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An approximation scheme is defined for incompressible miscible displacement in porous media.
This scheme is constructed by two methods. Under the regularity assumption for the pressure,
cubic Hermite finite element method is used for the pressure equation, which ensures the
approximation of the velocity smooth enough. A second order characteristic finite element method
is presented to handle the material derivative term of the concentration equation. It is of second
order accuracy in time increment, symmetric, and unconditionally stable. The optimal L?-norm
error estimates are derived for the scalar concentration.

1. Introduction

In this paper, we will consider the following incompressible miscible displacement in porous
media, which is governed by a coupled system of partial differential equations with initial
and boundary values. The pressure is governed by an elliptic equation and the concentration
is governed by a convection-diffusion equation [1-6] as follows:

_V-<§VP>EV-u:q, x€eQ, te], (1.1a)
¢%+u-Vc—V.(Dvc) —(6-0)F xe€Q te], (1.1b)
u-v=(Dx)Vc)-v=0, x€0Q, te], (1.1¢)

c(x,0) =co(x), x€Q, (1.1d)
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where Q is a bounded domain in R?, J = (0,T], and § = max{g,0} is nonzero at injection
wells only. The variables in (1.1a)—(1.1d) are the pressure p(x,t) in the fluid mixture, the
Darcy velocity u = (uy, uy)', and the relative concentration c(x,t) of the injected fluid. The v
is the unit outward normal vector on boundary 0.

The coefficients and data in (1.1a)-(1.1d) are k(x), the permeability of the porous
media; p(x), the viscosity of the fluid mixture; g(x, t), representing flow rates at wells; ¢(x),
the porosity of the rock; ¢(x, t), the injected concentration at injection wells (g > 0) and the
resident concentration at production wells (g < 0); § = max(qg,0). Here, for the diffusion
coefficient, we consider a dispersion-free case [5, 6] as follows:

D = ¢pdnl, (1.2)

where d,, is the molecular diffusivity and I is a 2 x 2 identity matrix. Furthermore, a
compatibility condition [, g(x, t)dx = 0 must be imposed to determine the pressure.

The pressure equation is elliptic and easily handled, but the concentration equation
is parabolic and normally convection dominated. It is well known that standard Galerkin
scheme applied to the convection-dominated problems does not work well and produces
excessive numerical diffusion or nonphysical oscillation. The characteristic method has
been introduced to obtain better approximations for (1.1a)-(1.1d), such as characteristic
finite element method [3-7], characteristic finite difference method [8], the modified of
characteristic finite element method (MMOC-Galerkin) [9], and the Eulerian-Lagrangian
localized adjoint method (ELLAM) [10].

We had considered a combined numerical approximation for (1.1) in [11]. Standard
mixed finite element was used for Darcy velocity equation and a characteristics-mixed finite
element method was presented for approximating the concentration equation. Characteristic
approximation was applied to handle the convection term, and a lowest order mixed finite
element spatial approximation was adopted to deal with the diffusion term. Thus, the scalar
unknown concentration and the diffusive flux can be approximated simultaneously. This
approximation conserves mass globally. The optimal L>-norm error estimates were derived.

It should be pointed out that the works mentioned above all gave one order accuracy
in time increment At. That is to say, the first order characteristic method in time was analyzed.
As for higher order characteristic method in time, Rui and Tabata [12] used the second
order Runge-Kutta method to approximate the material derivative term for convection-
diffusion problems. The scheme presented was of second order accuracy in time increment
At, symmetric, and unconditionally stable. Optimal error estimates were proved in the
framework of L2-theory. Numerical analysis of convection-diffusion-reaction problems with
higher order characteristic/finite elements were analyzed in [13, 14], which extended the
work [12]. The [®°(L?) error estimates of second order in time increment At were obtained.

The goal of this paper is to present a second order characteristic finite element method
in time increment to handle the material derivative term of the concentration equation
of (1.1a)-(1.1d). It is organized as follows. In Section 2, we formulate the second order
characteristic finite element method for the concentration and cubic Hermite finite element
method for the pressure, respectively. Then, we present a combined approximation scheme.
In Section 3, we analyze the stability of the approximation scheme for the concentration
equation. In Section 4, we derive the optimal-order L?-norm error estimates for the scalar
concentration. They are of second order accuracy in time increment, symmetric, and
unconditionally stable. We conclude our results in Section 5.
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2. Formulation of the Method
2.1. Statements and Assumptions

In this paper, we adopt notations and norms of usual Sobolev spaces. For periodic functions,
we use the notation as in [4] as follows. Let:

0%y
ox®

Wy =WhQ) = {q; : € LP(Q) for |a <k, periodic} (2.1)

be the periodic Sobolev space on Q with the usual norm. If p = 2, we write
H* = H*(Q) = WK(Q) (2.2)

with norm
ol = llollme el =lello=llelse (2.3)

Moreover, we adopt some notations for the functional spaces involved, which were
used in [12-14]. For a Banach space X and a positive integer m, spaces C™([0,T], X) and
H™((0,T), X) are abbreviated as C™(X) and H™(X), respectively, and endowed with norms

1/2
oo = om0 W= ([Shoolia) . eo

where (/) denotes the jth derivative of ¢ with respect to time. The Banach space Z™ is defined

by

zZm = {fecf(Hm-f(Q)); j=0,...,m}, (2.5)
equipped with the norm

1l 2 = max{ @l cs i 0<j < m}. (2.6)

We also require the following assumptions on the coefficients in (1.1) [3]. Let
a., a*, ¢., ¢*, and K* be positive constants such that

0<a <X o 0<h < plx) <,
p(x)
<)

|G(x, t)] + %(x,t)' < K*.

Other assumptions will be made in individual theorems as necessary.
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2.2, A Cubic Hermite Element Method for the Pressure

The variational form for the pressure equation (1.1a) is equal to the following:
k 1
pr, Vyx)=(qt),x), x€eH (Q), te]. (2.7)

For h, > 0, we discretize (2.7) in space on a quasiuniform triangle mesh Cj, of Q with
diameter of element < hy,. Let W), C L?(Q) be a cubic Hermite finite element space for this
mesh. The finite element method for the pressure, given at a time t € J, consists of P € Wi,
such that

(EVP, Vx) =(qt),x), YxeW,. (2.8)

Since the left-hand side of (2.7) ((2.8), resp.) is a continuous and coercive bilinear form
and the right-hand side of (2.7) ((2.8), resp.) is a continuous linear functional, existence and
uniqueness of p (P, resp.) are ensured obviously [15].

By the theory of the cubic Hermit element, the finite element space W), possess the
following approximation property [15, 16]:

47

inf ||g-xll, < Khy|lg

— 4
inf s=0,1, Vg € HY(Q), (2.9)

where K is a positive constant independent of h,,.
Define IT: C?(Q) — W), is the interplant operator. Then, we have the following
theorem.

Theorem 2.1. Let p and P be the solutions of (1.1a)—(1.1d) and (2.8), respectively, and assume
p € H*(Q). Then, there exists a positive constant K independent of hy, such that

IV (p - P)II < KR pll.- (2.10)

Proof. By Céa lemma, we have

alv(p-P) < (5V(-P),V-P))

- (EV(p—P),V(P—HP)) + <§V(P‘P)'V<H”_P)> (2.11)

_ (EV(p -P),V(p —HP)>

<al|v(p-P)[IV(p-TIP)]|
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Then by (2.9), we can derive

IV(p-P)| < Khlpll, (2.12)

2.3. A Second Order Characteristic Method for the Concentration

Now, we define the characteristic lines associated wig\ vector field u and recall some classical
properties satisfied by them. Thus, for given (x,t) € Q x [0, T], the characteristic line through
(x, 1) is the vector function X, (x,¢;-) solving the following initial value problem:

aa}ie (x, 7)) =v(Xe(x, t;7),7), Xe(x,t;T) =x, (2.13)

where v(X,(x,t;7),T) == u(Xe(x,t;7),7)/ .
Next, assuming they exist, we denote by F, (by L, resp.) the gradient of X, (of v, resp.)
with respect to the space variable x, that is,

v,

(FE)rs(xrt;T) = (x/t;T)/ Lrs(x,t) = o

a(X.),

S

We adopted some propositions and lemmas from [13].

Proposition 2.2. [fv € CO(C"(Q)) for n > 1 an integer, then X, € C°(Q x [0,T] x [0, T]) and it is
C" with respect to the x variable.

In order to compute second order approximations of matrices F, and F,?, we need the
following equations:

OF,

a_,:(x/ t; T) = L(Xe (x/ t; T)/ T)Fe (x/ t; T)/
o ; (2.15)
e 1.y —vf %9 : )

F(xl tr T) =V ( at + Lv> (XE(x/ tr T)I T)Fe (x/ tr T)'
Proposition 2.3. Ifv € C°(C'(Q)), then

|Fe(x,7)| < elleocian™ vx e, t,7e[0,T]. (2.16)
Proposition 2.4. Ifv € CO(C%(Q)) N CY(C(Q)), then F, satisfies the Taylor expansions as

Fe(x,t;s) =T+ (s—t)L(x,t)
(2.17)

+ It(T -s)V <%—zt) + LU> (Xe(x, t;T),T)Fo(x,t;T)dT,
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and its inverse, F, ', satisfies the Liouville theorem as

rLe s

F'(x,t;8) = [ + (s —t)L(X.(x,t;5), 5)

(2.18)

- It(T -tV <%—7: + LU) (Xe(x,t;7),T)Fe(Xe(x,t;8), 5, T)dT.

By using Liouville’s theorem and the chain rule, we obtain

a%_ det F;'(x,t;7) = —det F, (x, t; 7) divo(X.(x, ; T), T),

2
9 et Fl(x,t;7) = —detF,'(x,t;T) ((div v)2 (X (x,£T),T)
or? (2.19)

X div<% + LU) (Xe(x, t;T),T)

—(L . LT> (Xe(x, t;T),T)>.

Proposition 2.5. Ifv € CO(C'(Q)), then

detF.(x,t;T) < elPlocal™  vxeQ, t,re [0,T]. (2.20)
Proposition 2.6. If v € CO(C%(Q)) N C'(C'(Q)), then det F," satisfies
t 62
det Fe—l(x, s)y=1-(s—t)divo(x,t) + f (t - S)ﬁ <det Fe—1> (x,t;T)dT. (2.21)
s T

Variational Formulation

From the definition of the characteristic curves and by using the chain rule, it follows that

¢j—;(Xe(x, L), T) = d%(xe(x, t;7),7) +u(Xe(x,t7),7) - Ve(Xe (x, £ T), T). (2.22)

By writing (1.1b) at point X, (x, t;7) and time 7 and using (2.22), we have

¢%(Xe(x, t;7),T) = V- (DVe)(Xe(x, t;7),7) = ((€-0)§) (Xe(x, £ T), T). (2.23)

Before giving a week formulation of (2.23), we adopted a lemma from [13], which can
be considered as Green'’s formula.
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Lemma 2.7. Let X : Q — X(Q), X € C%(Q) be an invertible vector valued function. Let F = VX
and assume that F~' € C1(Q). Then

f divw(X(x))y(x)dx = f FTn(x) - W(X(x))p(x)dAy
Q r

- J F'w(X(x)) - Vg (x)dx — f div FT - w(X (x))g(x)dx,
? ? (2.24)

with w € H (X(Q)) a vector valued function and ¢ € H*(Q) a scalar function.

Now, we can multiply (2.23) by a test function ¢ € H'(Q), integrate in Q, and apply
the usual Green’s formula and (2.24) with X(x) = X.(x,t; T), obtaining

J‘ (;b@(Xe(x, tT), T)g(x)dx + f F;l (x,t; T)DVc(Xe(x,t; 7)) - Vs(x)dx
o dr Q
+I div FgT(x, tT) - DVe(Xe(x,t;T), T)gp(x)dx (2.25)
Q

- [ (@ oDty

2.4. The Combined Approximation Scheme

We now present our sequential time-stepping procedure that combines (2.8) and (2.25). Part J
into0 =1t <t! <..- <tN =T, with A" = t"—t""1. The analysis is valid for variable time steps,
but we drop the superscript from At. for convenience. For functions f on Q x J, we write
f™(x) for f(x,t"). Asin [3], let us part J into pressure time steps 0 =ty <t; <--- <ty =T,
with At} = t,, — t;,-1. Each pressure step is also a concentration step, that is, for each m there
exists n such that t,, = t", in general, At, > At.. We may vary At,, but except for At;, we drop
the superscript. For functions f on Q x J, we write f,,(x) for f(x,t,,); thus, subscripts refer to
pressure steps and superscripts to concentration steps.

If concentration step t" relates to pressure steps by t,,-1 < t" < t,, we require a
velocity approximation for (2.25) based on U,,-; and earlier values. If m > 2, take the linear
extrapolation of U,,—; and U,,—, defined by

n " =t " =t
EU"=(1+ —"2 YUy - ——"L U,ua; (2.26)
tm—l - tm—2 tm—l - tm—2
ifm=1,set
EU" = U,. (2.27)

We retain the superscript on At}? because EU" is first-order correct in time during the first
pressure step and second-order during later steps.
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Let X : (0,T) — R?be a solution of the ordinary differential equation

d—X =0(X,t), where 9(X,t) := w (2.28)
dt ¢
Then, we can write
d oc
el - h— . 2.29
¢ dtc(X,t) ) o +EU(X,t) - Ve. (2.29)

Subject to an initial condition X (#**!) = x, we get approximate values of X at " by the Euler
method and the second order Runga-Kutta method, respectively,

X(x) = x - A" (x),

At (2.30)
Xt (x) = x — At 5" /2 (x - 76”“(@).

Next, assuming they exist, we denote by F} (resp., by L) the gradient of X} (resp., of
o(x)) with respect to the space variable x, that is, [13, 14]

F(x) == VX}(x) = I(x) — At.LE (x). (2.31)
Hypothesis 2.8. For convenience, we assume that (1.1a)—-(1.1d) is Q-periodic ([3]), that is, all

functions will be assumed to be spatially Q-periodic throughout the rest of this paper.

This is physically reasonable, because no-flow conditions (1.1c) are generally treated
by reflection, and, in general, interior flow patterns are much more important than boundary
effects in reservoir simulation. Thus, the boundary conditions (1.1c) can be dropped.

Lemma 2.9. Under Hypothesis 2.8, if ||0||cow(q)) At < 1/2, we can see that

xp(Q) = xm (@) = Q. (2.32)
Lemma 2.10. Under Hypothesis 2.8, if ||0]|coqwr(q)) At. < 1/2, we have
2
(PR (x) = T+ At L' (x) + (Atc)Z(Lg“(x)) + O<(Atc)3>. (2.33)

Corollary 2.11. Under the assumptions of Lemma 2.10, for all x € Q, we have

det (F) " (x) = 1+ At div 5™ (x) + O((Atc)2>,
(2.34)

|det (F;)‘l(x)| <1+ At]|o™ (%)

+ O((Atc)2>.

CU (Wl,oo (Q))
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The time difference for (2.25) will be combined with a standard finite element in the
space variables. For h. > 0, we discrete (2.25) in space on a quasi-uniform mesh Ty, of Q with
diameter of element < h.. Let M}, C H'(Q) be a finite element space.

A characteristic discretization of the weak form (2.25) is given by {C”" },1:]:1 € My, such
that

Cn+1_cn X" vcn+1+ \vel X"
<¢—Atco RK,(p) + <D (2 A E,V90>

VC™) o XJ, Vo) + % ((Vdivd" - DVC™) o X1, ¢)

1 ~n n NN n 1 et} ""l’l et Ao n
w5 (@ @' Cn o Xpp) = S (77E + (7T 0 XEg), V€ Ma,

(2.35a)
C'=C" VxeQ, (2.35b)

where g o X7 and g o X} are compositions
(g0 Xp)(x) = g(XE(x)), (g0 Xfx) (x) = g(Xexc (%)), (2.36)

C0 is an initial approximation of exact solution ¢y(x) into Mj_, which will be defined in
Section 5.
At each pressure time step t,,, we define

U, = EVPm, (2.37)
U
C* = min(max(C,0),1) (2.38)

is the truncation of C to [0,1]. Then at t,,, (2.8) is the following;:

<‘§VPm, Vx) =(gm x), VY€ Wh,, (2.39a)
(Pm,1) = 0. (2.39b)
The steps of calculation are as follows.
Step 1. C° known — solve (U, ) by (2.37), (2.39a) and (2.39b);
Step 2. by (2.35a) and (2.35b) to solve C! — then by (2.35a) and (2.35b) to solve C%;
Step 3. analogously, {C/~ 1} known — {C/ }"11 such that t" = t;
Step 4. then by (2.37), (2.39a) and (2.39b) for (U1, P1);

Step 5. calculate the approximations in turn analogously to get the pressure, velocity, and
concentration at other time step, respectively.
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Throughout the analysis, K will denote a generic positive constant, independent of h,,

h,, At., and At,, but possibly depending on constants in (C). Similarly, £ will denote a generic
small positive constant.

3. Stability for the Concentration Equation

In this section, we derive the stability for the concentration equation. For a given series of
functions {¢},, we define the following norms and seminorm:

ol 12y = max{[l¢"||; 0<n <N},

N s 1/2
10l = {Atcz;)nwn } ,

1/2
2
D} !

lolly = (o, 0),  llollh = (Dg.9),  llel; = (@G e 9).

N-1
ol oy = { 130 [+ (7)o

In the following sections, we use positive constants as
Cp = CO(”EU”CU(LOO)), 1 =C1 <||Eu||lm(w(l,w))>, Cy = Cz<||EU||CU(W(2/OO))OC1(Lm)>. (3.2)

In our analysis, we need some lemmas.

Lemma 3.1. Under the definitions (2.26) and (2.30), for n =0,..., N and ¢ € L*(Q), it holds that
llpoXI|I> < A +aat)|o]’, i=1,2. (3.3)

Proof. We only need to show a proof in the case i = 1. Let J; be the Jacobian matrix of the
transformation y = X7 (x) = x - v"(x) At as

o} (x) ol (x)
1- s At. _a—sztC
Ji= b2 () . (3.4)
0vj (x) vy (x
_ _ te
6x1 Atc ! 6x2 A
According to the proof of (3.23) in [4], we have
00" (x)
L At.| < KhAt,. (3.5)
axl-
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Since At. = o(h,), for h. sufficiently small, we see that

|det J1 — 1] < c1 Ate. (3.6)
Following (3.6), we have
llp o XE|I* = f ¢(Xp(x) dx = fg ¢(y)*(det 1) dy. (3.7)
We complete the proof. O

Suppose that {C"}N, ¢ H'(Q) and & € C°(L?) be given. We define linear forms J;’”/ 2
and Sl"+1/2 on My, forn=0,...,N-1by

Cn+1 —CroXn Vcn+1+ \vel X"

" % (D(L"VC") o X}, Vip) + % ((Vdivo"- DVC") o X, ¢)

(3.8)
1 ~n+ n SN n
+ E(q ety (§hC )oXE,(p>,
1
n+1/2 = —(gmign+l ~n~n n
(F120) =5 (7 + @) 0 X ),
where ¢ € Mj,.
Lemma 3.2. Let {C"},IN:0 be a solution of (2.35a) and (2.35b). Then it holds that
1 At At.q.
n+1/2~ ~n+l |2 c 2 c |2
(apc ) > Dmc<§||c 15+ SEI9CT + 2R
2
n+1 n n
_2At C™1—C"o X7 |¢
n+1 n n 2 1 ~n+1~n+1 ~n~n n 2
+Z”VC R v +(§'C") o XT. (3.9)
Cly n cAt " . 1+ c1Ate | oy o
~{ S + LT, gl + ELZE e
A 2 2
+C1 te <||Vcn+1 +”vcn” |Cn+1 D) },
where D p;, is the forward difference operator defined by
n+l _ . n
Dapg = & 9" (3.10)

At
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Proof. Substituting ¢ = C"*! into (3.8), we have

n+1 n n n+1 n n
<e42+1/2clcn+l> = <¢C -C OXRK Cn+1> + <DVC T+ (VC )OXE Vcn+1>

At. 2

AtC n n n n+1 AtC E ] n n n+1
+5 (D(L VC") o X2, VC )+7<(dev .DVC") 0 X",C )

1 =N n ~n n n n
+ E(q ot 4 ("C") o X}, C +1>

211+12+I3+I4+I5.

(3.11)
Lemma 3.1 implies that
I ¢Cn+l —Cro X]?’K Cn+1 +C"o X?{K . Cn+1 _Cro XlréK
! At. ’ 2 2
(3.12)
> Dy < ||Cn+1 ) _ ﬂllcn Cn+1 C"o X" |2
= <\ 2 2 RK ¢’
I DVC"+1 +(VC") o X} vVC™l +(VC™) o XE vC™l —(VC™) o XE
2= 2 / 2 " 2
(3.13)
At, At, 2
> Duy, (FIVC ) - LIV + g [ Vet + (vem o Xz
Next, by using c1 At < 1, we obtain
At
== <D(L"VC") o X1, vc"“)
1+ cAt, VC"||D||VC"+1 . (3.14)
At
< ate{iweniy +ve |}
Then when I3 > 0 and I3 < 0, we have
A
I > -G8k {||VC"||D ||VC”+1 D}. (3.15)
Similarly, for 14, we obtain the estimate
At 2
oz -2 fveriy e ). (316)
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Analogous computations to term I, give

| <(?"+1C"+1 4 (qncn) o X" a‘n+1cn+l + (q"C") o X" "+1Cn+1 ( ) o X{l>
5 =

2 4 zqn+1 2L]"+1
1 n 2 1 ~n, n n n ~nn n 2
21<q* o —a”(qC)oXle) ||q”c+1+(qc)oxl
Atc * n * n 1+ At ~n,n n ~n—n n 2
> D (= cm?) + T jjem)? - =2 e 1P + —||lgri et + (Grery o X
4 4 g«

Atc * n * n 2 ~Nnn ~Nn n ~Nn N n 2
ZDMC<T‘1||C ||2) +lICtE - e ||2+4—q*||q Acm g @enyo x|,

(3.17)
which completes the proof. O
From Lemma 3.1, we have
n n+ 1 ~n=n n —n
<§F +1/2 ¢ 1> 5(‘7 +(q )OXE,C +1>
1 - s (3.18)
I | Falza! L) || mr+1mm1 ~n~n||2
¢|C ¢+2{||q c +(1+adt)||g e }
Combining (3.18) with (3.8), we get
1 ny2 At 2 q* n n n n 2
D (FICI5 + ZENVCTlE + S5TIC? ) + 5l - o x|
+ lnvcnﬂ +V(C" o X" 2 + —|lg1icrt ¢ (Nncn) o X" 2 + ”CnHZ
1 Ellp ™ 1g, q q E qx
c n ClAt n ~n ~n||2
< SIClG + =1V el + —||q | (319)
2
+ ClAt <||VCn+1 + ”VCn”D | Cn+l > 2¢| Cn+1

+ %{”qﬁlgnﬂ e+ clAtc)”ﬁ"E"”Z},

which completes the proof of the stability by virtue of Gronwall’s inequality.
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Theorem 3.3 (stability). Let {C"}nN=0 be the solution of (2.35a) and (2.35b) subject to the initial
value C°. Then there exists a positive constant ¢1 = ¢1(||EU||j=wi1.)) independent of h. and At such
that

ICllo 2y + VAL VCllpeo 12y + VAL Clljo (12 + ||C||22(H1)

<af e+ VAR YC | + 1l |

(3.20)

4. Error Estimate Theorem

Now, we turn to derive an optimal priori error estimate in L>-norm for the concentration of
approximation (2.35a) and (2.35b). In order to state error estimates, we need the following
Lagrange interpolation operator [15] T, : C%(Q) — M

Lemma 4.1. There exists a positive integer k such that
IThe = cll, < KB*"|iclle,s, $=0,1, Ye € H(Q)n C° (ﬁ) (4.1)

Let e" = C" = ITyc™ and " = ¢" — Iyc". By Lemma 4.1, it holds that

Kh*

VAL,

ac
ot

"Ml < KRSl [1Dar™|| <

. (4.2)
12 ((t",t"*l );Hk)

Letc € CY(L*)NC°(H?), u € C°(L*),and g € C°(L?) be given. Corresponding to 94;1”1/2
and F*'/?, we introduce linear forms «#"*'/? and ¥"*1/2 on (H(Q))' forn =0,...,N - 1 by
(2.25) as follows:

n+(1/2) 1
<e4n+1/z > _ <¢<%> OX21+(1/2),(P> N <<FZ’+(1/2)> <Dvcn+(1/2)) oXZ*WZ),V(p)
N (dw AE) (DV ¢/ o X102, <P>
" << ~n+(1/2) n+(1/2)> XZH(UZ),(/J),

<q_-n+1/2,(P> = <<Eln+(1/2)gn+(1/2)> oXn+(1/2 (P>, Ve € Hl(Q).
(4.3)

If ¢ is the solution of (1.1a)—(1.1d), we have forn =0,..., N -1

< g2 (p> _ <§cn+(1/2>/q,>, Vo € HY(Q). (4.4)
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We decompose e as

e4Z+(1/2) < Z*(l/z)_?n+(1/2)> +< g+ (/2) _ JZ+<1/2>> c+ JTWZ)’Z- (4.5)

In order to estimate the terms of the right-hand side of (4.5), we need the following lemmas.

Lemma 4.2 (see [13]). Assume the above Hypotheses hold, and that the coefficients of the problem
(1.1a)—(1.1d) satisfy v € CO(W3*(Q)) N CH (W (Q)), g € W**(Q), and ||D]|cowr=(q)) Ate <
1/2. Let the solution of (4.4) satisfy c € Z3, Vc € Z3. Then, for eachn =0,1,..., N -1, there exists
function &% . Q — R, such that

<<e4"+(1/2) —JZ+(1/2)>Cr(P> _ < Z+(1/2) ()0>/ pe Hl(Q) (4.6)

Moreover, §"+(1/ 2 € L2(Q) and the following estimate holds:

|| < @@ el + 1Vellz), (47)

where ¢ denotes a constant independent of At..

Lemma 4.3 (see [13]). Assume the above Hypotheses hold, and that the coefficients of the problem
(1.1a)—(1.1d) satisfy v € CO(W?>*(Q)) N CL (W= (Q)), g € W**(Q), and ||D]|cowre=(q)) Ate <
1/2. Let the solution of (4.4) satisfy ¢ € Z3, Vc € Z3. Then, foreachn =0,1,..., N — 1, there exists

function §"+(1/ 2. Q — R, such that
Fn+(1/2) _ n+(1/2) n+(1/2) Hl Q 4.8
Fn =(& T9) 9eH(Q). (4.8)
Moreover, g”*(“ D e L2(Q) and the following estimate holds:

n+(1/ ~ ~—
gt 2>||0 <& (At)2|GE] 20 (4.9)

where ¢ denotes a constant independent of At..
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Lemma 4.4. Let n = ¢ — ITjc. There exists

2

<°4:+1/2rl’en+l> < é”VenH + Ve OXE

+>{(Dvy™, vert) - (DVn", ver) |

1
2k
+Cl{h <Atc

ey + At (77 + |7

N =

2

5 (4.10)
+
2 o m10) ”C“co (H1) )

oc
ot

O}

Proof. From the definition of 94;1”1/ 2 we have

n+1 n n n+1 n n
w2, e\ _ T MO XRk V" (V") o XE o an
<e4h 1,e > = <¢ AL ,e +( D 5 ,Ve

At
2

+ %(q‘nﬂnnﬂ + (Einqn) ng/em—l)

211+12+13+I4+I5.

+

(D(L"V") 0 X7, Ve ) + % ((vdivo"-DVy") o X, e™1)

(4.11)

Since it holds that

nn+1 _ 1,1" o XIT;K c1 H arl
< - + — , 4.12
e ] Ml G2
we have
(1 +c1At) (1 +2¢1)2 K2R /|| oc || ) T
I < — —|le™ 4.1

1> 2Atc at LZ(tnltnﬂ;Hk) + ||C”L2(tn,tn+1;Hk+l) + 2| e ( 3)

To estimate I, we divide it into three parts as

L= %[(Dvnml'verm) - (DV7", Ve")] + 101+ Inp, (4.14)
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where

I = %[((Dw") o X}, Vel + Vet o X},

I = 2 [(DVA", V") ~ (D7) 0 X§, Ve" o X7)].
The term Iy, is estimated as

s 3[vert e vero x| 2 (0war) o X

1
< n+1 n n
< 8||Ve +Ve" o X}
Using the transformation y = X} (x), we have

_1 N AN
IZZ—ZIQDVH Ve {1 det(ax) dy pdx

La (d*)*At,

< S (K2 g + V")

It is clear that

_a +c1At:) 3 (d*)* At K?h?*

1 2
chH%{ku + A—L”Ve"ﬂ

3> 4 ’
(1 + c1At.)2(d*)? At.K2 K2 1 2
. < c 14 c ||Cn||i[k+l + ZI||Ven+l

Term I5 can be divided it into three parts like term I, as

Is = Is1 + Isp + Is3,

e (e - (e )
to= 5[ ((Vara) oxe o xi(et verexy) ),
i = 5|V i) - (Vi) oxe (Ve ) ox )|

2
+ (1 + 1 At ) K ()2 R [12 -

17

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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Thus, the same kind of computations used for I, leads to the following estimate:

A
15515#(%&

+ (1 + ClAtC)Cg,)thZkHCn”iIkﬂ

(201 +cIAt )03At
[y
1 2
+ §H g™t + <\/q7n"> o X¢

n+1

+ n+171

2
> (4.22)

Gathering (4.11)—(4.19) together, we complete the proof. O

n+(1/2)

We now turn to estimate e”. From the definition of <, and 4" (1/2) we see

<JZ+(1/2)e, en+1> _ <JZ+(1/2)11,671+1> " <<e4n+(1/2) _Jz+(1/2)> c en+1>

(4.23)
+ <<¢2+(1/2) _ ¢n+(1/2)),en+1 >
From Lemmas 4.2, 4.3 and 4.4, we obtain
2
DAtc<2| n+1 enHZD > SAL el _ e o XlréK |
+1”Ven+1+venoxn ||~n+1 n+1+~nenOXn 2
8 p' 12 q E
2 2
< c1{| el e |+ lle"lP + At Ve[ + Atc||e"||3}
(4.24)

{ <DVT["+1 ven+1> _ (DVT[", Ven)}

+C2{h2k< !

+(8t)* (Ve + ell) }

oc
ot

2 2k+2 2
+ ||C||CO(Hk+1)> +h ||C||CO(Hk+l)

Lz(tn el Hk)



International Journal of Mathematics and Mathematical Sciences 19

Summing up the above equation about time from ¢ = 0 to t", we get

s + Atc]iobj < clAtC]iOaj + Aztc {(Dvy™!, vert) - (DV7°, ve') |

1
2k _~
+C2{h <Atc

+(At)* (I1Vell + NlelI) }

ac||?

ot

2 2Kk+2() 4112
* +h 425
Lz(tn,tru-l;Hk) ||C||C°(H’<+1)> ||C||C0(Hk+1) ( )

where
=gl el 51T .
b= sar ¢ = ¢ o Xl |+ g|Tei + Ve o XL 4 7 e 4 el o X,
Using the estimates
B (D, vel) < S ||vel| + conter | (4.27)

for j = 0 and n + 1, and Gronwall’s inequality, we derive the following error estimate.

Theorem 4.5 (error estimate). Let {C"}nN:0 be the solution of (2.35a) and (2.35b) subject to the
initial value C°. Then there exists a positive constant ¢; = c1(|IEU||coqwre»y) independent of h. and
At, such that

||C - C”lw(LZ) +V AtCHV(C - C)”lw(LZ) +V Atc”C - C”loo(LZ) + ||C - C”;Z(Hl)

ol

5. Conclusions

o (4.28)

ot

2 2
. ||c||co<Hk+1)> + At (1ACHE + llelll) }
L2(h¥)

We have presented an approximation scheme for incompressible miscible displacement in
porous media. This scheme was constructed by two methods. This paper is our sequential
research work. Cubic Hermite finite element method for the pressure equation was used to
ensure the higher regularity of the approximation velocity U. A second order characteristic
finite element method was presented to handle the material derivative term of the
concentration equation. We analyzed the stability of the approximation scheme and derived
the optimal-order L?-norm error estimates for the scalar concentration. They are of second
order accuracy in time increment, symmetric, and unconditionally stable.

In the paper, the matrix F, of the gradient of the characteristic line X, and the inverse
matrix F,! were used to approximate the diffusion term. The properties of these matrices
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were very important and derived by the complicated theoretical analysis. This paper is the
first step of our sequential research work. At current stage, we consider a simple case only
for the theoretical aim, which was not related with actual petroleum applications. So, we
consider the diffusion coefficient independent of the velocity u only in this paper. We will
consider the more actual model in petroleum applications later.
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