q") and g = (¢%,...,4") are called the
generalized coordinate and generalized velocity, respectively. While a Hamiltonian function
is represented as H(q', pi, t), where p = (0L/dq",...,0L/dg") is generalized momenta. The
space M of the generalized coordinate is called the configuration space.

The Hamiltonian action within ¢ € [a, b] is

b
S= f L(g,q,t)dt (2.13)

a
The Hamiltonian variational principle states

65 =0. (2.14)
From the calculus of variation, (2.14) equates to the Euler-Lagrange equations
d /oL oL
—(—=)-=—==0, i=1,...,N. .
T, <6q‘) 57 0, i (2.15)
To pass to the Hamiltonian formalism, we introduce the generalized momenta as

oL
i=—, i=1,...,N, .
Pi=om (2.16)
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make the change (¢, 4') — (¢, pi), and introduce the Hamiltonian
H(q' pit) =pid - L(q"4't). (2.17)

Then the Euler-Lagrange equations are equivalent to the Hamiltonian equations, which are
given by

d¢ _oH dpi _ OH

_oH N 2.18
a "o @t agr TN (2.18)

In this paper, we will only consider the classical Hamiltonian dynamics, whose
Hamiltonian is of the form

18,
H= EZ p+V(q), (2.19)

i=1

where V() is the potential energy.

The energy E of the classical Hamiltonian dynamics is a constant equal to Hamiltonian
H. Considering the manifold M x R? defined by

MX]RZ:{q|q:<q0,q1,q2,...,qN,qN+1>}, (2.20)

in which ¢° = t and gN*! = (C3/2)t + C - fé Ldr, where C;, C, are real numbers, and in the
following, C; is assumed to be equal to 1.

In this paper, we assume that, the Greek symbols a, §,7, ... are from 0 to N + 1 and the
Latin symbols i, j, k, .. . are from 1 to N.

The Eisenhart metric (cf. [20]) of the manifold M x R? is defined as

2V 0 - 01
0 0

Sap)=| ' Inew | (2.21)
0 0
10 00

where Inxn is the identity matrix, and we know that it is not degenerate as det(g,s) =
(_1 )N+3'
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The inverse matrix of (gup) is

00 --- 01

0 0
<guﬂ> = Inen

0 0

10 -~ 02V

The nonzero coefficients of the Riemanian connection are
k _ N+1 _
Loo=-Tox = oV,

where 0, means 0/ aqk.
The nonzero components of the curvature tensor are

RO]‘OI = —E),-alV.
The nonzero Ricci curvature and the scalar curvature are, respectively, given by

Roo = AV,
R=0,

where A is the Laplacian operator in the Euclidean space.
The geodesic equations read

de? !
5 I\
T :_a_qi’ i=1,2,...N,
dqu+1 B _dL
ez dt’

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

in which, the first and third equations are identical, and the second ones are the equations of

motion for the associated dynamics.

3. Conformal Structure

From now on, in order to study the conformal structure of the manifold M x R?, in which M
is the configuration space, we investigate the conformal Eisenhart metric which states as

g=eg,

(3.1)
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where g is the Eisenhart metricand f : M x K> — R is a smooth function. Then the arc length
parameter s is shown as

d§? = gupdgdg’
= Clefdf (3.2)

= efdf?.

And the volume element do of the manifold under the conformal Eisenhart metric is given
by

do = 1/det(3)dg° Adg' A---AdgN*!

— —8((N/2)+1)qu0/\dql /\‘“/\qu+1'

(3.3)

Proposition 3.1. The conformal and independent components of the curvature tensor are given by

Rojor = e <—a,-alv - Vo0 f + %Va,- for f>
ef 2 2 2
+ 63 (20000f = (80f)" = 4V fonun f = 4V* (O f)* = 2(V £ - V)
V|V,
~ 1 1 1 1
RO]’ON+1 =e —ana]f - Vaja]\]+1f + Zaofa]f + Eva]faj\].'.lf - Eajva]\u_lf ,
~ £ 1 1 1
Rojki = Ojie anakf + EakVaan - Zaofakf
5 1 1 1
— 6]-ke analf + EalVaNﬂf - Zaofalf ,
~ f 1 1
Rojkn+1 =€ —Eajakf + Zaifakf

1 1 1 1
- 6,-kef<§5051\r+1f + EV(aNHf)Z + ZaofaN”f * Z|Vf|2),
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~ 1
Ronsions1 = —ef <505N+1 f—VON+1ONaf + 1 |Vf |2>,
Rons1k = 0,
~ f 1 1
Roniikni1 = e _EakaNJrlf + ZakfaNJrlf ,
~ £ 1 1 £ 1 1
Rijkl = 6]'16 Ealakf - Zalfakf - 6ile Ea]akf - Za]fakf
£ 1 1 £ 1 1
+6we’ (505011 - 10,70 ) - Gye” (5001f - g0 forf
f 1 1 2 1 2
+ (661 — 6ubjk)e anfaNﬂf + EV(aNHf) + Z|Vf| ,
~ £ 1 1 f 1 1
Rijkn+1 = Oike 5575N+1f - Zajfaj\mf - Ojke EaiaNJrlf - Zaifaj\mf ,
- i1 1 2
RiN+1kN+1 = Oike §5N+15N+1 f- 1 (0N f)" ),
(3.4)

where V and (,-,) are the gradient operator and the inner product in the Euclidean space, respectively.

Proof. From (2.2), one can get the independent conformal coefficients
09, =80f +Vonaf, T =0V +Vorf,
T = Voof +2V2onnf, T = %a,- f,
Tk = %5,-,@0 foo Tyt =-9V,
f8N+1 =0, ngn = _%akf/ f(])\lﬁh =-Vonuf,
M= 3ionnf,  Th= 26u0;f + 2600if ~ 2650k,

8 1
T ==56i00f = 6;Vonaf,  Tixa =0,

~ 1 ~ 1 ~
k
Line = E‘SikaNﬂf ’ Fﬁ(ﬁll = Eaif ’ 1ﬂ10\1+1N+1 =0,

1—‘,}<\I+1N+1 =0, r%ﬂNﬂ = aN+1f‘
(3.5)
Then from (2.4) and ﬁ,xpm =3p Aﬁﬁm, one can get the conclusion, immediately. O



International Journal of Mathematics and Mathematical Sciences 9

Proposition 3.2. The conformal Ricci curvatures of M x R? are given by

Rop=AV+VAf - %aoao f+ % (00f) + NVOy fona f + NV (0ns f)’
+ % (Vf-VV)+ %V|Vf|2 +2V3On1 f +2V20N 0N+ f,

~ 1 1 1
Rox = —N(anakf + 30KV 0N f - Zaofakf>,

N +2
2

~ 1
Rons+ = _EA f- 00ON+1f — VON+10ON+1 f

1 1 1
_ N<§V(6N+1f)2 +700fona f + Z|Vf|2>,
Ric = ~S-00cf + 201 f0uf

N N N 1
=6 (0D f + S 0fOeaf + 5 V(O )’ + VA + VOradnaf + 305 ),

~ N N
Rin+1 = _?aiaNJrlf + ZaifaNﬂf/

~ N N
Rniine = —35N+15N+1f T (5N+1f)2-

(3.6)

Proof. From (2.5), and the conformal curvature tensors obtained in Proposition 3.1, we can
get the conclusion, immediately. O

Theorem 3.3. The conformal scalar curvature is given by

R=-e/ <(N +1)Af + w |VF?+2(N + 1)606N+1f>
(3.7)

— g_f<waofa]\]+1f + 2(N + 1)VaN+1aN+1f + w(aj\fﬂf')z)'

Proof. From (2.6), and the conclusion in Proposition 3.2, we can obtain the conclusion of
Theorem 3.3, immediately. O
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Remark 3.4. When V is a smooth function on the configuration space and let f = V, we can
get

Roo = (V+1)<AV+%|VV|2>, Rk =0,  Ronsi= _%AV—%VVF,
~ N N 1 N
Rix = ——0:0xV + —3; VO,V — 5,-k<—AV + —|VV|2),
2 4 2 4 (3.8)
Rins1 =0, Rn:ins1 =0,

R = —e’V<(N +1)AV + WWVF).

Theorem 3.5. The conformal geodesic equations are

d’qk  6E-4V -1 dgc 1 dg-\’ 1
1 vl _ 3.9
dt2 + 2(1—2L) aN+1f T 2akf dt + (E V+ 2>akf+akV 0, ( )

and f satisfies
Oof = LON+1f,
() s(eov- s
where
%:aifdd_‘f, i=1...,N, (3.11)
L=E-2V.

Proof. From the geodesic equation (2.8), and the coefficients of Riemannian connection in
(3.5), we can get the equations of Theorem 3.5. O

For the classical Hamiltonian system, L is usually not a constant. Then if f is
constrained in C* (M), the second equation in (3.10) can be reduced into df/dt = 0.
Therefore, we can get the following.

Remark 3.6. When assuming f : M — R, the geodesic equations are

d’qgc 1 dg\’ 1
_Z - - Z = 3.12
ar Zakf< dr + (E V+ 2>akf + akV 0, ( )
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and f satisfies that

df
5 =0 (3.13)

Lemma 3.7 (Hopf). Let (M, g) be a compact manifold, f € C*(M). Then fM Agf =0.

Lemma 3.8. Let f,h € C*(M), g = e/ g, then

Vih=e/V,h,
3.14)
N-2 (

Agh=eAgh+ —5—8(Vf, Vgh).

Proof. From the definition of gradient and Laplacian of h € C* (M), one can obtain
Vzh =0:hg"0; = e/ 0;hg"d;
=e/V ¢h,

1 ~ . 1 ,
“h= . 3. — o INDf = 5. (o((N-2/2)f /Gy,
Agzh = \ﬁa(\ﬁg 8]h> =e \/_81<e Gg 6]h>

= e‘f%al<\/ag’fa]h> + N

(3.15)

-2

5 e/ ¢0;ho; f

=eTAgh+ ¥§(V§ﬂ Vgh),

where G = det(g;). O

Theorem 3.9. Let f : M — R, M x Uy x U» be compact, where Uy and U, are compact subsets of
R. Then from Theorem 3.3, Lemmas 3.7 and 3.8, one can get that

foulxuz R= _foulxuz e‘f<(N HDASH wlva)

:—f ((N+1)A§f—we4|w|z> (3.16)
MxUqxU,

(N +1)(N -4) _
- 4 MxUqxUyp <e flVf|2>,

and moreover,

v

(1) when N >4, [y 1 R>0,
(2) when N =4, [, 00, R=0,
(3) when N <4, [y 11y, R<O.

IN
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In addition, when N #4 and the equality of (3.16) holds, |Vzf|> = e |Vf|> = 0, so that f is a
constant function on the configuration space M.

Theorem 3.10. Let f : M — R be a smooth function. With the conformal Eisenhart metric, the
equations for Jacobi field along the geodesics, which is the solution of (3.12), are given by

d’j° dJ! 0 dg’ ; _
dtz af— +A1] +ala]f§] —0,
d2]1 d]O ] d]N+1 )
Y j = 3.17
dtZ Az dt A3 dt a’f dt +A4] O/ ( )
d> Nt dvd)e dj/ 0 i N4 _
E Yarar + As—— ar +Ag]" + A7]'+ As]T T =0,
where
d’qd 1 2L +1
SO G+ 5 (V- VV) -

Ay =20,V + (E - %)aif/

dq’ dg
Oif g ~9if 35
1 dzqk 1 2
= E (6,ka]f + 61-]-6kf = 6k]81f) F + 6,8]V - 161]|Vf|

<aVaf+aVaf aaf+6,](Vf VV) aafdt dt> (3.18)
28V+< >(3f

d’¢ 1 2
antz E(Vf-VV)—|VV|,

dq/ 1
285th ( )aaf
1 2
Ag = 2 ]f di’2 _(Vf VV)——'Vfl

Proof. Firstly, from the Jacobi equation (2.9), we can get the conformal Jacobi equations
represented in components as

It ofe AT (e I g AT 5, daPdg g, daldgl o
a2 Po dt dt poqsz " B YA dr dt T, dr dr | Pedr dr v

(3.19)
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where INQE |, are given by (2.4). From (2.4), (3.19) turns into

&I re 4] (re SOy e diPdet s, dgPdat
dr2 +2rﬂ0§ dt fo qe2 Fﬂl voar ar % l“ dt dt J (3.20)

Furthermore, substituting (3.5) into (3.20), in which f should be constrained in C* (M) but
not C*(M x [R?), we complete the proof of Theorem 3.10. O

Now let f,, : M x [a,b] — R be a smooth function with f,|,=0 =0, and g, = efu g, that
is, gulu=0 = g, where g is the Eisenhart metric. Then we can get the following.

Theorem 3.11. The equations of the flow defined in (2.12) are

7

Ofu N 2
ef“a ==Afu==|Vfu

AV+%(Vfu-VV):O,

(3.21)
200k fu — Oi fuOk fu =0, i#k,
Afy, — NOOi fu + (8fu) —|Vfu| =0, i=1,2,...,N.
Proof. From (2.12), one can obtain
0
~2Rgo = —ef' == f =2 2Ry =0,  ~2Ronw = e % '
(3.22)
s af
—2Rix=e “a—ézk, -2RiN+1 =0, —2Rn+1N+1 =0,
where R, are the Ricci curvatures with the metric g,. O

Then from the conformal Ricci curvatures obtained in Proposition 3.2, and through a
direct computation, one can get the conclusion.

4. Examples

In this section, the conformal geometric structures of two famous classical Hamiltonian
systems are shown. Assuming that f : M — R ia a smooth function and the conformal
metric ¢ = e/ g, where M is the configuration space and g is the Eisenhart metric. For the
following examples, the total energy E is assumed to be a constant.

Example 4.1. For an N degrees of freedom linear Hamiltonian system, the Hamiltonian is
given by

1 N
H = Egpf+V<q1,q2,...,qN>, (4.1)
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in which

>wi(q) - > () (42)

where w; and ) are constants.
This system consists of N — 1 uncoupled linear oscillators, with the remaining
uncoupled degree of freedom consisting of a parabolic barrier.
From (4.2), one can get
VvV = <w%q1,w%q2, ... ,wIZ\HqN‘l, —/\qu>,
N-1 (4.3)

The coordinate of the manifold M x R? is g = (¢° = t,q',4%...,9",q"*"!) where gN*! =
(t/2) + C3 - [, LdT.

Proposition 4.2. The conformal Ricci curvatures and scalar curvature of the N degrees of freedom
linear Hamiltonian system are given by

Roo = wa—thp?(w.vv) +?V|Vf ,  Ryi=0,
i=1
~ 1 N ~ ~
Ron+1 = ~3 Af - Z|Vf 2 Rin+1 =0, Rn+in+ =0,
(4.4)
~ N N 1 N 2
Rik = ——0i —0i —Oik( 5Af +—|V ,
k=~ 00k f + -0 forf 6k<2 f+7Ivfl >
R= —e-f<(N +1)Af + WWN),
where i, k are from 1 to N.
Moreover, from (3.12), we can get the geodesic equations as
q' =t,
&gt 1, /dgF\’ 1 2 K
F—Eakf W +<E—V+E>6kf+wkq —0, k—1,2,...,N—1,
(4.5)

d’gV 1 dg™\’ 1 2 N
dtz —EaNf<W +<E—V+§)akf—)t q —0,

¢
g+t :£+C§—J‘ Ldr,
2 0

where L = E -2V, and f satisfies df/dt = 0.
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Remark 4.3. When f is a constant function, (4.5) yields that

2 k
ddg +wiqg* =0, k=1,2,...,N-1,
4.6

dqu _)quN =0 o

ar ’

t
g+t :%+C§—f Ldr.
0

For the N degrees of freedom linear Hamiltonian system, from the equations of flows in
(3.21), we can get the following.

Proposition 4.4. The equations of flow are given by

2

7

of. N
ef“g ==Afu==|Vfu

N71< 2 i > 2 N - Af( 2> 2
wiqlaifu —.)Lq aNfu+—< (A)i —_)L> :O,
i=1 N i=1 (47)
Zaiakfu_aifuakfuzol l#k/
Af, — N, fu + %(aifu)2 + %WMZ =0, i=1,2,...,N,
where { fulfulu=o = 0} is a family of smooth functions.
Example 4.5. For the Hénon-Heiles Model, the Hamiltonian is
1
H=5(p+p)+V(d'a). (4.8)

in which the potential V is given by

Vi@ @) (@) e )’ o

Next we are going to study the geometry of the Hénon-Heiles Model and obtain the
numerical solutions.
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Proposition 4.6. The conformal Ricci curvatures and scalar curvature are given by

Ry =AV+VAf+(VF-VV)+V|Vf[>,  Ru=0,
~ 1 1 5 ~ ~
R03=—§Af—§|Vf , Riz =0, R33 =0,
5 1 1 1 ) (4.10)
R,’k = —aiakf + Ea,fakf - 6ik EAf + E |Vf| ,
~ ~ 3 5
R=-e f<3Af+ 51/l >
where i,k are from 1t02, VV = (g" + 24", ¢* + (g")* — (¢*)*) and AV = 2.
From the Hamiltonian equations, one can get that
E-V=H-V
_1lro o
—§<P1+P2> (411)
1 dq? ’ s dg? ?
2 t dt '
Then the geodesic equations are given by
9 =t,
d’q' 1 dq' ’ 1 1 1.2
F—Ealf W +<E—V+§>61f+q +2qq —0,
(4.12)

¢ 1 dg?\’ 1 2 2
ﬁ‘zazf<a +(E‘V+§>azf+q2+<ql> -(#) =0,
3 t 2 !
g =-+C;—-| Ldr,

2 0

where df/dt =0, and E - V is given by (4.11).
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5

45+

4+

35+

=~ 3}

25t

2+

15 ¢

1 1.5 2 25 3 35 4 4.5 5
t

Figure 1: Component ¢° of the geodesic.

Figure 2: Component g' of the geodesic.

Remark 4.7. When f is a constant function on M, the geodesic equations are given by

9 =t,

d’q!
—dg +q' +24'¢* =0,

L () - () -0

t t
q3:§+C§—ILdT.
0

(4.13)
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150

100
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x10%

t

Figure 4: Component g° of the geodesic.

Moreover, for the above geodesic equations of the Hénon-Heiles model in (4.13) which can be
reduced into the following first-order differential equations in (4.14), according to the theory
of ordinary differential equations, we know that when the initial values are given, the solution
of (4.13) uniquely exists.

Next we are going to study the solution of the above geodesic equations (4.13) through
numerical simulations. In order to get the reduced equations and do simulation, firstly we
introduce two parameters p;, p2, which are the generalized momenta, and p; = dg'/dt, i =1, 2.
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4

Figure 5: Generalized momentum p;.

Then the second-order differential equations in (4.13) become into the following first-order
differential equations

q =t
dq!
ar TPy
% +q' +24'¢* =0,
de (4.14)
vl PZ/
dt

where L = E -2V.

Let the initial vector (g%, 4% g°,p1,p2) be (0,0,1,1,1), and the interval for time t be
[0,5], by use of the ode45 method in Matlab, that is, Runge-Kutta (4, 5) method, we can get
the following numerical results of geodesics and the generalized momenta (Figures 1, 4).

Figures 2 and 3 above give the motion of the Hénon-Heiles model. Figures 5 and 6
describe the forms of generalized momenta.
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Figure 6: Generalized momentum p;.

Figure 7: Component J° of the Jacobi field.

Figure 8: Component J! of the Jacobi field.
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Proposition 4.8. When f is a constant function on M, the Jacobi field along the geodesic, which is
the solution of (4.13), is given by

d’J°

? =Y

% +2(q' +2q1q2)dd—]: +(1+24%))" +29'12 =0,

% +2<q2 + <q1>2 B <q2>2> dd_T + 2111]1 + <1 —2q2>]2 -0, (4.15)

% _2Cll_‘:dd_]: - 2<q1 + 2q1q2>d—tl - 2<q2 + <q1>2 - <q2)2) dd_f - [VVPT°

J
d
dq' dg? dq! dg?
(12 G - ) -2+ (-2 )0

where dV/dt = (q* +24'¢?)(dg"/dt) + (4% + (q")° - (49)*)(dg?/dt), and |[VV? = (q' + 29" %) +
(@ + @) = @)
Moreover, the Jacobi equations in (4.15) are also ordinary differential equations which

can be reduced into first-order differential equations, and when the initial values are given,
the solution of (4.15) uniquely exists.
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For (4.15), next we are going to find the numerical solution of the Jacobi field. Using
the similar process as above, we introduce four parameters uo,u1,...,us and assume that
u;=dJi/dt,i=0,1,...,3. Then (4.15) becomes into

djo

ar

duo_

a Y

d 1

d_]t U,

% +2(q" +24'a )uo + (1+24%) J' +2q' ) = 0,

dj>

EZMZ,

du, 2 1\2 2\?2 171 2\ 12
T+2<q +(4") - (@) >u0+2q] +<1—2q )2=0,
dajs

E‘“S,

- 2((1 + 2q2>p1 + 2q1p2)]1 - 2(2511;91 + (1 - 2q2>p2>]2 =0

~

(4.16)

where dg'/dt and d*g'/d* are replaced by p; and dp;/dt given in (4.14), respectively.
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We assume that the initial vector (J°, J', J2, J3, uo, u1, u,us) is (1,1,1,1,1,1,1,1), and
the time interval is [0,5]. Also using the ode45 method in Matlab, and the first-order
differential equations of geodesics and generalized momenta in (4.14), we can get the
following numerical results of Jacobi field.

Figures 7, 8,9, and 10 show us that the Jacobi field is divergent when the time t — +oo,
which implies the instability of the geodesic spread. For more please refer to [21, 22] about
the instability of the geodesic derivation equation, that is, the Jacobi equation for the Hénon-
Heiles model, and [16, 17] about the geodesic spread and geodesic derivative equation and
their applications (Figures 11-14).

Proposition 4.9. For the Hénon-Heiles model, from Theorem 3.11, we can obtain the equations of
flow as

2

7

Ofu
efua_fu =-Afu- |Vfu

<q1 + 2q1q2>51fu + (qz + <q1>2 - (q2>2>62fu =-2,

2aiakfu _aifuakfu =0, i7ék/

(4.17)

Afy—28:0ifu+ (Bifu)” + %|Vfu|2 =0, i=1,2

5. Conclusion

The theory of conformal metric in Riemannian geometry is applied to characterize the
geometry of the classical Hamiltonian dynamics with the conformal Eisenhart metric
(Section 3). We obtain the Ricci curvatures, the scalar curvatures, the geodesic equations,
the Jacobi equations, and the equation of a certain flow. The relation between the curvatures
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with Eisenhart metric and its conformal metric can also be shown clearly. As in the examples,
the conformal curvatures, the equation of a certain flow, and the numerical solutions of
the geodesics, generalized momenta, and Jacobi field along the geodesics are obtained
(Section 4).
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