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We develop methods for computing the product of several Bernoulli and Euler polynomials by
using Bernoulli basis for the vector space of polynomials of degree less than or equal to .

1. Introduction

It is well known that, the nth Bernoulli and Euler numbers are defined by

- (1 - [N
S ()B-Ba=6u  3(})Ei+ Eu= 260, (1)

-0 1=0

—

where By = Eg = 1 and 6k, is the Kronecker symbol (see [1-20]).
The Bernoulli and Euler polynomials are also defined by

Bn(x) = g <'ll> Buux!,  En(x)= Z <’;) E,x. (1.2)

1=0

Note that {By(x), Bi(1),...,B,(x)} forms a basis for the space P, = {p(x) € Q[x] | degp(x) <
n}.
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So, for a given p(x) € P,, we can write
p(x) = > axBi(x), (1.3)
k=0

(see [8-12]) for uniquely determined ax € Q.
Further,

1 _ _
a = 2 {p* W) - pED )], where p® (x) =

d*p(x)
dxk 7

. (1.4)
ag = f p(t)ydt, where k=1,2,...,n.
0

Probably, {1, x, ..., x"} is the most natural basis for the space P,,. But { By(x), B1(x), ..., B,(x)}
is also a good basis for the space P,, for our purpose of arithmetical and combinatorial
applications.

What are common to B,(x), E,(x), x"*? A few proportion common to them are as
follows:

(i) they are all monic polynomials of degree n with rational coefficients;
(ii) (Bn(x))" = nBy-1(x), (En(x))' = nEp1(x), (x")' = nx"";
(iii) [ Bu(x)dx = By (x)/(n+1) +¢, [ Ex(x)dx = Epi(x)/(n+1) +¢, [ x"dx = x"1 /(n+
1) +c.

In [5, 6], Carlitz introduced the identities of the product of several Bernoulli polynomials:

Bu(x)By(x) = i{ (;)n + <2nr>m} BZBJ:n:ln—_zrz(rX) T (<1)m!

r=0

m!n!
X mBmm (m+mn>2),

[ omeomennosin =5 (2 (2o (2o (2

(m+n-2r-1)!(p+q-2s-1)!
X

B,BsB or
(m+n+p+q—2r—25)! rPsPm+n+p+q-2r-2

m!n! p'q!
(m+n)! (p+q)!

+ (_1)m+p Bm+nBP+Q'

(1.5)

In this paper, we will use (1.4) to derive the identities of the product of several Bernoulli and
Euler polynomials.
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2. The Product of Several Bernoulli and Euler Polynomials

Let us consider the following polynomials of degree n:

px)= > By(x)-By(0)E;(x)---Ej(x), 2.1)

g+t et fs=n

where the sum runs over all nonnegative integers iy, ..., i, ji,... js satisfying iy + - - +i, + j1 +
ot jo=nr+s=1,r1:s2>0.
Thus, from (2.1), we have

pP(x)=m+r+s-1)(n+r+s-2)---(n+r+s—-k)

w (2.2)
X Z Bil(x)~-B,~r(x)E]~1(x)'quS(x).

i+ i+ ji o+ jo=n—k

Fork=1,2,...,n,by (1.4), we get

a = 2 [P0 (1) -t (0))
= % Z {Bll(l)Blr(l)Eh(l)E]s(l)_BllBlrE]lE]s}

i+ i+t jo=n—k+1

sl 2 Qo

0<a<r
0<c<s (23)

k+r-n-1<a<r

x Z B ---Bi,Ej - Ej,

i1+ tip+ i+t js=n+a+l-k-r

- Z B ---B,Ej -+ E
iyttt i+t je=n—k+1
From (2.3), we note that
(n+r+5)
an = ——— > {Bi,(1) -+~ B;,(DE;; (1) -~ Ej,(1) = By, - B, Ej, - - Ej. }

n+r+ Si1+---+i,+j1+~-+js:1

L2 G- (2 (Be

=m(1’+s)= <n+r+s—1>,

n+r+s n
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4 1 n+r+s
=
" n+r+s\ n-1

X >, {Bu()B,(E;(1)E;(1) =B -+ B, Ej -+ Ej )

i+t et fs=2

e ) ()
ﬂww

2L B ERE0)- 00 ()

Bi-t, -+ Biy=, Ejy—p, Ejip,
Lh+-+l+pr+-+ps+1

ap

(2.4)
Therefore, by (1.3), (2.1), (2.3), and (2.4), we obtain the following theorem.
Theorem 2.1. For n € N with n > 2, we have
D>, Bi(x) B (0E; (%) Ej(x)
iyttt js=n
1 "2<n+r+s>
n+r+sé k
% Z "\ (S (~1)c2s~¢ Z B ---B: E. -+ E;
a)\c & n fa Je
0<as<r i1+ Hig+j1+-+je=n+a+l-k-r
0<c<s
k+r—-n-1<a<r
(2.5)
ad n+r+s-1
_ Z Bi -+ B; Ex, -+ Ej, ¢ Bi(x) + < ; )Bn(x)

iptotip+ i+t js=n—k+1

s s s Eses (-0 ()

Bil—ll Blr—l E]l_Pl Ejs_Ps
h+-+L+pr+-ps+1
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Let us take the polynomial p(x) of degree n as follows:

p)= Y BB ()E;(x) - E (0, 26)

i1+t et fs+t=n
Then, from (2.6), we have

pR(x)=m+r+s)n+r+s-1)---(n+r+s—k+1)

x > B, (x) -+ B; (x)Ej, (x) -+ - Ej, (x)x',

ip+etip+ i+t js+H=n-k

(2.7)

By (1.4) and (2.7), we get, for k =1,2,...,n,

1

a = 5 {P* W) -p 0}

B 1 <n+r+s+1>
Cn+r+s+1 k

x >, {Bi,(1)--B;,(1)E;, (1) ---E;,(1) = By, - B Ej, - -- E;,0'}

i+ tip+ i+t s H=n—k+1

e 2 (e o8

0<c<s
k+r-n-1<a<r

n+a+l-k-r

x> >, Bi, ---Bi,Ej ---Ej,

t=0 i+t et jo=t

_ Z B; -- -E

1

“Bi,Ej, -+ Ej; ¢,

iyttt js=n—k+1

Now, we look at a,, and a,,_1.

<n+r+s+1>
n
ap= ————— > {Bi,(1)--- B, ()E;, (1) --- E;,(1) = By, -~ B Ej, --- E;,0'}

n+r+s+ 1i1+<--+i,+j1+<--+js+t:1

) g ()]

n+r+s+11\2

_r+s+l /n+r+s+1\ _ /n+r+s
n+r+s+1 n n !

N —
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( n+r+s+1
ap-1 = Z {Bll(l) 1,(1)E]1(1) E]S(l) _Bi1 -~'B,'rE]'1 E]SOt}

1’l+1"+$+1l eetp et g+t =2

_ (st 1r+1+11<r+s>+1(r+s)_1r_<_1><_1><r+s>}
T n+r+s+116 22\ 2 2 6 2 2 2

1 n+r+s+1 r+s+2_1 n+r+s
n+r+s+1 n-1 2 "2\ n-1 )’

(2.9)
From (2.6), we note that
1
ap = f p(t)dt
0
i 1 Js .
B LB 06)G) e
iyttt ji et js+t=n 11=0 =0 p1=0 = P1 Ps
1
BA_ B_E_ E._ .
X Diy-1y ir=l- Dji-p1 ]Spsll+"'+lr+P1+"'Ps+t+1
Therefore, by (1.3), (2.6), (2.8), (2.9), and (2.10), we obtain the following theorem.
Theorem 2.2. For n € N with n > 2, one has
> Bi,(x) -+ B;, (x)Ej, (x) -~ Ej (x)x'
i1+t et s tt=n
~ 1 ”22 <n +r+S+ 1)
T n+r+s+1 P k
r s n+a+l-k-r )
Cmse
42 OO $ e
0<a<r t=0  ij+etigtfibetje=t
0<c<s
k+r-n-1<a<r
_ D B - BiEj ---E; ¢ Bi(x) (211)

ity i+ js=n—k+1

n-1

cos eSS (0 ()

x Bty Bi,-1,Ejip, - E
j

1
Xll+~~-+Zr+p1+-~p5+t+1}'

+%<n+r+s)Bn,1(x)+<n+;+s>Bn(x)

js_Ps
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Consider the following polynomial of degree n:

OEND Y '.1,]1 By () By (V)E; (1) -+ (3), (2.12)

i+t i+t fs=n

Then, from (2.12), one has

Bi (x)--- B, (X)Ejl (x) - Ej.(x)

11112 . ' |]1 ]

PP =0+9) 3]

i+t ji et jo=n—k

(2.13)

By (1.4) and (2.13), one gets, fork =1,2,...,n,

) -pt )

= M Z {Bil(l)...Bir(l)Eh(l) --E; (1) - B, -+ B, Ej, ---Ej, }

ax =

i+t + i+ jo+t=n—k+1

- B;,---BiEj,---Ej
= (r +ksl) Z <T> <S) (_1)C25*C Z - Pary .]C'
. Osasr a/\¢ i1+ttt je=ntatl-k— rl1 fig -+ -daljn! - je!

0<c<s
k+r-n-1<a<r

1
- Z - - Bil“'BirEh"'Ejs
ity et je=n—k+1 iliph-dpljy - !
(2.14)
Now look at a,, and a,,_1:
_ (r+9)"! > {Bil(l)“.Bi'(l)Eﬁ(l)“'Ei@(l) - B, ---B,E "'Eis}
! n! iyt et js=1 iq 11! ']1 js!

C(r+s)" (1 1 (r+s)"

TR U AR W YAl ST
(2.15)

(r+s)"? ) {Bil(l)"'Bir(l)Efl(l)"'Efs(l) —Bi,--- B, Ej, "'Ez‘s}

ap-1 = - — -
ERY] olee g il gt
(n-1)! ety T2 iplip! -l !

B O
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It is easy to show that

1
1
%_mem_ 2 g

i1+"'+ir+j1+"'+js:n ’
(2.16)

i i Ji Js Bi1—11 “Bi,,Eji-p Eivp. /iy i\ [ ji s
DR el R (O CHR €9

Therefore, by (1.3), (2.14), and (2.15), one obtains the following theorem.

Theorem 2.3. For n € N with n > 2, one has

1
Rttt ) BB () B ()

iyttt fs=n

_§ s S) 3 <Z> C)(—l)CZH

k= 0<a<r
0<c<s
k+r-n-1<a<r

—_

B - Bi,Ej,---Ej

X
17 21,17 |
i1+ Fig+j1++je=n+a+1-k— rl1 fip! - ]1 ]C‘

1
i1l e e g Ligl e (2.17)
i1+---+ir+j1+~--+j5:n—k+111'12' Lrejies s

xB; -+ B, Ej, - Ej, Bk()+(r )B()
DY Z EHZ Z

11
@) 6) )
it et js=n 11 =0 =0 p1=0 =0 P1 Ps

Bit, - Bi, Ejy-p Ejc-p,
et heprpaD)

X
ilip! i ! -
Take the polynomial p(x) of degree n as follows:

= Y B B WE ) EOX. Qi)

i+t i+t jsH=n
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Then, from (2.18), one gets

pP(x) = (r+s+1)*

1 (2.19)
* 2 BT D () B (OB () - B ()

i+t +o 4 jsH=n—k

By (1.4) and (2.19), one gets, fork =1,...,n,

a= (P00 - pt O

(r+s+ 1)k_1 1

| 141750 oo 1o g 141
k! i1t e o H=n—k+1 nligh- gl glt!

x {B;,(1)---B;,(1)E;,(1)---E;,(1) - B;, - -- B; Ej, - - - E; 0"}

B (r+s+ 1)"*1 r s . S7cn+a+1—k—r 1
- k! > <a><c>(_1)2 2 (nm+a+l-k-r-t)! (220)

0<a<r t=0
0<c<s
k+r-n-1<a<r

DY

ip+eetig i+t o=t

1

— — — Di, -
il dglj ! !

--B,,E; -+ Ej

c

- Z B ---B,Ej -+ E;

s
e tip+ i+ js=n—k+1

Now look at a, and a,_1:

B (r+s+1)"" 1

[ i linl e q Ligleen g 1]
n! i1+-~-+ir+j1+-~-+7'5+t=111'12' il gslt!

an

x {Bi, (1) B;,(1)E;,(1)-+-E;.(1) - By, -+~ B, Ej, --- E;, 0"}

= %{%(r+s)+l— (—%>(r+s)}

B (r+s+1)""

n!

(r+s+1)"

(r+s+1)= p

7
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B (r+s+1)"2 Z 1

aA,_1 =
ol (n-1)! ity el

i+ttt jg =2

x {B;,(1)---B;,(1)E;,(1)---E;,(1) - B;, --- B; Ej, - - - E;.0'}

_(r+s+1)"‘2{11 +1+11<r+s>+1( g L _(_1)(_1><r+s>}
ST oD 26 2722\ 2 28T\ "2 )\ 2\ 2
_(r+s+1)"’2r+s+1

 (n-1)! 2

B (r+s+1)""
T 2(n-1)!
(2.21)

From (2.18), one can derive the following identity:

1
ap = f p(t)dt
0
1 ! ,
= - — - B (x)---Bi (x)Ej (x)---Ej (x)x'dt
i1+~--+ir+§--+js+t:nll! Ry MY ARERY A 4[0 i i i J
1 i i 1

2

i1+t et s +t=n

S () () B Ern !
ll lr pl ps i1—I1 [ J1—=P1~]s—Ps ll+"'+lr+p1+'”p5+t+]"

ps=0
(2.22)

il e,

Therefore, by (1.3), (2.20), (2.21), and (2.22), one obtains the following theorem.

Theorem 2.4. For n € N with n > 2, one has

1
— _ . B-x---B-erx--'E-gxxt
i1+~~-+i,+§~~+js+t:nll!12!"'lr!]ll'”]s!ﬂ u (%) w ()R () (%)

~ n-2 (7’ +5+ 1)k—1 r s . S_CnJraJrl—k—r 1
_ZT )y <a><c>(_1)2 2 n+a+1-k-r—t)

k=1 ' 0<a<r t=0

0<c<s
k+r-n-1<a<r
1
x Z — —_ __Bj,---B,Ej,---Ej,
4 ilip! - dg e !
iyttt fitetjo=t LT aji- c:
Bi ...B: E. ---E:
1 = Js
Y Bi(x)

PRI S L E P I |
ity 4y 4o js=n—k+1 Betge e J1e e Jse
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(r+s+1)""
2(n—-1)!

r+s+1)" i i g s
i1+ tip+ji+e+js+H=n =0 1,=0 p1=0 ps=0
OO, L . 1
AT b R e e L i py 4 ps A b L
(2.23)

Bn—l (x) +
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