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We associate a graph to any subset Y of a BCl-algebra X and denote it by G(Y). Then we find
the set of all connected components of G(X) and verify the relation between X and G(X), when
X is commutative BCI-algebra or G(X) is complete graph or n-star graph. Finally, we attempt to
investigate the relation between some operations on graph and some operations on BCI-algebras.

1. Introduction

BCK- and BClI-algebras are two classes of abstract algebras were introduced by Imai and
Iséki [1, 2], in 1966. The notion of BCK-algebras is originated from two different ways. One
of the motivations is from classical and nonclassical propositional logic. Another motivation
is based on set theory. It is known that the class of BCK-algebras is a proper subclass of the
class of BCI-algebras. Many authors studied the graph theory in connection with semigroups
and rings. For example, Beck [3] associated to any commutative ring R its zero divisors graph
G(R), whose vertices are the zero divisors of R, with two vertices a, b jointed by an edge in
case ab = 0. In [4], Jun and Lee defined the notion of zero divisors and quasi-ideals in BCI-
algebra and show that all zero divisors are quasi-ideal. Then, they introduced the concept of
associated graph of BCK/BCI-algebra and verified some properties of this graph and proved
that if X is a BCK-algebra, then associated graph of X is a connected graph. Moreover, if X
is a BCI-algebra and x € X such that x is not contained in BCK-part of X, then there is
not any edge connecting x and y, for any y € X. In this paper, we associate new graph to
a BCl-algebras X which is denoted it by G(X). This definition based on branches of X. If X
is a BCK-algebras, then this definition and last definition, which was introduced by Jun and
Lee, are the same. Then, for any a € P, we defined the concept of a-divisor, where P is a
p-semisimple part of BCI-algebra X and show that it is quasi-ideal of X. Then, we explain
some properties of this graph as mentioned in the abstract.
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2. Preliminaries

Definition 2.1 (see [1, 2]). A BCI-algebra is an algebra (X, *,0) of type (2,0) satisfying the
following conditions:

(BCI1) ((x*xy)* (x*x2))*(zxy) =0;
(BCI2) x %0 =x;
(BCI3) x*y =0and y * x =0 imply y = x.

If X is a BCI-algebra, then for all x, y € X the following hold:

(BCI4) xxx =0;

(BCI5) x* (x % (x*y)) =x*y;

(BCI6) (x*y)*xz=(x%z)*y;

(BCI7) x <yimpliesx*z<y*zand z*y < z* x, for any z € X.

Moreover, the relation < was defined by x <y & x xy = 0, for any x, y € X, is a partial-order
on X, which is called BCI-ordering of X. The set B = {x € X | 0 % x = 0} is called BCK-part
of X. A BCI-algebra X is called a BCK-algebra if B = X. A BCK-chain is a BCK-algebra such
that (X, <) is a chain, where < is the BCI-ordering of X. A nonzero element a of BCK-algebra
X is called an atom of X if x * a = 0 implies x = g, for any nonzero element x € X. Moreover,
P ={xeX|0x(0*x) = x} is called p-semisimple part of a BCI-algebra X. It is the set of all
minimal elements of X, with respect to the BCI-ordering of X. The BCI-algebra X is called a
p-semisimple BCI-algebra if P = X. For any a € P, we use the notation Vx(a) or simply V (a)
to denote the set {x € X | a * x = 0} which is called the branch of X with respect to a. It is
easy to see that X = (J,cp V(a), and for any distinct elements a, b € P, we have

(P1) V(a)n'V(b) =0;

(P2) ifx e V(a)andy € V(b), thenx xy € V(a *b);
(P3)ifxeV(a),then{yeX|x<ylUu{yeX|y<x}CV(a);
(P4) for all x € X, x ¥ a = 0 implies x = a.

)
)
)
)
A BCl-algebra X is called commutative if x < y implies x = y * (y * x), for any x,y € X.
Moreover, X is called branchwise commutative if x * (x x y) = y * (y * x), for all x,y € V(a)
and all a € P. For more details, we refer to [5-11].

Lemma 2.2 (see [9]). A BClI-algebra X is commutative if and only if it is branchwise commutative.

Theorem 2.3 (see [10]). Let X = {xg, x1,...,x,} and (X, *,0) be a BCK-chain with xq as the zero
element, whose BCI-ordering is supposed as follows: xg < x1 < -+ < x,. Then, X is commutative
if and only if the relation * on X is given by x; * x; = X;xj, where i ¥ j = max{0,i — j}, for any
i,j€{0,1,...,n} (see [10, Theorem 2.3.3]).

A partial-order set (P, <) is said to be of finite length if the lenghts of all chains of P are
bounded. Let x,y € P. Then, a chain of length n between x and y is a chain ap < a; < --- <
ay-1 < a, such that {ag, a,} = {x,y}. For any x,y € P, I(x,y) is the greatest number in the
lenghts of all chain between a and b.

A BCl-algebra X is said to be finite length if it is finite length as a partial-order set.
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Note 1 (see [4]). Let X be a BCI-algebra and A C X. We will use the notations Ux(A) and
Lx(A) or simply U(A) and L(A) to denote the sets {x € X | a*xx =0,Va € A} and {x € X |
x*a=0,Ya € A}, respectively, thatis, U(A) = {x e X |a < x,Yae A} and L(A) = {x € X |
x<aVace A}

Definition 2.4 (see [4]). A nonempty subset I of BCI-algebra X is called a quasi-ideal of X if
x*y =0implies x € I, forany y € I and x € X.

Proposition 2.5 (see [12]). Let (X, *1,0) and (Y, *y,0) be two BCK-algebras such that XNY = {0}
and * be the binary operation on X UY as follows: for any a,b € X UY;

axb ifabeX,
axb=qaxb ifabey, (2.1)
a otherwise.

Then, (X UY,*,0) is a BCK-algebra. We denote (X UY,*,0) by X @Y.

Definition 2.6 (see [4]). Forany x € X, the set {y € X | L({x,y}) = {0}} is called the set of all
zero divisors of x.

Theorem 2.7 (see [4]). For any element x of BCK-algebra X, the set of all zero divisors of x is a
quasi-ideal of X containing the zero element {0}.

Let G be a graph, E(G) be the set of all edges of G and V(G) be the set of all vertexes
of G. For any S C E(G), the graph with vertex set V(G) and edge set E(G) — S is denoted by
G - S. The edge which connect two vertices x, v is denoted by xy. Note that, xy and yx are
the same. For any T C V(G), the graph with vertex set V(G) — T and edge set E(G) — T" is
denoted by G — T, where T' = {xy € E(G) | x € T,y € G}. A graph H is called a subgraph
of Gif V(H) € V(G) and E(H) C E(G). A graph G = (V, E) is connected, if any vertices x, y
of G linked by a path in G, otherwise the graph is disconnected. A tree is a connected graph
with no cycles. The degree of a vertex v in a graph G, denoted by deg(v), is the number of
edges of G incident with v and deg(G) = >,y deg(x) = 2|E|. We denote by 6(G) and A(G)
the minimum and maximum degrees of the vertices of G, respectively. If G and H are two
graphs such that V(G) N V(H) = §, then the graph with vertex set V(G) U V(H) and edge set
E(G) U E(H) is called the disjoint union of G and H and we denote it by GU H. Any graph
G = (V, E) may be expressed uniquely as a disjoint union of connected graphs. These graphs
are called the connected components or simply components of G. The number of components of
G is denoted by ¢(G). A graph G is called empty graph if E(G) = @. Moreover, a graph K is
called complete graph if xy € E(G), for any distinct elements x, y € V(G). For more details we
refer to [13, 14].

Definition 2.8. Let G and H be two graphs such that V(G) N V(H) = 0. We denote the graph
G+ H, for the graph, whose vertex set and edge set are V(G) UV (H) and E(G)UE(H) U {xy |
x € V(G),y € V(H)}, respectively.

Definition 2.9 (see [4]). By the associated graph of BCK/BCI-algebra X, denoted I'(X), we
means the graph whose vertices are just the elements of X, and for distinct x, y € I'(X), there
is an edge connecting x and y if and only if L({x,y}) = {0}.
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Definition 2.10 (see [13, 15]). Let G be a finite graph with |V(G)| = n. Then, the adjacency
matrix of G is an n x n matrix Ag = [a;;] such that a;; is the number of edges joining v; and
v;. Moreover, we denote the characteristic polynomial of the matrix Ag, by x(G,1). That is
X(G, 1) = det(A — Ag), where I is a n x n identity matrix.

Proposition 2.11 (see [15, Proposition 2.3]). Let G be a graph and x(G, 1) = A" +ci A" 1+ oo\ 2+
-+ + cp. be the characteristic polynomial of the adjacent matrix G. Then, ¢ = 0, —c; is the number of
edges of G and —cs is twice the number of triangles in G.

3. Graph Based on BCI-Algebras

From now on, in this paper, (X, *,0) or simply X is a BCI-algebra, B is a BCK-part and Pis a
p-semisimple part of X, unless otherwise state. For all x, y € X, we use x < y to denote x < y
and x #y.

Definition 3.1. Note that the set of all 0-divisors of xand the set of all zero divisors of x are the
same. Let x € X. Then, there exists a € P such that x € V(a). We will use the notation Z, to
denote the set of all y € X such that L({x,y}) = {a}, thatis, Z, = {y € X | L({x,y}) = {a}},
which is called the set of a-divisor of X.

Note that the set of all 0-divisors of x and the set of all zero divisors of x are the same.
Lemma 3.2. Let a,b € Pand x,y € X. Then

(i) one has

a ifxeV(a),

3.1
0 otherwise, (31)

L({x,a}) ={

(ii) ifa#b, x € V(a) and y € V(b), then L({x,y}) = 0.

Proof. (i) Clearly, if x € V(a), then L({x, a}) = {a}. Let x ¢ V(a). Then, y € L({x, a}) implies
y <xand y < a. Since a € P, we have a = y and so a < x, which is impossible. Therefore,
L({x,a}) = 0.

(ii) Since a # b, we have L({x,y}) C V(a) NV (b) = 0. O

Lemma 3.3. Forany x,y € X, ifx*y =0, then L({x}) C L({y}) and Z, C Z,.

Proof. Let x x y = 0, for some x,y € X. Then, x < y. Clearly, L{x} C L{y}. If x € V(a), where
a € P, then a < x < y and so by (P3), y € V(a), too. Now, let u € Z,. Then, L({u,y}) = {a}
and so a € L({u,x}) € L({u,y}) = {a}. Hence, L({x,u}) = a and so u € Z,. Therefore,
Z, CZy. O

Jun and Lee in [4] proved that if x is an element of BCK-algebra X, then the set of all
zero divisors of x is a quasi-ideal of X. In Theorem 3.4, we will show that if x is an element of
BClI-algebra X, then Z, is a quasi-ideal of X.

Theorem 3.4. Z, is a quasi-ideal of X, for any x € X.
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Proof. Let x € X such that x € V(a), for some a € P and u,v € X such that u xv = 0 and
v € Zy. Then, u < v and L({v,x}) = {a}. Hence, v € V(a) and so by (P3), u € V(a). Since
a € L{u,x}) € L({v,x}) = {a}, then L({u,x}) = {a}. Therefore, u € Z, and so Z, is a
quasi-ideal of X. O

Definition 3.5. Let Y C X, and G(Y') be a simple graph, whose vertices are just the elements of
Y and for distinct x, y € Y, there is an edge connecting x and y, denoted by xy if and only if
L({x,y}) = {a}, for some a € P.If Y = X, then G(X) is called a BCI-graph of X.

Clearly, if X is a BCK-algebra, then G(X) = I'(X). But it is not true, in general.

"

Example 3.6. (i) Let X = {0,1,a,b, c}. Define the binary operation “*” on X by the following
table:

x| 0|1|lald|c
0/0|0]alala
1 110 alal|a
alalal0]0]0
b|bla|l1|0]1
clelal|l|1]0

Then, (X, *,0) is a BCI-algebra, P = {0,a}, V(0) = {0,1}, and V(a) = {a,b,c}. Moreover,
L({1,0}) = {0} and L({a,b}) = L({a,c}) = L({b,c}) = {a} and so E(G(X)) = {10, ac, bc, ab}.
Therefore, the graphs G(X) and I'(X) which are given by Figure 1 are different.

(ii) Let (X, *,0) be the BCI-algebra in Example 3.6(i) and Y = {0,1, b, c}. Then, G(Y) is
given by Figure 2.

Example 3.7 (see [4]). Let X = {0,a,b,c}. Define the binary operation “*” on X by the
following table:
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ool ||
Ol ||

Q| |O|*
Iol Kol SN Fan] fan

QOO

Then, (X,*,0) is a BCK-algebra and P = {0} and so G(X) = I'(X). Moreover, L({0,a}) =
L({0,b}) = L({0,c}) = L({a,c}) = L({b,c}) = L({a,b}) = {0}. Therefore, the graph G(X) is
given by Figure 3.

Proposition 3.8. (i) G(V (a)) is a connected graph, for any a € P,

(i) G(X) = Uaer G(V(a)),
(iii) G(X) is a graph with |P| components.

Proof. (i) Let a € P and x,y € V(a). Then, by Lemma 3.2(i) xa, ya € E(G(X)) and so there is
a path from x to y in G(X).

(ii) Since X = U,ep V(a), then V(G(X)) = V(Uep G(V(a))). Clearly, E(U,cp
G(V(a))) € E(G(X)). Now, let xy € E(G(X)). Then, L({x,y}) = {a}, for some a € P and
so xy € G(V(a)). Hence, E(U,cp G(V(a))) = E(G(X)). Therefore, G(X) = U,cp G(V(a)).

(iii) We want to show that there is not any path between elements of V (a) and V (b), for
all distinct elements a, b € P. Let a, b be distinct elements of P, x € V(a) and y € V (b). If there
isa path x, x1,x2,..., X5, y, which link x to y, then a = L({x, x1}) # @ and so by Lemma 3.2(ii),
x1 € V(a). By a similar way, we have x,...,x,,y € V(a), which is impossible. Hence, there
is not any path between x and y. Therefore, by (i), G(X) is a graph with |P| components. [

Theorem 3.9. X is a p-semisimple BCI-algebra if and only if G(X) is an empty graph.

Proof. Clearly, if X is a p-semisimple BCI-algebra, then by Lemma 3.2(ii), G(X) is an empty
graph. Conversely, let G(X) be an empty graph and x € X. Since, 0 * (0 * x) € P and x €
V(0* (0*x)), then L({0* (0*x),x}) = {0 (0*x)}.If 0% (0*x) S x, then there exists an edge
between x and 0 * (0 * x) in G(X), which is impossible. Hence, x = 0 * (0 * x) and so X is a
p-semisimple BCI-algebra. O

Definition 3.10. Let a € P. The element x € V(a) is called an g-atom if x#a and y * x = 0
impliesy =aory =x, forally € X.

Note that if X is a BCK-algebra then the concept of 0-atom and atom are the same.

Lemma 3.11. Let X be a BCI-algebra of finite order. Then, for any x € X — P, there is an a-atom
b € X, such that b < x, for some a € P.

Proof. Let x € X — P. Then, there is a € P such that x € V(a). Let S = {L(x,u) | uxx =0,
u € V(a)—{a}}. Clearly, 0 € S. Since X is of finite length, then S has the greatest element. Let
L(x,u) be the greatest element of S. Then, we show that v is an a-atom of X. Let w * v = 0,
for some w € X. Then, w < v and so by (P3), w € V(a).If w S v, then 1 + L(x,u) < L(x,w),
which is impossible. Therefore, w = v or w = a and so v is an atom of X. O

Theorem 3.12. Let X be a finite leght BCI-algebra and a € P. Then
(i) G(V(a)) is a tree if and only if V(a) = {a} or V(a) has only one a-atom.
(ii) G(X) is a tree if and only if X = {0} or X is a BCK-algebra with only one atom.
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Proof. (i) Let G(V(a)) be a tree. If V(a) = {a}, we do not have any thing to prove. Let
V(a) # {a} and A be the set of all a-atoms of V (a). Then, by Lemma 3.11, we have 1 < |A|. Let
x,y € A, u < xandu <y, for some u € X. Then, by (P3), u € V(a). Since x, y are a-atoms
of V(a), thenu = aor x = u = y. Hence, x = y or xy € E(G(X)). If xy € E(G(X)), then by
Lemma 3.2(i), we have xy, ax, ay € E(G(X)). Hence, G(X) has a cycle, which is impossible.
Therefore, x = y and so |A| = 1. Conversely, let V (a) has only one a-atom. By Proposition 3.8,
G(V(a)) is a connected graph. If V(a) = {a}, then clearly, G(V (a)) is a tree. Let V(a) # {a},
x,y € V(a) - {a} and u be an a-atom of X. Then, by Lemma 3.11, u € L({x,y}) and so
L({x,y}) #{a}. Hence, E(G(X)) = {xa | x € V(a) - {a}} and so G(V(a)) does not have any
cycle. Therefore, G(V(a)) is a tree.

(ii) Let G(X) be a tree. Then, G(X) is a connected graph and so by Proposition 3.8,
|P| = 1. Hence, P = {0} and so, X is a BCK-algebra. Since X is a BCK-algebra, we have
X =V(0) and so by (i), X = {0} or X is a BCK-algebra with only one atom. The converse is
straight consequent of (i). O

Example 3.13. Let X = R* = {x ¢ R | 0 < x} and x * y = max{x — y,0}, for any x,y € X.
Then, (X, *,0) is a BCK-algebra. Clearly, X does not have any atoms. Since X is a BCK-
algebra, then by Proposition 3.8, G(X) is a connected graph. Moreover, L({x,y}) # {0}, for
any x,y € X — {0}. Hence, E(G(X)) = {x0 | x € X - {0}}. Therefore, G(X) is a tree.

Example 3.14. Let “+” be the binary operation in Example 3.13, A = {a; | i e R*} and B = {b; |
i € R*}, where ap = 0 = by and AN B = {0}. Let a binary operation *' on X is defined as
follows: for all i, j € R,

! .
ai* a; = Qixj;

bi *’ b] = bi*]','

(3.2)
a; ¥ bj = a;;
bi *' a]' = bi.

By Example 3.13, (A, *1,0) and (B, *;,0) are two BCK-algebras, where a; 1 a; = a;; and
bi*yb; = by, for any i,j € R*. Hence, by Proposition 2.5, (X, #',0) is a BCK-algebra and
so by Proposition 3.8, G(X) is a connected graph. Let a; € A — {ap} and b; € B — {ay}. Since
X is a BCK-algebra, then 0 € L({a;, b;}). Let u € L({a;, b;}), for some u € X. If u = b;, for
some j € R*, then u = u+'a; = 0. If u = a;, for some j € R, then u = u#'b; = 0. Hence,
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Figure 4: n-star.

L({ai, bi}) = {0} and so a;b; € E(G(X)). Since Oa;, 0b;, a;b; € E(G(X)), then G(X) has a cycle
and so it is not a tree. But, X does not have any atoms.

Proposition 3.15. Let X be a BCI-algebra such that the set {|V(a)| : a € P} is bounded. Then,
A(G(X)) =max{|V(a)|-1:a € P}.

Proof. Since the set {|V(a)| : a € P} is bounded, then there is a u € P, such that |V(u)| -1 =
max{|V(a)| -1 : a € P}. We show that deg(x) < deg(u), for any x € X. Let x € X. Then,
there is a € P such that x € V(a). Since V(a) N V(b) = 0, for any b € P - {a}, then by
Proposition 3.8(ii) and Lemma 3.2(i), deg(x) < |V(a)| -1 < |[V(u)| - 1 = deg(u). Therefore,
A(G(X)) =deg(u) = |V(u)| -1 =max{|V(a)|-1:a € P}. O

Corollary 3.16. (i) If X is a finite BCI-algebra, then A(G(X)) = max{|V(a)|-1:a € P}.
(ii) If X is a finite BCK-algebra, then A(G(X)) = |X| - 1.

Proof. (i) If X is a finite BCI-algebra, then {|V(a)| : a € P} is bounded. Therefore, by
Proposition 3.15, A(G(X)) = max{|V(a)| -1: a € P}.

(ii) If X is a BCK-algebra, then P = {0} and so {|V(a)|-1:a € P} = {V(0) - 1}
{|X| - 1}. Hence, by Proposition 3.15, A(G(X)) = |X| - 1.

O

Definition 3.17. Let G be a graph with n + 1 vertices. Then G is called an n-star graph if it has
Figure 4.

Theorem 3.18. Let X be a BCK-algebra with m + 1 elements and only one atom. Then G(X) is an
m-star graph. Moreover, if G is an m-star graph, then there is a BCK-algebra X such that G(X) = G.

Proof. Since, X is a BCK-algebra, then G(X) is a connected graph. Let a be an atom of X.
Then by Lemma 3.11, a < x, for all x € X — {0} and so E(G(X)) = {0x | x € X — {0}}.
Therefore, G(X) is a m-star graph. Now, let G be a m-star graph, for some m € N and X =
V(G) = {x0,x1,...,Xn} be a chain such that x; < xj;1, for any i € {0,1,...,m — 1}. Define
the binary operation ' on X by x; ¥ x; = x;j, where i ¥ j = max{0,i - j}, for any i,j €
{0,1,...,m}. By Theorem 2.3, X is a commutative BCK-chain and so L({x,y}) # {0}, for any
x,y € X — {0}. Hence, by Lemma 3.2(i), E(G(X)) = {xox1, X0x2, ..., XoXm} and so G(X) is an
m-star graph. O

Theorem 3.19. X is a commutative BCI-algebra and x x y = x * a, for any a € P and x,y € V(a),
where x #y if and only if G(X) is a graph with complete components.
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Proof. Let G(X) be a graph with complete components, a € P and x,y € V(a) such that x # y.
Since x * y € V(0) by (BCI6), we get x * (x * y) € L({x,y}). Now, since x,y € V(a) and
G(X) is a graph with complete components, then by Proposition 3.8, xy € E(G(X)) and so
L({x,y}) = {a}. Hence, x * (x * y) = a and so by (BCI6) and (BCI4), we get x x a < x % . On
the other hand, since a < y, then by (BCI7), x * y < x * a. Therefore, x * y = x * a. Now, we
show that X is a commutative BCI-algebra. Let a € P and x,y € V(a). Clearly, if x = y, then
xx(xxy) = yx(y*x). [f x £y, then x*(x*y) = x*(x*a) < a.Since a € P, we get x*(x*a) = a. By
the similar way, we get y* (y*x) = a and so x*(x*y) = a = y*(y*x). Hence, X is branchwise
commutative. Therefore, by Lemma 2.2, X is commutative BCI-algebra. Conversely, let X be
a commutative BCI-algebra such that x * y = x * g, for any a € P and distinct elements
x,y€V(a).Letae Pand x,y € V(a).lf u € L({x,y}), then by (P3), u*a =u*x =0and so
u < a. Since u € P, we have a = u. Hence, L({x,y}) = {a} and so xy € E(G(X)). Therefore,
by Proposition 3.8, all components of G(X) are complete graph. O

Corollary 3.20. The graph G(X) is a complete graph if and only if X is a BCK-algebra and

x*y:{o fy=x (3.3)

x otherwise.

Definition 3.21 (see [10]). Let (X3,%1,0) be a BCK-algebra and (X», *2,0) be a BCI-algebra
such that X; N X, = {0}. Define the binary operation “*” on X; U X, by

xxy if x,y€Xy;
xxy = xxy if x,y € Xp; (3.4)
0%y if x€Xy,yeX,—-{0); ’

X ifxeXz,yeXl.
The (X1 U X5, *,0) is a BCI-algebra, whose BCK-part B contains X; and p-semisimple part P
is contained in X,. This algebra is called the Li’s union of X; and X; and is denoted by X;Ur X5.

Lemma 3.22. Let (X, *1,0) bea BCK-algebra, (X3, *;,0) be a BCI-algebra such that X, N X, = {0}
and Y be the Li’s union of X1 and X,. Then

Lx, ({x,v}) ifx,y € Xy;
Lx, ({x, if x,1 € Xz - Vi, (0);
Ly(fxy)) = | Pellovh) oy eXem VO 65
Lx,({x,y}) UXq if x,y € Vx,(0) - {0};
] otherwise.
Proof. If x,y € Xj, then
uelx,({xy}) =uxx=uxx=0=uxy=uxnyucLy({xy}). (3.6)

Hence, Lx,({x,y}) = Ly({x,y}). Let x,y € Vx,(a), for some a € P — {0}. Then by
Definition 3.21, a € Q — {0}, where Q is a p-semisimple part of Y. Let u € Ly({x,y}). Then
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by (P3), u € Vy(a) and so u € X, — {0}. Hence, u*,x = u*x =0 = u*xy = uxy and
sou € Lx,({x,y}). Now, let u € Lx,({x,y}). Then u * x = usyx = 0 = uxy = u * y and
sou € Ly({x,y}). Hence, Lx,({x,y}) = Ly({x,y}), forany a € P - {0} and x,y € V(a).
If x,y € Vx,(0) - {0}, then u * x = Oxox = Oand u x y = Oy = 0, for any u € X;.
Clearly, by definition of “x”, Lx,({x,v}) € Ly({x,y}) and so Lx,({x,y}) UX; C Ly({x, y}).
Let u € Ly({x,y}). Then u * x = 0. Since x € Vx,(0) — {0} by definition of “+”, u € X; or
u € Lx,({x,y}) and so Ly({x,y}) C Lx,({x,y}) U X;. The final part is straight consequent of
Lemma 3.2. O

Proposition 3.23. Let (X3, *1,0) be a BCK-algebra, (X3, %,0) be a BCI-algebra such that X;NX, =
{0}, X1 # {0} and S = {xy € E(G(X2)) | x,y € Vx,(0) — {0}}. Then G(X3UrX2) = (G(X1) U
G(X»)) - S.

Pl’OOf. Clearly, V(G(XlULXZ)) =XjUX; = V((G(Xl) U G(Xz)) - S) LetY = XjUr X5, Q be a
p-semisimple part of Y and xy € E(G(Y)). Then x #y and Ly{x,y} = {a}, for some a € Q. If
a#0, then by Definition 3.21, x, y € X, and so by Lemma 3.22, Lx, ({x,y}) = {a}. Hence, xy €
E(G(X2)-S) CE((G(X1)UG(X2))—-S).Leta =0.Then Ly({x,y}) = {0} and so x,y € Vy(0) =
Vx, (0)UVx, (0). If x, y € Vx, (0), then by Lemma 3.22, xy € E(G(X1)) € E((G(X1)UG(X2))-S).
If x = 0or y = 0, then clearly, xy € E(G(X1) UG(Xp) - S). If x,y € Vx,(0) — {0}, then
by Lemma 3.22, Lx,({x,y}) UX; C Ly({x,y}) = {0} and so X = 0, which is impossible. If
x € Vx,(0) - {0} and y € Vx,(0) — {0}, thenx*y = 0%y = 0 and so x € Ly({x,y}) = {0},
which is impossible. By the similar way, we get that x € Vx,(0) — {0} and y € Vx,(0) — {0} is
impossible. Hence, E(G(Y)) € E(G(X1) UG(X2) — S). Now, let xy € E((G(X1) UG(X2)) = S).
Then x #y and xy € E(G(X1)) or xy € E(G(X») — S). By Lemma 3.22, E(G(X1)) € E(G(Y)).
Let xy € E(G(X2) — S). Then Lx,({x,y}) = {a}, for some a € P, and a ¢ S, where P, is
a p-semisimple part of Xy. If a#0, then a € Q — {0} and by Lemma 3.22, Ly({x,y}) = {a}.
Hence, by Lemma 3.2, xy € E(G(Y)). If a = 0, then x,y € Vx,(0) and so xy € E(G(X;) - S)
implies x = 0 or y = 0. Hence, xy € E(G(Y)). Therefore, E((G(X1) UG(Xz)) = S) C E(G(Y))
and so E((G(X1) UG(X3)) — S) = E(G(Y)). O

Corollary 3.24. Let (X3,%1,0) be a BCK-algebra, (X, %,0) be a BCI-algebra such that X1NX, = @
and the graph G(Vx,(0)) be a tree. Then G(X1UrX2) = G(X1) U G(X>).

PVOOf. If X; = {0}, then X, = XU X, and so G(X1ULX2) = G(Xz) = G(Xl) U G(Xz) Now,
let G(Vx,(0)) be a tree. Then for any distinct elements x,y € Vx,(0) — {0}, we have xy €&
E(G(Vx,(0)). Hence, by Proposition 3.8(ii), xy ¢ E(G(X»)) and so S = (), where S = {xy €
E(G(X2)) | x,y € Vx,(0) — {0} }. Therefore, by Proposition 3.23, G(X1UrX2) = G(X1) U G(X3).

O

Example 3.25. (i) Let X1 = {0, a,b,c} and X, = {0,1,2,3}. Define the binary operations *; and
*> on X and X», respectively, by the following tables:

110 ]a|b|c x [0]1]2]3
000|010 0]0|0]|0]0
alal0]al0 , 111001
blb|b|0]0 212(12]0]|2
clec|lc|c|O 313131310
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Figure 6

Then (X, *1,0) and (X, *2,0) are BCK-algebras (see [10]). Also, G(X1), G(X2) and G(X;) U
G(X>) are given by Figure 5.

Let Y = X ;UrX5. Then Ly({x,0}) = {0}, for any x € Y. Hence, by Lemma 3.22, x €
Ly({x,y}) and Ly({0,z}) = {0} = Ly({a,b}), for any x € {1,2,3}, z € X; and y € {a,b,c}.
Moreover, X1 C Ly({a,b})NLy({a,c})NLy({b,c}). Hence, E(G(Y)) = {Ox | x € Y—-{0}}U{ab}
and so G(Y) is given by Figure 6.

If S is the set was defined in the Proposition 3.23, then S = {13,23}. Therefore, G(Y) =
G(X1) U (G(Xz) - 5).

(ii) Let X be the BCI-algebra was defined in Example 3.6(i) and X; be the BCK-algebra
in (i). Then the BCK-part of X, is a tree. Hence, by Corollary 3.24, G(X UL X) = G(X1)UG(X).

Lemma 3.26. Let (X, *1,0) and (Y, *,0) be two BCK-algebras and x,y € X ®Y. Then

Lx{x,y} fxyeX;
Lxey{x,y} = { Ly{x,y} ifx,y€eY; (3.7)

{0} otherwise.

Proof. Let x,y € XUY.

(1) If x,y € X, then for any u € Lx{x,y}, wehaveuxx =0=uxy.lf u € Y, then by
Proposition 2.5, u = u*x = 0 and so u € X. Moreover, if u € X, then us;x =u*xx =0
and uxy = u*y =0andsou € Lx{x,y}. Hence, Lxey{x,y} C Lx{x,y}. Now, let
u € Lx{x,y}. Then u,x,y € X and uxjx = 0 = uxjy and so u * x = uxx = 0 =
uxy = u*y. Hence, Lx{x,y} C Lxoy{x,y}. Therefore, Lxsy{x,y} = Lx{x,y}, for
all x,y € X. By the similar way, we can prove that Lxsy{x,y} = Ly{x,y}, for all
x,yeY.

(2)If x € Xand y € Y. Since X @ Y is a BCK-algebra, we have 0 € Lxey{x,y}. Let
U € Lxey{x,y}. Then u x x =0 = u * y. Since x € X and y € Y, then by definition of
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Figure 8: (G(X) - {0}) + (G(Y) - {0}).

"

*”, wehave u*x =uorux*y =wuandsou = 0. Therefore, Lxey{x,y} = {0}. By the
similar way, if x € Y and y € X, then we can prove that Lxey {x,y} = {0}.

O

Theorem 3.27. Let (X, *1,0) and (Y, %z,0) be two BCK-algebras. Then G(X @Y) - {0} = (G(X) -
{0}) + (G(Y) - {0}).

Proof. Clearly, V(G(X ®Y) - {0}) = V((G(X) - {0}) + (G(Y) — {0})). Let xy € E(G(X ®Y) -
{0}). Then x#0, y#0 and Lxsy{x,y} = {0}. If x,y € X or x,y € Y, then by Lemma 3.26,
Lx{x,y} = {0} or Ly{x,y} = {0} and so xy € E(G(X) — {0}) or xy € E(G(Y) — {0}). Hence,
by Definition 2.8, xy € E((G(X) - {0}) +(G(Y)-{0})).Ifxe Xandy e Yorx e Yandy € X,
then x € V((G(X) - {0})) and y € V(G(Y) - {0}) and so xy € E((G(X) — {0}) + (G(Y) — {0})).
Now, let xy € E((G(X) — {0}) + (G(Y) — {0})). Then xy € E(G(X) — {0}) U E(G(Y) — {0})
orx € X-{0}and y € Y - {0}. If xy € E(G(X) - {0}) UE(G(Y) — {0}), then x#0, y#0
and Lx{x,y} = {0} or Ly{x,y} = {0}. Hence, by Lemma 3.26, xy € E(G(X @Y) - {0}). If
x € X—- {0} and y € Y - {0}, then by Lemma 3.26, Lxcy = {0} and so xy € E(G(X @Y - {0}).
Therefore, E(G(X®Y) — {0}) = E((G(X) — {0}) + (G(Y) — {0})). O

Corollary 3.28. Let (X, *1,0) and (Y, *2,0) be two finite BCK-algebras. Then |[E(X @ Y)| = (|X| +
Y-+ (X]-1)- (Y| -1).

Proof. Straightforward. O

Example 3.29. Let X = {ap, a1,a2,a3}, Y = {bo, b1, b2}, ap = bp and “*” be the operation was
defined in Example 3.13. Then (X, *1,a9) and (Y, *,bg) are BCK-chain, where a;x1a; = ai;
and bj*1b; = bj;. Since they are BCK-chain, then by Lemma 3.2, G(X) is 3-star graph and
G(Y) is 2-star graph and so G(X) — {0} and G(Y') — {0} have Figure 7.

Hence, by Definition 2.8, (G(X) — {0}) + (G(Y) — {0}) is given by Figure 8.

On the other hand, by Lemma 3.26, G(X@Y) is given by Figure 9 and so G(X®Y) - {0}
is the graph on Figure 8.

Let I be an ideal of X. Define a binary relation 6 on X as follows: (x,y) € 6 if and
only if x x y,y * x € I, for all x,y € X. Then, 0 is a congruence relation and it is called the
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Figure 9: G(X @Y) - {0}.

equivalence relation induced by I.If X/I = {[x] | x € X}, then (X/I,%,[0]) is a BCI-algebra,
where [x] * [y] = [x*y], forall x, y € X (see [10]). Moreover, let G = (V, E) be a graph and I'1
be a partition of X. The graph whose vertexes are the elements of I'T and for distinct elements
u,v €11, there is an edge connecting u# and v if and only if xy € E, for some x € uand y € v,
is denoted by G/IT. Now, we want to verify the relation between the G(X/I) and G(X)/I],
where [ is an ideal of X, 0 is a congruence relation induced by I and ITis a partition induced
by 6.

Theorem 3.30. Let I be an ideal of X and I be the partition of X induced by I.
(i) If X is a BCK-algebra, then G(X) /Il is a subgraph of G(X/I).
(ii) If X/I is a commutative BCI-algebra, then G(X) /Il is a subgraph of G(X/I).

Proof. (i) Clearly, V(G(X/I)) = {[x] | x € X} = V(G(X)/II). Let [x][y] € E(G(X)/II). Then
there are u € [x] and v € [y], such that uv € E(G(X)). Hence, Lx{u,v} = {0}. Let [z] €
Lx/t{[x], [y]}. Since [u] = [x] and [v] = [y], then [z x u] = [z] » [u] = [0] = [z] x [v] = [z * 7]
andsoz*xue€land z*xv € I. Hence, z*u = aand z * v = b, for some a,b € I. Since X is a
BCK-algebra, then by (BCI6), (z*a)*b € Lx{u,v} = {0}. Since I isanideal of X and a,b € I,
thenz e landsoz*x0e€land 0%z =0 € I. Hence, [z] = [0] and so Lx,;{[x], [y]} = {[0]}.
Therefore, [x][y] € E(G(X/I)) and so G(X)/I11is a subgraph of G(X/I).

(ii) Clearly, V(G(X/I)) = {[x] | x € X} = V(G(X)/IT). Let [x][y] € E(G(X)/II). Then
there are u € [x] and v € [y], such that uv € E(G(X)) and so Lx {u, v} = {a}, for some a € P.
Since u,v € V(a), then by (P2), v * u,u v € V(0) and so by (BCI6), v * (v * u),u* (u*xv) €
Lx{u,v} = {a}. Hence, v* (v*u) = a = ux(u*xv) and so [v]* ([v]*[u]) = [a] = [u] *([u] *[v]).
Let [z] € Lx/1{[x],[y]}. Then by (P3), [z] € Vx/1([a]). Since X/I is a commutative BCI-
algebra, then by Lemma 2.2, [v] * ([v] * [z]) = [z] * ([z] * [v]) = [z] and so by (BCI7), we
have [z] = [v] * ([v] * [z]) < [v] * ([v] * [u]) = [a]. Clearly, a € Q, where Q is a p-semisimple
part of X/I. Hence, [a] = [z] and so Lx/1{[x], [y]} = {[a]}. Therefore, [x][y] € E(G(X/I))
and so G(X)/ITis a subgraph of G(X/I). O

Example 3.31. Let Y = {0,1,2,a,b} and X = {0,1,2,3,4}. Define the binary operations “x;”
and “*” on Y and X, respectively by the following tables:

x1 10| 1]|2]alb ¥ |0(1]2]3]4
0[0|0|0|ala 0[0|0]0O|0]O0
1(1(0|0]ala 1 (1010|100
212(2(0|a|a ’ 212(1]0[0]1
alalalal|l0]0 313(13(3|0]3
blblala|1l]0 4 141414(14]0
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(i) Itis easy to see that (Y, #1,0) is a BCI-algebra and | = {0,1} is an ideal of Y (see [10,
Example 2.5.5]). Moreover, [0] = {0,1,a,b} and [2] = {2}. Hence, Y/] = {[0], [2]}
is a commutative BCI-algebra and so E(G(Y/I)) = {[0][2]}. Moreover, Since
Ly{2,0} = {0}, then [0][2] € E(G(X)/®, where @ is the partition of Y induced
by J. Therefore, G(X/]) = G(X) /.

(ii) We can prove that (X, x;,0) is a BCK-algebra and I = {0, 1,2} is an ideal of X (see
[10]). Moreover, X/I = {[0],[3],[4]}, where [0] = {0,1,2}, [3] = {3} and [4] =
{4}. It is easy to check that E(G(X/I)) = {[0][3], [0][4], [3][4]} and E(G(X)/IT) =
{[O[3], [0][4]}.

4. Characteristic Polynomials of Graphs of BCI-Algebras

In this section, we verify the characteristic polynomials of graph of BCI-algebras. Then we
fined the relation between Characteristic polynomial of G(X) and Characteristic polynomial
of graphs of branches of X, for any BCI-algebra X.

Theorem 4.1. Let X be a finite BCI-algebra. Then y(G(X),A) = [T,epx(G(V(a)), A).

Proof. Let m € N, P = {ay,...,an}, V(a;) = {x14,...,%,+} and A; = [b;;] be the adjacency
matrix of G(V(a;)), for all + € {1,2,...,m}. Then X = {x11,%21,...,Xr1,X12,%X22,
s Xy 2y X X2ms -+ -y Xpyym ). Since V(a;) NV (a;) = @, for all distinct i,j € {1,2,...,m},
then by Proposition 3.8(ii), the adjacent matrix of G(X) is of the form

A 0 -+ 0
0 A, -~ 0
L | (4.1)
0 0 - Ay

where A; is a m; x m; matrix, for all j € {1,2,...,m}. By the properties of determinant,
we have y(G(X),A) = det(Al — A) = det(A]; — Ay) x det(Al; — Ap) x --- x det(\L,, — Ap) =
[Tacpx(G(V(a)), L), where I; is a m; x m; identity matrix, forall j € {1,2,...,m}. O

Corollary 4.2. Let X be a finite BCI-algebra and t is the number of elements a € P such that |V (a)| =
1.

(i) x(G(X), ) = A x f(A), for some polynomial f(A).
(ii) X is a p-semisimple BCI-algebra if and only if x(G(X),A) = A", for some n € N.

Proof. (i) Let |X| = nand {ay,...,a:} be the set of all elements of P such that |V (a;)| = 1, for
alli € {1,2,...,t}. Then by using the proof of Theorem 4.1, the adjacent matrix of G(X) is of
the form

[5 ol (42)
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where B is an (n—t xn—t) matrix. Hence, by properties of determinant, we have y(G(X), A) =
det(Al;) x det(A,,—; — B) = A x det(Al,—¢ — B). Let f(A) = det(AL,— — B), then y(G(X), 1) =
Ax £ ().

(ii) Since X is a p-semisimple BCI-algebra, then |V (a)| = 1, for all a € X. Therefore,
by (i), x(G(X), 1) = A", where |X| = n. Conversely, let y(G(X), A) = A", for some n € N. Then
by Proposition 2.11, G(X) is an empty graph. Therefore, by Theorem 3.9, X is a p-semisimple
algebra. O

Theorem 4.3. Let X be a finite BCI-algebra and a € P. If y(G(V(a)),A) = A" + c1 A" 1 + A" 2 +
-o-+ Cp1d + ¢y, for some n € N, then

(i) c1 =0and2c) = = 3 cx | Zx| + P,

(ii) let A be the set of all {x,y,z} C X such that x,y, z are distinct elements of X and u x v =
ux*a, forall u,v € {x,y,z} and some a € P. If X is a commutative BCI-algebra, then
3 = —2|A|.

Proof. (i) By Proposition 2.11, ¢; = 0. If x € X — P, then by Lemma 3.2,

deg(x) = |[{y e X - {x} | L{x,y} = a, for some a € P}|=|Z]|. (4.3)

Now, if x € P, then by Lemma 3.2, deg(x) = |{y € X - {x}|L{x,y} = a, forsomea€ P }|=
|Zx| — 1. Hence, by Proposition 2.11, we have

2c, = ~2|E(G(X))| = ~deg(G) = —< 3 1Zd+ (12 - 1>> =-YZJ+ Pl (44)

xeX-P xeP xeX

(ii) By Proposition 2.11, c3 = —2t, where t is the number of triangles of G(X). Since by
Proposition 3.8, G(X) = U,ep G(V(a)) and V(a) NV (b) = @, for any distinct elements a,b € P,
then t = 3} cp ts, where t, is the number of triangles of G(V (a)), for all a € P. Now, let a € P
and x, y, z be three vertexes of a triangles of G(V (a)). Then x, y, z are distinct elements of X
and L{x,y} = L{x,z} = L{y,z} = {a}. Since x * (x * y) € L{x,y}, then x * (x * y) = a and so
by (BCI4) and (BCI6), x * a < x * y. Moreover, a < y and (BCI7), imply x * y < x * a and
SO X * y = x * a. By the similar way, we can prove that x xz = x*a, y*xz =y *xa =y *x x
and z* x = zxa = z*y. Hence, {x,y,z} € A. Conversely, let {x,y,z} € A. Then there exists
a € Psuchthatu*xv = u=xa, forany u,v € {x,y,z}. Let u,v € {x,y,z} and w € L{u,v}.
Then by (P2), w € V(a). Since X is commutative, then by Lemma 2.2, (BCI6) and (BCI7),
w=wx0=wx(w*u) =u*x(urw) <ux(u*v) =ux*(u*xa) < a. Hence, w = a (since a € P),
and so L{u, v} = {a}. Therefore, xy, xz, yz € E(G(V(a))) and so x, y, z are three vertexes of a
triangle of G(V (a)), for some a € P. Hence, t = 3, ,.p t, = |A|. This complete the proof. O

References

[1] Y.Imaiand K. Iséki, “On axiom systems of propositional calculi. XIV,” Proceedings of the Japan Academy,
vol. 42, pp. 19-22, 1966.

[2] K. Iséki, “An algebra related with a propositional calculus,” Proceedings of the Japan Academy, vol. 42,
pp- 26-29, 1966.

[3] L Beck, “Coloring of commutative rings,” Journal of Algebra, vol. 116, no. 1, pp. 208-226, 1988.



16 International Journal of Mathematics and Mathematical Sciences

[4] Y.B.Jun and K. J. Lee, “Graphs based on BCK/BClI-algebras,” International Journal of Mathematics and
Mathematical Sciences, vol. 2011, Article ID 616981, 8 pages, 2011.
[5] M. Aslam and A. B. Thaheem, “A note on p-semisimple BCI-algebras,” Mathematica Japonica, vol. 36,
no. 1, pp. 3945, 1991.
[6] M. A. Chaudhry, “Branchwise commutative BCI-algebras,” Mathematica Japonica, vol. 37, no. 1, pp.
163-170, 1992.
[7] M. Daoji, “BCl-algebras and abelian groups,” Mathematica Japonica, vol. 32, no. 5, pp. 693-696, 1987.
[8] J. Meng, Y. B. Jun, and E. H. Roh, “BCl-algebras of order 6,” Mathematica Japonica, vol. 47, no. 1, pp.
33-43,1998.
[9] J. Meng and X. L. Xin, “Commutative BCI-algebras,” Mathematica Japonica, vol. 37, no. 3, pp. 569-572,
1992.
[10] H. Yisheng, BCI-Algebra, Science Press, 2006.
[11] Q.Zhang, “Some other characterizations of p-semisimple BCI-algebras,” Mathematica Japonica, vol. 36,
no. 5, pp. 815-817, 1991.
[12] J. Meng and Y. B. Jun, BCK-Algebras, Kyung Moon Sa Co., Seoul, South Korea, 1994.
[13] J. A. Bondy and U. S. R. Murty, Graph Theory, vol. 244 of Graduate Texts in Mathematics, Springer, New
York, NY, USA, 2008.
[14] R. Diestel, Graph Theory, vol. 173 of Graduate Texts in Mathematics, Springer, New York, NY, USA, 1997.
[15] H. Bass, J. E. C. Kingman, F. Smithies, J. A. Todd, and C. T. C. Wall, Algebraic Graph Theory, Cambridge
University Press, 1974.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



