Hindawi Publishing Corporation

International Journal of Mathematics and Mathematical Sciences
Volume 2012, Article ID 315697, 15 pages

doi:10.1155/2012 /315697

Research Article

Refinements of Inequalities among
Difference of Means

Huan-Nan Shi, Da-Mao Li, and Jian Zhang

Department of Electronic Information, Teacher’s College, Beijing Union University, Beijing 100011, China
Correspondence should be addressed to Huan-Nan Shi, shihuannan@yahoo.com.cn

Received 21 June 2012; Accepted 10 September 2012

Academic Editor: Janusz Matkowski

Copyright © 2012 Huan-Nan Shi et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

In this paper, for the difference of famous means discussed by Taneja in 2005, we study the Schur-

geometric convexity in (0, o) x (0, oo0) of the difference between them. Moreover some inequalities
related to the difference of those means are obtained.

1. Introduction

In 2005, Taneja [1] proved the following chain of inequalities for the binary means for (a,b) €
R? = (0,0) x (0, 0):

H(a,b) < G(a,b) < Ni(a,b) < Ns(a,b) < Na(a,b) < A(a,b) < S(a,b), (1.1)
where

Aab) =222,

G(a,b) = Vab,

M) - %’ (1.2)

2
Ni(a,b) = <\/5;\/5> _ A(a/b);G(a,b),
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a++ab+b _ 2A(a,b) +G(a,b)

N3(a/b) = 3 3 7
N»(a,b) = <—\/E; \/E> < aT+b> (13)
S(a,b) = azzbz

The means A, G, H, S, N1 and N3 are called, respectively, the arithmetic mean, the geometric
mean, the harmonic mean, the root-square mean, the square-root mean, and Heron’s mean.
The N, one can be found in Taneja [2, 3].

Furthermore Taneja considered the following difference of means:

Msa(a,b) = S(a,b) — A(a,b),
Msn, (a,b) = S(a,b) - Na(a,b),
Msn,(a,b) = S(a,b) - N3(a,b),
Msn;, (a,b) = S(a,b) — Ni(a,b),

Msg(a,b) = S(a,b) - G(a,b),

Msp(a,b) = S(a,b) - H(a,b), (1.4)
Mn,(a,b) = A(a,b) - Na(a,b),

Myc(a,b) = A(a,b) - G(a,b),

M (a,b) = A(a,b) - H(a,b),

Mn;,n, (a,b) = Na(a,b) - Ni(a,b),
Mn,c(a,b) = Ny(a,b) - G(a,b)

and established the following.

Theorem A. The difference of means given by (1.4) is nonnegative and convex in R2 = (0, 00) x
(0, c0).

Further, using Theorem A, Taneja proved several chains of inequalities; they are
refinements of inequalities in (1.1).
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Theorem B. The following inequalities among the mean differences hold:

1 1 1
Msa(a,b) < gMSH(tI, b) < EMAH(a/ b) < EMsc(a, b) < Mag(a,b),

1 1
8

4
Msa(a,b) < =Msn, (a,b) < 4Man,(a, b),
Msy(a,b) < 2Msy, (a,b) < 5 Misg(a,b),

3 2
MSA(a/b) < ZM5N3([1/ b) < 5M5N1(a/ b)

1
Man(a,b) < Mn,n, (a,b) < 3MN2G(ar b) < ZMAG(‘L b) < Mun,(a,b),

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

For the difference of means given by (1.4), we study the Schur-geometric convexity of
difference between these differences in order to further improve the inequalities in (1.1). The

main result of this paper reads as follows.

Theorem 1. The following differences are Schur-geometrically convex in R? = (0,%0) x (0,0):

1
Dsp_sa(a,b) = zMsu(a,b) — Msa(a,b),
3

1 1
Dap-su(a,b) = EMAH(ar b) - §M5H(a, b),
Dsc-an(a, b) = Msg(a,b) — Man(a,b),
1
Dac-sg(a,b) = Muc(a,b) - EMsc(a, b),
1
Dn,ny-an(a, b) = M,n, (a,b) - gMAH(ar b),
1
DNzG—N2N1 (al b) = gMNzG(aI b) - MNle (a/ b)/
1 1
Dac-n,c(a, b) = ZMAG(a/b) - §MN2G(‘1/ b),
1
Dan,-a6(a,b) = Man,(a,b) - ZMAG(EII b),
4
Dsn,-sa(a,b) = gMSNz(ﬂ, b) — Msa(a,b),
4
Dan,-sn, (a,b) = 4Man, (a, b) - EMSNz(arb)/
Dsn,-su(a,b) = 2Msy, (a,b) — Msu(a, b),

3
Dsg-sn, (a,b) = =Msc(a,b) —2Msy, (a,b),
2

(1.10)
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3
Dsn;-sa(a,b) = ZMSNs(a/ b) - Msa(a,b), (1.11)

2 3
Dsn,-sn;(a,b) = gMSNl (a,b) - ZMSN3(11/ b).

The proof of this theorem will be given in Section 3. Applying this result, in Section 4,
we prove some inequalities related to the considered differences of means. Obtained
inequalities are refinements of inequalities (1.5)—(1.9).

2. Definitions and Auxiliary Lemmas

The Schur-convex function was introduced by Schur in 1923, and it has many important
applications in analytic inequalities, linear regression, graphs and matrices, combinatorial
optimization, information-theoretic topics, Gamma functions, stochastic orderings, reliability,
and other related fields (cf. [4-14]).

In 2003, Zhang first proposed concepts of “Schur-geometrically convex function”
which is extension of “Schur-convex function” and established corresponding decision
theorem [15]. Since then, Schur-geometric convexity has evoked the interest of many
researchers and numerous applications and extensions have appeared in the literature (cf.
[16-19]).

In order to prove the main result of this paper we need the following definitions and
auxiliary lemmas.

Definition 2.1 (see [4, 20]). Letx = (x1,...,x,) € R"and y = (y1,...,yn) € R™.

(i) x is said to be majorized by y (in symbols x < y) if 35, xy < 35, yp for k =
1,2,...,n-Tand 3 x; = >, yi, where x[1] > -+ > X[ and y[1] > -+ > Yy, are
rearrangements of x and y in a descending order.

(ii) Q C R" is called a convex set if (ax1 + By, ..., ax, + py,) € Qfor every xand y € Q,
where a and p € [0,1] witha + = 1.

(iii) Let Q C R"™. The function ¢: Q — R is said to be a Schur-convex function on € if
x <y on Qimplies ¢(x) < ¢(y). ¢ is said to be a Schur-concave function on Q if and
only if —¢ is Schur-convex.

Definition 2.2 (see [15]). Letx = (x1,...,x,) e R"and y = (y1,...,yn) € RZ.

(i) Q C R” is called a geometrically convex set if (x{‘yf ey x,‘;‘yﬁ) € Qforallxy € Q
and a,p € [0,1] such thata + f = 1.

(ii) Let Q C R¥. The function ¢: Q — R, is said to be Schur-geometrically convex
function on Q if (Inxy,...,Inx,) < (Inyy,...,Iny,) on Q implies ¢p(x) < ¢(y). The
function ¢ is said to be a Schur-geometrically concave on € if and only if —¢ is
Schur-geometrically convex.

Definition 2.3 (see [4,20]). (i) The set Q C R" is called symmetric set, if x € Q implies Px € Q
for every n x n permutation matrix P.
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(ii) The function ¢ : Q — R is called symmetric if, for every permutation matrix P,
p(Px) = ¢(x) for all x € Q.

Lemma 2.4 (see [15]). Let Q C R” be a symmetric and geometrically convex set with a nonempty
interior Q. Let ¢ : Q — R, be continuous on Q and differentiable in Q°. If ¢ is symmetric on Q and

0 0
(Inx; —Inxy) <x18_3(2 - xza—;oz> >0 (£0) (2.1)

holds for any x = (x1,...,x,) € QO, then ¢ is a Schur-geometrically convex (Schur-geometrically
concave) function.

Lemma 2.5. For (a,b) € R> = (0,0) x (0, ) one has

1> a+b >1+ 2ab 99
S Va@ ) 2 (arby 22
a+b B ab <§ (23)
V2(aZ+ 02 (a+b)? 4 '
3 Va+b va+vb _ 5 ab
52 + 25+ 2 (2.4)
2 ﬁ(ﬁ+¢g> V2vVa+b ~ 4 (a+D)

Proof. Tt is easy to see that the left-hand inequality in (2.2) is equivalent to (a — b)* > 0, and
the right-hand inequality in (2.2) is equivalent to

V2(a?+b%) ~ (a+b) _ (a+ b)? - 4ab 25)
V2(a? + b2) T 2(a+b)? '
that is,
_p)? Ay
(a-b) clabr (2.6)
2(a? +b2) +/2(a? +b%)(a+b) 2(a+b)
Indeed, from the left-hand inequality in (2.2) we have
2(a2 + b2> +1/2(a% + ) (a+b) > 2<a2 + b2> +(a+b)?>2(a+b), 2.7)

so the right-hand inequality in (2.2) holds.
The inequality in (2.3) is equivalent to

V2@ +b?) - (a+b) _ (a-b)? (2.8)

2(a + b2) " 4(a+b)*
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Since
V2(a2+b?) - (a+b) 2(a? +b?) - (a+b)?
2(a? + b7) V2(aZ+87) (\2(a + 57 + (a+ b))
(2.9)
- (a-b)*
2(a2 +b2) + (a+ b)\/2(a® + b2)
so it is sufficient prove that
2<a2 + b2> +(a+b)\/2(a? + b2) < 4(a+Db)?, (2.10)
that is,
(a+b)\/2(a2 + b2) §2<a2 +b2+4ab), (2.11)
and, from the left-hand inequalities in (2.2), we have
(a+Db)\/2(a? +b2) < 2<a2 + b2> < 2<a2 + b2+ 4ab>, (2.12)

so the inequality in (2.3) holds.

Notice that the functions in the inequalities (2.4) are homogeneous. So, without loss of
generality, we may assume /a + vb = 1, and set t = v/ab. Then 0 < t < 1/4 and (2.4) reduces
to

1-2 1 2
3 vi-at >2, L (2.13)
2 V2 V2VI-2t 4 (1-20)
Squaring every side in the above inequalities yields
9 _1-2t 1 25 t* 5t
12 o tlz2—+ + . 2.14
1772 et P gy 2a- oy 21

Reducing to common denominator and rearranging, the right-hand inequality in (2.14)
reduces to

(1-2t) (16t2(2t —1)2+(1/8)(16t - 7)* + (7/8))
16(2t - 1)*

>0, (2.15)

and the left-hand inequality in (2.14) reduces to
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2(1-2t)*+2-5(1-2t)  1+2¢ Py

02D 5— <0, (2.16)

so two inequalities in (2.4) hold. O

Lemma 2.6 (see [16]). Let a <b, u(t) =ta+ (1 -t)b, v(t) =tb+ (1 -t)a. If1/2 <t, <t; < 1lor
0St1§t2§1/2,th87’l

<a+b a+b
2 72

) < (u(t2),v(t2)) < (u(tr),v(t1)) < (a,b). (217)

3. Proof of Main Result

Proof of Theorem 1. Let (a,b) € R2.
(1) For

1 a+b 2ab 2. [a?+Db? (3.1)
Dsii-sa(a,b) = 3Msu(a,b) - Msa(a,b) = ——= - s7m=s = 3\ =—5—

we have
aDSH_SA(a, b) _ 1 _ 2b2 _ g a
0a 2 3(a+b)? 3\2(@+b?) 52
3.2
aDSH_SA([l, b) _ 1 _ 2(12 _ E b
ob 2 3(a+b)? 32(@+b?)’
whence
_ B 0Dsr-sa(a,b) . 0Dsh-sa(a, b))
A= (na-Inb) <a e b 3
1 2ab 2 b 53
a a+
=(a-b)(lna-Inb)( =+ —— - —— ).
(a =) )<2 3(a+b)? 3\/2(a2+b2)>
From (2.3) we have
1 2ab 2 a+b
(3.4)

S+ - >0,
2 3(a+b)? 3+2(a2+1?)

which implies A > 0 and, by Lemma 2.4, it follows that Dsy_s4 is Schur-geometrically convex
in R2.
(2) For

a+b ab 1 a2+b2' (3.5)

1 1
Dan-sni(a,b) = 5 Man(a,b) = 3Msn(a,b) = —= - 32775 = 3 —
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To prove that the function D op_spr is Schur-geometrically convex in R? it is enough to
notice that Dap_sp(a,b) = (1/2)Dsy-sa(a,b).

(3) For
24+ b? +b  2ab
Dsg-an(ab) = Msc(@,b) - Man(a,b) =\ “5 = - Vab- 2+ 225 (36)
we have
aDSG_AH(a, b) _ a _ b _ 1 + 2b2
0a V2@ +b?) 2vab 2 (a+b)* a7
3.7
aDSG_AH(a, b) _ b _ a _ 1 + 2[12
b V@ D) 2vab 2 (axb)
and then
_ B 0Dsn-sa(a,b)  0Dsn-sa(a,b)
A:=(na lnb)<a 3 b b
(3.8)

a+b 1 2ab
_ (a—b><1““‘1“b)<\/z(T—+b2> 2 W>

From (2.2) we have A > 0, so by Lemma 2.4, it follows that Dgy_sa is Schur-
geometrically convex in R2.
(4) For

1 1 a® + b?
DAG_SG(a,b) = MAG(a,b) - §M5G(a,b) = E a+b-Vab- , (39)

2
we have
0D4c-sc(a,b) 1 1 b a
Oa 2 2Vab \2(a2+b?) )’
(3.10)
0Dsg-sg(a,b) 1 12 _ b
ob 2 2Vab \2(aZ+b?) )’
and then
- B 0Dsk-sa(a,b) . 0Dsp-sa(a, b)>
A:=(Ina lnb)<a 5a b b
3.11)

- (a—b)(lna—lnb)<1— V%)
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By (2.2) we infer that

b
1-— 272 59 (3.12)

so A > 0. By Lemma 2.4, we get that D 4g-s¢ is Schur-geometrically convex in Ri.
(5) For

1
Dn,N,-ar(a,b) = Mn,N, (a,b) - gMAH(a/b)

[ Va++b a+b 1 1 1/a+b 2ab
—<T>< T)‘z”*b)‘z\@‘g( 35 )

(3.13)
we have
aDNZNl,AH(lI,b) _ 1 a+b +1 ﬁ+ \/E <a+b>_1/2
da C4yal 2 4 2 2
(1o b 11 o
4 4vab 8\2 (a+b)?)’
(3.14)
ODN;n-an(ab) 1 ,Ja+b 1 va++b <a+b>-1/2
ob CavbY 2 4 2 2
(loe 101 o
4 4vab 8\2 (a+b)?)’
and then
B ODN,N,-aH(a,b)  ODN,N,-aH(a,b)
A=(na lnb)<a 5a b b )
; 7 , (3.15)
=1(a—b)(lna—lnb) ar + va+ _E_a—2
z Va(vasvb) v2Varb & (a+b)
From (2.4) we have
Va+b Va+vb 5 ab
(3.16)

_Z_ 0,
v2(/a+b) " Vaarb 4 (arbr

so A > 0; it follows that Dn,n;-a# is Schur-geometrically convex in R2.
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(6) For
1
Dn,c-n,N, (a,b) = EMNZG(a/ b) — Mn,n, (a,b)
3.17
_a+b+\/%_% Va++vb a+b (3.17)
T4 6 3 2 2 )

we have

0Dn,G-Non, (a,b) 1 b 1 ,]a+b 1<\/E+\/E><a+b>‘1/2

da 1 ovap 6val 2 6\ 2 2
(3.18)
ODNG NN (k) 1 a1 faxb 1 Vva++b <a+b>-1/2
ob 4 12/ab 6VbY 2 6 2 2 !
and then
B O0Dn,G-N,N,(a,b)  0Dn,G-NoN, (a, D)
A=(Ina lnb)(a 5 b b )

) ) Va-vb,[arb (@-b)(Varvb) o p\ 1
=(na-Inb){ 7(a-b)-— 5 12 ( 2 > (3.19)

:%(a—b)(lna—lnb) 5__ vatb va+ Vb

2 fo(\/ﬁ+\/E> V2vVa+b

By (2.4) we infer that A > 0, which proves that Dn,G-N,n, is Schur-geometrically convex in
R2.

(7) For
1 1
Dac-n,c(a,b) = ZMAG(a/ b) - gMNzG(a/b)
3.20
_a+b+l\/a>_1 Va++vb a+b (3.20)
8 12 3 2 2 )
we have
0D ac_n,c(a,b) _1, b Vaxb Va++vb
Oa 8 24vab 12v2a 12y/2(a+b)’
(3.21)
aDAG_NZG(a,b) _ 1 a a+b \/E+\/E

= — 4 — - 7
ob 8 24+/ab 12v2b 12+/2(a+b)
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and then

A= (lna—lnb)(a

0D4c-Ny(a,b) baDAG—NZG(ar b) >
oa ob

a-b Varb(va-vb) (a-b)(va+vb)

(a-b)(Ina-Inb) 12 Va+b +\/a+\/5

8 3\ v2(va+vb) V2vVa+b

From (2.4) we have A > 0, and, consequently, by Lemma 2.4, we obtain that D4c-n,c is
Schur-geometrically convex in R2.

(8) In order to prove that the function Dn,-ac(a, b) is Schur-geometrically convex in
R? it is enough to notice that

1
Dan,-ac(a,b) = M an,(a,b) - ZMAG(a/b) =3Dac-n,c(a,b). (3.23)

(9) For

4
Dsn,-sa(a,b) = 5M5N2(a, b) — Msa(a,b)
(3.24)
a+b 1,/a®2+b* 1
== -\ —g<\/ﬁ+\/5>\/2(a+b),
we have
aDSNZ_SA(a,b) _1_ a _1 a+b _ \/E+\/E
oa 2 5\2(a?+b?) 5| 2a 5v2(a+b) 525
3.25

aDSNZ_SA(a,b)_l_ b _1 a+b_ \/E+\/E
ob 2 5\2(a% +b?) 5\ 26 5v2(a+b)



12 International Journal of Mathematics and Mathematical Sciences

and then

A=(na-1Inb) <aDSN2—SA(a/ b) 0Dsn,-sa(a,b) >

oa ob

=(Ina-1nb) a-b__a-b? 1 \/a(a+b)_\/b(a+b) _<\/E+\/E>(a—b)
) 2 5V2(a2+b?) 5 2 2 5v2(a+b)

:(a—b)(lna—lnb)<i a+b a+b \/E+\/E>

5v2 \ﬁ_va2+b2_\/ﬁ+\/5_ Va+b
(3.26)
From (2.2) and (2.4) we obtain that
5 a+b a+b \/E+\/E> 5 3 _o, (3.27)

V2 V@12 Ja+vb Vatb V2 2_\_5

so A > 0, which proves that the function Dsnj,-sa(a, b) is Schur-geometrically convex in R2.
(10) One can easily check that

D AN, N,-sN, (a,b) = 4Dgsn,-sa(a, b), (3.28)

and, consequently, the function D gn,-sn, is Schur-geometrically convex in R2.
(11) To prove that the function

2 4+ p? +b 2ab
Dsni_st(a,b) = 2Msn, (a,b) — Mgz (a,b) = |/ 2 - a - Vab+ ﬁ (3.29)

is Schur-geometrically convex in R? it is enough to notice that
Dsn,-su(a,b) = Dsc-an(a, b). (3.30)
(12) For

3
Dsg-sn, (a,b) = EMsc(a,b) —-2Msn;, (a,b)

(3.31)
2,72
=%<a+b—\/a 4/t >,

2
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we have
0Dsc-sni(a,b) 1/, b a
Oa 2 2Wab \2(a2+b7) )’
(3.32)
aDSG_SNl (a, b) _ 1 71— a _ b
ob 2 2vVab  \2(aZ+b2) )’
and then
B 0Dsg-sn, (a,b) | 0Dsg-sn,(a,b)
A =(Ina-Inb) (a 5a b b )
(3.33)

_(a-b)(Ina-Inb) 1 a+b
- 2 V@)

By the inequality (2.2) we get that A > 0, which proves that Dsg-gn, is Schur-
geometrically convex in R2.
(13) It is easy to check that

1
Dsny-sa(a,b) = 5Dac-sc(a, b), (3.34)

which means that the function Dsn,-s4 is Schur-geometrically convex in R2.
(14) To prove that the function Dgsn,-sn, is Schur-geometrically convex in R it is
enough to notice that

1
Dsn,-sn,(a,b) = EDAG—SG(a/ b). (3.35)

The proof of Theorem I is complete. O

4. Applications

Applying Theorem I, Lemma 2.6, and Definition 2.2 one can easily prove the following.
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Theorem IL Let 0 <a<b.1/2<t<10or0<t<1/2, u=a'b't and v = bta'™t. Then

1 1 1
Msa(a,b) < gMSH(a/ b) - <§M5H(M/U) - MSA(u/U)> < gMSH(a/b)

%MAH(a b) - <1MAH(u v) — 1MSH(u v)> % Maup(a,b)
4.1)
%Msc(a b) <1MSG(M '(J) 1MAH(u ‘0)> ;MSG(Q b)
sca,) - (Mac(n,0) = 3 Msc(,0) ) < Maca,b),
£ Mar(a,b) < My, (a,b) - (MNZM (14,) - Man(a, v)) < Miyw (a,b)
%MNZG(a b) - <%MN2G(74/ v) — Mn,N, (1, U)) %MNzG(a/ b)
(4.2)
}IMAG(Q b) - <1MAG(M v) - 1MN2G(“ U)> < }IMAG(a/b)
< Mn,(a,b) - (MAM(u,v) - }LMAG(u,v)> < Mani(ab),
Msa(a,b) € 3 Ms (a,) - <§MSN2(u,v> 4MSN2(u,v)) < £ Mo, (a,b)
(4.3)
< 4MAN2(CI, b) - <4MAN2 (u,v) - 1551\/151\]2 (u, U)) < 4MAN2(a, b),
MSH(a, b) S ZMSNl (a, b) - (2M5N1 (u, ’0) - MSH(M, ‘(J)) S 2M5Nl(a, b)
(4.4)
ngc(a b) <3M5G(u ’U) - §]\/ISG(M U)) gMSG(a b)
Maa(a,b) < i M, (a,b) - <3M5N3(u v) - Msa(u, v)> iMSNg(a b)
(45)
< %Ms]\h(ﬂ,b) - <§MSN1 (u U) 3MSN3(H U)) < %MSNl(a,b).

Remark 4.1. Equation (4.1), (4.2), (4.3), (4.4), and (4.5) are a refinement of (1.5), (1.6), (1.7),
(1.8), and (1.9), respectively.
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