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We give an Ulam type stability result for the following functional equation: f(ox—ox'+x,) = Bf(x)-Bf(x")+y, (forall x,x" € X)
under a suitable condition. We also give a concrete stability result for the case taking up 8]|x[|”[|x’ |* as a control function.

1. Introduction

In 1940, Ulam [1] proposed the following stability problem:
“When is it true that a function which satisfies some func-
tional equation approximately must be close to one satisfying
the equation exactly?” Next year, Hyers [2] gave an answer to
this problem for additive mappings between Banach spaces.
Furthermore, Aoki [3] and Rassias [4] obtained indepen-
dently generalized results of Hyers’ theorem which allow the
Cauchy difference to be unbounded.

Let X and Y be normed spaces over K, which denotes
either the real field R or the complex field C. Throughout
the paper, we fix scalars a,b,c,d € K\ {0} and vectors
X, € X and y, € Y. We say that a mapping f of X into Y
is (a, b, ¢, d; x, y,)-additive if

f(ax+bx'+x0) :cf(x)+df(x')+y0 1

for all x,x' € X. When x, = y, = 0, we say it to be
(a,b,c,d)-additive. Aczél [5] specified what this generalized
Cauchy equation is. The Ulam type stability problem for
such an f has been investigated in [6-8]. However, these
results have been obtained in cases where either a + b#0
or ¢ + d+0 (see Theorems A and B). In this paper, we
will investigate the problem for (a, —a, ¢, —c; x,, y,)-additive

mappings, that is, in the case a + b = ¢ + d = 0. In Section 2,
we state the details of (a, —a, ¢, —¢; x,, ¥,)-additive mappings
(Theorem 3). In Section 3, we give our main results about the
stability for them (see Theorems 7-10). In the final section, we
apply the results to some concrete examples, where we take
up 8|\ x| ||x'||q as a control function &(x, x') (see Corollaries
11-14).

2. (a,—a,c,—c;x,,y,)-Additive Mappings

The following result asserts that any (a,-a,c,—c;xq, ¥,)-
additive mapping is transformed into some (a,-a,c,—c)-
additive mapping by a certain translation and that any
(a,—a, c,—c)-additive mapping is an additive mapping in
usual sense with some extra condition.

Proposition 1. Let f and g be two mappings of X into Y such
that g(x) = f(x + x,) = y, for all x € X. Then the following
three statements are equivalent:

(i) f is(a,—a,c,—c; xy, yy)-additive,
(ii) g is (a, —a, ¢, —c)-additive,

(iii) g is additive and g(ax) = cg(x) for all x € X.



Proof. (i)&(ii) Since
f(ax —ax" +x,)
=g(ax—ax")+y,
=g(a(x—xp)—a(x' - x)) + ¥
c(x)—cf (x') + ¥
=c(f ) =y0)=c(f(*) =)+

= cg (x = x0) = cg (' = x0) + 3y

2)

for all x, x' € X, it follows that
£ (a,—a,¢,—c; x, y)-additive

S g(a(x—xo)—a(x'—xo))+y0 = cg(x—xo)—cg(x'—
xo) + ¥, (for all x,x" € X)

& glax - ax') = cg(x) - cg(x') (for all x,x" € X)
& g: (a,-a,c, —c)-additive.

(ii)=(iii) Suppose that
g (ax - ax') =cg(x)—cg (x') (3)

for all x,x' € X. When x = x’, we have g(0) = 0. Using
this, g(ax) = cg(x) and also g(-ax) = —cg(x) for all x € X.
Therefore,

gxex) = g(ag _(_x_))
()

!

= cg(jlﬁ) + (—c)g(—%) = g(x)+g(x’)

for all x, x" € X.
(iii)=(ii) Because g(—x) = —g(x) for all x € X (see also
the following remark), it is trivial. O

Remark 2. We denote by Q the field of all rational numbers.
It is well known that if g is additive, then g(gx) = gg(x) for
every q € Q and x € X, that s, g is Q-linear. Hence, if g is
additive and continuous, g must be R-linear. On the other
hand, when K = C, we have a lot of continuous additive
nonlinear mappings by considering the composition of linear
transformations on R and the R-linear isometry (x, y) +
X +iy.

The constant y, is a trivial (a,-a,c, —c; x,, ¥,)-additive
mapping of X into Y. The following theorem says that
unless it is a unique (a,—a,c, —¢; X, ¥,)-additive mapping,
discontinuous one always exists.

Theorem 3. (I) If a = ¢, then there exists a discontinuous
(a,—a, c,—c; xy, yy)-additive mapping of X into Y.
(I1) If a # ¢, then the followings hold:
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(i) If both a and c are transcendental numbers, then there
exists a discontinuous (a,—a,c,—c; Xy, ¥,)-additive
mapping of X into Y.

(ii) If one of a and c is transcendental and the other is
algebraic, then the constant y, is a unique (a,—a,c,
—C; X, ¥o)-additive mapping of X into Y.

(iii) If both a and c are algebraic with a common minimal
polynomial, then there exists a discontinuous (a, —a,
¢, —C; X, ¥o)-additive mapping of X into Y.

(iv) If a and c are algebraic with distinct minimal poly-
nomials, then the constant y, is a unique (a,—a,c,
—C; Xy, ¥o)-additive mapping of X into Y.

Moreover, when K = R, there is no nontrivial continuous
(a,—a, ¢, —¢; x4, ¥y)-additive mapping f of X into Y. On the
other hand, when K = C, if a is not real and a = c (the
complex conjugate of c), then the mapping x — f(x + x,) —
¥, must be conjugate linear for every continuous (a,-a,c,
—C; X, ¥o)-additive mapping f of X into Y.

In order to show Theorem 3, we need some lemmas for
K-valued (a, —a, ¢, —c)-additive functions defined on K. For
any x € KK, we denote by Q(x) the subfield of K generated by
x over Q.

By the following proofs of Lemma 6 and Theorem 3, if
there is a discontinuous (g, —a, ¢, —¢; x,, ¥,)-additive map-
ping, then there are sufficiently many such mappings in the
sense that there exists such a mapping which separates any
Q(a)-linear independent points of X.

Lemma4. Any(a, —a, c, —c)-additive ¢ of K into itself satisfies
o(pla)x) = p(c)p(x) for all x € K and p(X) € Q[X].

Proof. Note that ¢ is additive and ¢(ax) = c¢(x) for each
x € Kby Proposition 1. Let p(X) = ay+a, X +- - +a,X" with
Ay, 4y, . . .»a, € Q. Since ¢ is Q-linear,
¢ (p(a)x) = ayp (x) + a,p (ax) + - +a,p (a"x)
= ayp (x) +ajcp (x) +--- +a,c'p(x) (5
=p©)e(x)
forall x € K. U

Lemma5. Let E and F be subfields of I and y an isomorphism
of E onto F. Then, y has an additive bijective extension ¢ to the
full space K such that

¢ (ex) =y (e) ¢ (x) (6)

foralle € E and x € K. Moreover, one has a discontinuous one
whenever R\ E 0.

Proof. Let{e;: j € Jtand{f;: j € J'} be an E-linear base and
an F-linear base of I, respectively. Because both of them have
same cardinality, we take | = | ' Moreover, we may assume
without loss of generality thate; = f; =1 for some j, € J.
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C E such

For any x € K, there exist a finite I € J and {x;},.; €

that

x= ) xiey )
iel
and this decomposition is unique. Hence, we can define ¢ :
K — Kby

¢ (x) =Y v(x) f. 8)

i€l

This ¢ is a desired extension.

In order to get a discontinuous extension, we consider the
base {e; : j € J}and {f; : j € J}such that f; #e; € R\E
for some j, € J. Because Q C E, take a rational sequence {g,}
converging to e; . Suppose that ¢ is continuous. Then,

¢ (&) — ‘P(ejl) = fi
9)
(P(sn) = 1//(22”) =& — ejl’

asn — o0. This is contradiction. Thus ¢ is discontinuous.
O

Lemma 6. Suppose that a #c.

(i) If both a and c are transcendental numbers, then there
exists a discontinuous (a,—a, c, —c)-additive function
of K into itself.

(ii) If one of a and c is transcendental and the other is
algebraic, then the constant 0 is a unique (a, —a, ¢, —¢)-
additive function of K into itself.

(iii) If both a and c are algebraic with a common min-
imal polynomial, then there exists a discontinuous
(a, —a, ¢, —c)-additive function of K into itself.

(iv) If a and c are algebraic with distinct minimal polyno-
mials, then the constant 0 is a unique (a,—a,c, —c)-
additive function of K into itself.

Moreover, when K = R, every nontrivial (a, —a, ¢, —c)-additive
function of K into itself is discontinuous. On the other hand,
when K = C, if a is not real and a = ¢, then any continuous
(a, —a, ¢, —c)-additive function f of C into itself must be of form
f(x) = ax (x € C) for some « € C.

Proof. (i) Suppose that both a and c are transcendental. Then,
Q(a) (resp., Q(c)) is isomorphic to the rational function field
in indeterminate a (resp., c¢). So, the substitution a — ¢
induces an isomorphism ¢,. : Q(a) — Q(c) of fields.
By Lemma 5, because R \ Q(a) #0, ¢, has a discontinuous
additive extension ¢ to K such that ¢(ex) = ¢,.(€)e(x) for
every ¢ € Q(a) and x € K. Then, ¢p(ax) = @, (a)p(x) =
cp(x) for all x € KK, and, hence, ¢ is (a, —a, ¢, —c)-additive by
Proposition 1.

(ii) Let ¢ be any (a, —a, ¢, —c)-additive function. If a is
transcendental and c¢ is algebraic with nonzero polynomial
such that p(c) = 0, then from Lemma 4, we have

p(x)=¢(p@p@'x)=p@e(p@'x)=0 (10)

for all x € K. If ¢ is transcendental and a is algebraic with
nonzero polynomial such that g(a) = 0, then from Lemma 4,
we have

1 1 1
¢ (x) = mq(cﬂp(x) = mqo(q(a)x) = %q)m) =0
(11)
for all x € K.

(iii) If a is algebraic with minimal polynomial p(X) €
Q[X], then Q(a) consists of all polynomials f(a) in a of
degree up to deg p — 1. So, if c is also algebraic with the same
minimal polynomial p, then the substitution a — ¢ induces
an automorphism ¢,. : Q(a) — Q(c) = Q(a). As same as
(1), @, has a discontinuous (a, —a, ¢, —c)-additive extension.

(iv) Suppose that a and c¢ are algebraic with distinct
minimal polynomials p and g over the field Q, respectively.
Let ¢ be any (a,—a,c, —c)-additive function. To show ¢ =
0, we assume, on the contrary, that there is an x, € K
with ¢(x,) #0. Then, from Lemma 5, we have p(c)e(x,) =
o(p(a)x,) = ¢(0) = 0, and hence p(c) = 0. This contradicts
the prerequisite for a and c. Hence, ¢ must be zero.

When K = R, since every continuous additive function
is R-linear and a #c, there is no continuous (a, —a, ¢, —c)-
additive function by Proposition 1. Now, we consider the case
K = C. Let ¢ be a nontrivial continuous (a, —a, ¢, —c)-additive
function. Note that ¢ is R-linear. If a is not real and a = ¢,
we can easily see that ¢(ix) = —ip(x) for all x € C. Thus,
@ is conjugate linear, and hence ¢(x) = ax (x € C), where
a=¢(1). O

Proof of Theorem 3. (I) We assume without loss of generality
that x, = y, = 0 with the help of Proposition 1. Given an
(a,—a, c, —c)-additive function ¢, take a y;, € Y with [|y,[| = 1
and a nonzero functional & in X*, the dual space of X. Put

fx)=¢h(x)n

Then, we can easily see that f is an (a,—a, ¢, —c)-additive
mapping of X into Y. Also, if ¢ is discontinuous, then so is
f.In fact, if ¢ is discontinuous, we can find a sequence {a,}
in K such that lim,, _, .,a,, = 0 and |p(a,)| = 1 (n = 1,2,...).
Choose an x; in X with h(x;) = 1 and put x,, = a,x, for
each n € N. Then, |x,| = |a,| l|x;| = 0Oasn — oo and
Il f(x )l = lp(a,)l =1 (n=1,2,...),s0 f is discontinuous, as
required. Therefore Theorem 3(I), (II)- (i), and (II)-(iii) follow
easily from Lemmas 4 and 6.

Given an (a, —a, ¢, —¢)-additive mapping f of X into Y,
take x € X and h € Y™ arbitrarily, and put ¢(¢) = h(f(¢x))
for each t € K. Then, ¢ : K — Kis (a, —a, ¢, —c)-additive. If
¢ = 0foreachh € Y" and x € X, then f = 0 by the Hahn-
Banach theorem. Therefore, Theorem 3(1I)-(ii) and (II)-(iv)
follow easily from Lemma 6. The final assertion in (II) also
follows from Lemma 6 and its proof. O

(x € X). (12)

3. A Stability of Generalized
Additive Mappings

In this section, we consider a couple of cases which are left out
in [8] about the Ulam type stability. We take a nonnegative
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function ¢ (say a control function) on X x X and also a certain
nonnegative function & on X which depends on €. We say that
a system of all (a, b, ¢, d; x,, y,)-additive mappings is strictly
(¢, 8)-stable whenever the following statement is true:

“If a mapping f of X intoY satisfies

”f (ax +bx' + xo) —cf (x)-df (x') - y(,” < s(x, x')
(1)

for all x,x" € X, then there exists a unique (a, b, ¢, d; x,, y,)-
additive mapping f. such that

If () = foo ()] <8 () (%)

forallx € X7

Throughout the remainder of this paper, we assume that Y
is a Banach space. This is because all of our results depend on
the following theorems whose proofs need the Banach fixed
point theorem.

Theorem A (see [8, Theorem 3.1]). Leta+b+#0and K > 0
with K|c+d| < 1. One takes a control function € which satisfies

s(x,x') SKs((a+b)x+xo,(a+b)x'+x0) 13)

forall x,x" € X and puts

Ke(x, x)

009 = I Ricrdl

(14)
for each x € X.

Then, the strict (&, 0)-stability holds for the system of (a, b,
¢, d; x,, ¥y)-additive mappings.

Theorem B (see [8, Theorem 3.2]). Letc + d#0 and K > 0
with K < |c + d|. One takes a control function € which satisfies

8((a+b)x+x0,(a+b)x’+x0) SKs(x,x’) (15)

or all x, x' € X and puts
p

e(x, x)

0 = 1Ak

(16)
foreach x € X.

Then, the strict (g, 0)-stability holds for the system of
(a,b,c,d; x,, y,)-additive mappings.

Both of these theorems do not say about (a,-a,c,
—C; X, ¥)-additive mappings at all; however, we will get the
following stability theorems for them. Theorem 7 is of the
case a# — 1, Theorem 8 is of the case b# — 1, and Theorems
9and 10 are for (-1, 1, -1, 1; x,, ¥,)-additive mappings. These
cover all of the systems of (a, -a, ¢, —c; X, ¥,)-additive map-

pings.
Theorem 7. Leta+ 1+0 and K > 0 with K|1 + c| < [c|. One
takes a control function € which satisfies
€ (x, x') < Ke ((a_l + 1) x - a_lxo, (a_l + 1) x' - a_lxo)
17)

forall x, x' € X, and puts
Ke ((cf1 + 1) X = ailxo, x)
le| =K |1+ |

(18)

8 (x) =

for each x € X.
Then, the strict (e, §)-stability holds for the system of (a, —a,
G, —C; Xy, ¥o)-additive mappings.

Proof. Putu = ax — ax' + x,and u’' = x' for each x, x" € X.
Then, (1) changes into

“f (ailu +u - ailxo) - cflf(u) -f (u') + cfly()" )
<& (u, u'),

where

& (u,u') = |1| (a u+u —a lxo,u) (20)

for all u,u’ € X. By denotinga, = a',b, = 1,¢ = ¢,
d, = 1,uy=—-a'xyand vy, = —c 'y, in (19), () changes up
to the following estimate of f by the control function é&;:

“f (alu + blu' + uo) -qfw-d,f (u'

) - VO“ <g (u, u')
(21)

forall u,u’ € X.
Under these transformations, a;,b;,¢;,d,, and ¢ are
equipped with

a, +b, #0, Kle+d| <1,

(22)

& (u, u') < Kg ((a1 +b)u+u(a, +b)u + uo)

for all u,u’ € X. The latter follows from the inequality in
which & must satisfy because by using (20), we get

leley (uu') = e(a u+u' +upu') =e(x,x'),

e((a'+1)x—a'x,(a' +1)x" —a'x,)
=e((@”

e((a’+1) (a7 u+u +up)

—a'xp, (a, + b)) u' + uo) (23)

a + l)x—(flxo,(a1 +b)u +u0)

€ (cf1 ((ay + b)) u+uy)
+ ((a1 +b)u' + uo)
—a"' %y, (ay + b)) u' +14y)
= |cl g ((a1 +b)u+ug(a; +b)u + uo)

for all u,u’ € X. Since (21) and (22) hold, it follows from
Theorem A that there exists a unique (a;, by, ¢;,dy; Uy, vy)-
additive mapping f_, such that

If (o) = foo ()] <

Kep (x,x)

1—K|c1 +d1| (24)
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for all x € X. However, we can easily see the following two
assertions:

() fo is(ay, by, ¢, dys ug, vy)-additive if and only if f is
(a,—a, ¢, —c; xg, y,)-additive,

(ii) (24) is equivalent to ().
This completes the proof. O

Theorem 8. Letc + 1#0 and K > 0 with K|c| < |c + 1|. One
takes a control function € which satisfies

e((a_l + 1) X - a_lxo,(a_l + 1)x' - a_lxo)

(25)
< Ke (x, x’)
for all x,x" € X and puts
-1 _ -1
5 (x) = s((a + l)x a xo,x) (26)

lc+ 1] - K|c|

for each x € X.
Then the strict (e, 8)-stability holds for the system of (a, —a,
C, —C; Xy, Yo )-additive mappings.

Proof. We consider the same transformations and the same
estimate (21) of f by, in the proof of Theorem 7. Under these
transformations, we have
¢ +d,#0, K<|e +d,. (27)
Moreover, for every u, u' € X we have
& ((a1 +b)u+uy (a, +b)u' + uo) < Kg (u, u') , (28)
because
] & (u, u') = ¢ (a_lu +u' + uo,u’) = ¢ (x, x') , (29)

Ic| &, ((a1 +by)u+ug(a; +b)u + uo)

=¢ ((afl + 1) x - ailxo, (cf1 + 1) x - ailxo) .
(30)
Since (21), (27) and (28) hold, it follows from Theorem B that

there exists a unique (a,, b, ¢;,d,; Uy, v,)-additive mapping
foo such that

1F ) - foo ()] < L0
|C1

+d|-K (3D

for all x € X. This means (%) and f, is (a,—a, ¢, —¢; x4, ¥,)-
additive. O

Theorem 9. Let 0 < K < 1/2. One takes a control function e
which satisfies

€ (x, x') < Ke (2x - x4, 2% — xo) (32)

or all x,x' € X and puts
P
(33)

for each x € X.
Then the strict (g,8)-stability holds for the system of
(-1,1,-1,1; x4, yy)-additive mappings.

Proof. Putu = x, u=—x+x + x, for each x, x" € X. Then,
(T) changes into the following estimate of f by the control
function &:

||f(u+u'—xo)—f(u)—f(u')+y0” <g (u,u'), (34)
where
& (u, u') =¢ (u,u +u - xo). (35)

forallu,u’ € X.Puta, =b, =¢, =d, = 1.
Under these transformations, a;,b;,¢;,d,, and ¢ are
equipped with
a,+b =240, Klg+d|=2K<1,
(36)
& (u,u') < Kg ((a1 +b)u—2xp(a, +b)u - xo)

for all u,u’
inequality:

€ X. The latter follows from the following

! !
& (u,u)=s(u,u+u —xo)

SKe(Zu—xO,Z(u+u' —xo)—xo)
(37)
= Ke (Zu — x> (2u — x) + (Zu’ - xo) - xo)

= Kg (2u - Xg» 2u' - xo)

for all u,u’ € X. Since (34), (36) hold, it follows from
Theorem A that there exists a unique (a,, by, ¢, d1; —x¢, — ¥o)-
additive mapping f, such that

Ke, (x,x)

[f (%) = foo ()] < =Ko +d)| (38)

for all x € X. However we can easily see the following two
assertions:

() foo is (ay, by, ¢, dys —xg, —yp)-additive if and only if
foo I8 (=1,1,-1, 1; x,, ¥,)-additive;

(ii) (38) is equivalent to ().
This completes the proof. O

Theorem 10. Let 0 < K < 2. One takes a control function &
which satisfies

€ (Zx — xg,2x" — xo) < Ke (x, x') (39)
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orall x, x' € X and puts
p

e (x,2x — x,)
2-K

8(x) = (40)

for each x € X.
Then the strict (e, 8)-stability holds for the system of
(-1,1,-1, 1; x,, y,)-additive mappings.

Proof. We consider the same transformation and the same
estimate (34) of f by ¢, in the proof of Theorem 9. Under
these transformations, ¢;, d; and ¢, are equipped with

o +d, =2#0, K<2=|q+dy, (41)
& (2u - x0,2u' - x,)
= & (2u - xq, (21 — x) + (2u' = %) — x,)
=e(2x - xp.2 (u+u - xp) = x)
=& (2x - x,2x' - x,) (42)
< Ke (x,x')
= Ks(u,u+u' —xo)
= Ke, (w,u')
for allu,u’ € X. So it follows that
& ((ay +by)u—xp (@ +b)u' - xp) < Key (w,u')  (43)
forallu,u’ € X. Since (34), (41) and (43) hold, it follows from

Theorem B that there exists a unique (a,, b, ¢;, d1; —xg, = ¥,)-
additive mapping f, such that

I @)= ool = 5 (a9
1

+d|-K
for all x,x' € X. This means (f) and foo I8 (=1,1,-1,
1; x4, yo)-additive. O

4. Concrete Examples

Throughout this section, let x, = y, = 0. We fix nonnegative
constants p,q and § and take the control function ¢ defined

by e(x, x') = 6||x||P||x'||q for every x, x' e X.

Corollary 11. Whena+1+0 and |a|P*9|c+1]| < |c|la+ 1P,
one puts

o (v = Olat WPlalflxl?™

= (45)
lclla + 1P —|c + 1] |al ™

for each x € X.
Then, the system of (a,—a,c,—c)-additive mappings is
strictly (g, &")-stable.

Proof. PutK = |a~* + 1|""*?, Then K|c + 1| < |c| and

e(x,x') = Ks((tf1 + l)x, (a71 + 1)x') (46)

for all x, x' € X. By Theorem 7, for a mapping f of X into Y
satisfying (1) for a = —b and ¢ = —d, there exists a unique
(a, —a, ¢, —c)-additive mapping f_ such that

Kéla™ +1|" x|

_ < (47)
for all x,x € X. Because of K = |a™! + 1|7(p+q), we have the
corollary. O

Corollary 12. Whenc+1+#0and |a+1|7™|c| < |c + 1||alP™,
one puts

o ()= Ola+ WPlalflcl?*

= (48)
lal”™lc + 1] = la + 1]7™ c]

for each x € X.
Then the system of (a,—a,c,—c)-additive mappings is
strictly (e, 8')-stable.

Proof. Put K = |a~" + 1|P*. Then K]|c| < |c + 1| and
s((a_l + 1)x, (a_l + 1)x') =Ke (x,x') (49)

for all x,x' € X. By Theorem 8, for a mapping f of X into
Y satisfying (1) for a = —b and ¢ = —d, there exists a unique
(a,—a, ¢, —c)-additive mapping f., such that

Slat + 1" fxf£e

- < (50)
If @) = fo O < = ke
for all x € X. Because of K = |a™! + 1|P+q, we have the
corollary. O
Corollary 13. When p + q > 1, one puts
) 29 8| |1P*
=- - 51
d (x) ) (51)

for each x € X.
Then, the system of (-1,1,-1,1)-additive mappings is
strictly (g, &')-stable.

Proof. PutK = 2P+ Then,
€ (x, x') =Ke (2x, 2x') (52)

for all x, x' € X. Since p + q > 1, we also have 0 < K < 1/2.
By Theorem 9, for a mapping f of X into Y satisfying (1) for
a=c=-landb =d = 1, there exists a unique (-1,1,-1, 1)-
additive mapping f_, such that

295K ||x||P*
1-2K

If (%) = foo )] < (53)

for all x € X. Because of K = 27P*?, we have the corollary.
O
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Corollary 14. When p + q < 1, one puts

_ 27 3«

2-2p*4 69

8 (x)
for each x € X.
Then, the system of (-1,1,-1,1)-additive mappings is
strictly (e, 8")-stable.

Proof. Put K = 28", Then,
€ (2x, 2x') =Ke (x, x') (55)

for all x,x" € X. Since p + q < 1, we also have 0 < K < 2.
By Theorem 10, for a mapping f of X into Y satisfying (¥) for
a=c=-landb =d = 1, there exists a unique (-1, 1,-1, 1)-
additive mapping f,, such that

270 |lx||P*

2-K (56)

If () = foo ()] <

for all x € X. Because of K = 27", we have the corollary. [J

Remark 15. In Corollary 14, taking p = g = 0, we can easily
observe that the corollary is just the stability result due to
Hyers [2, Theorem 1].
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