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ABSTRACT. We study the duality theory for hyperbolic equations. Also, we consider dis-
tributed control systems with positive control and convex cost functionals.
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1. Introduction. Recently Lions, motivated by various practical problems, started
a program of studying the optimal control distributed systems. The developments of
distributed systems are the establishing of the optimality systems which characterize
the optimal control [2, 3, 4, 5]. Duality theory for the corresponding parabolic equa-
tions with positive control has been given by Chan [1]. But, in this paper, we study
the duality theory for hyperbolic distributed control systems. In fact, we consider
distributed control systems with positive control and convex cost functionals. The
approach presented exploits the fundamental results of Lions [2] on the optimality
system which characterizes the optimal control. The method can be used to construct
dual optimal systems when the controls are positive.

2. Duality in the optimal control hyperbolic equations with second-order opera-
tor. Let Q be a bounded open set in R with smooth boundary T and Q = Qx (0, T).
The norm on L2(Q) is denoted by | - | and the corresponding inner product by (-,-).
In Q, information on the state is given by

0%y _ . 2
ﬁJrAyfu, inQ, ueUi, ¥y €L°(Q), ©.1)

v(0) € Ko, y=0, on),
where
Uaa = fulu€L?(Q),u=0in Q},
Ko={¢1deH ' (Q),$=0in0}, 2.2)
> =Tx(0,7),

>
A=) —. (2.3)
5 ox?
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Given u € U,y and y satisfying (2. 1) we set

Jy,u) = Iy Zq| +1 (Nu,u), (2.4)

2
where z; is givenin L2(Q) and N > 0. The problem of optimal control is find inf J (y,u),
u € Uyq,u and y being connected by (2.1). The above problem admits a unique solu-
tion {u,y} which is characterized by the solution {u,y,p} of the optimality system
%y
otz
y=0 on),

¥(x,0:1) = Yo (), aa—f(x,o;w —yi(x) inQ,

+Ay=u foru=0,

(1)

u>=0 ae,inQ,

2

%tfwv y—%4 inQ,

p=0 on ),

p(T) =0, z;—’:(T)=o inQ, (B1)

p+Nu=0 inQ,

p(0) =0,

u(p+Nu) =0

ap(0) 2y (0) . (y1)
3t ¥(0) = 3t ——p(0)=0 inQ.

Next we prove the duality theorem.

THEOREM 1. Let J=1/2|y —%41°+1/2(Nu,u),K=-1/2|y[>+1/2|%4]° —-1/2(Nu,
u). Assume yo, uo, po satisfy (ei), (B1), (y1); y,u in J satisfy (c1); and y, u in K
satisfy (B1). Then

1an J (o, u0) = K(¥0,u0) = supKk. (2.5)
(c1) (B1)

PROOF. (i) We begin by showing that J = K at (o, uo, Po)-
J(>0,u0) = J(v0,u0) — (1o, po) — (1o, Nuo)

2%po

(2.6)
:J(J’o,uo)—<y0, 32 +AP0>—(UO,NMO):K(J’0,MO)-

(ii) To show inf (x1)J = J(»0,Uo), we must check that J(y,u) = J(y,uo), where
(v,u) satisfy (1) and (o, 10, po) satisfy (a1), (B1), (¥1). Now, we have

J(v,uw) = J(yo,u0) = (Yo —2za, ¥ —¥o0) + (Nuo, u —uo)

0°po
ot?
= (po+Nug,u—1up) = 0.

+Apo,y—yo)+(Nuo,u—uo) (2.7)

Thus inf J = J (o, uo).
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(iii) To show sup 4, K = K ()0, u0), we have to check that K(y,u) < K(¥o,uo), where

(y,u) satisfy (81). But we have

02

J(vo,u0) =J (v, u) = (¥ —za, y0—¥) + (Nu,up—u) = (at’f
9°)0
ot?

(
—(v-2za,) = (Nu,u) + (¥o — 24, ¥0) + (Nuo, uo)
(
—(

+ (Nu,ug— )+( +Ayo—u0,l70—17)

+ (1o, Nu +p) — (1o, po + Nuo)

¥ —=2z4,¥) — (Nu,u) + (¥o—za,»0) + (Nuo, uo).

Therefore,

J(v0,u0) — (Y0 — 24, 70) — (Nuo,uo) = J(y,u) — (¥ —za,») — (Nu,u),

or

K(yo,u0) = K(y,u).

This completes the proof.

Now, we define the cost functional as
1 1
= 5 |y(T|u) —2Z4 |EZ(Q> + E(Nu,u)

In Q =Qx(0,T), we consider the following system:

0y (x,0;u)

y(x,0;u) = yo, 3t =1,

u=0 ae,inQ,

p=0 on ),
p(x,T;u)=0 forxeQ,

ot
-p+Nu=0 inQ,

=y(x,T;u)—z4 forxeQ,

u(-p+Nu)=0 a.e,inQ,

ap(O) 33’(0)

y(0) = p(0)=0 onQ.

+Ap, Yo - J’)

(2.8)

(2.9)

(2.10)

(2.11)

(x2)

(B2)

(y2)
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THEOREM 2. Let ] =1/2|y(T;u) = Zal72 o, + 1/2(Nu,u), K = =1/2|y(T;u) |75, +
1/212a175 (g, —1/2(Nu,u). Assume yo, wo, po satisfy (z), (B2), (y2); v, w in J satisfy (e);
and v, u in K satisfy (B»2). Then

inf J = J (0, u0) = K()0,u0) = supk. (2.12)
(a2) (B2)

PROOF. (i) Now we prove that J = K at (g, uo, Po). Then

J(>0,u0) = J(o,u0) + (po,uo) — (Nuo, uo)
82
=J (o, uo) + (TJQOJFAJ/O,PO) — (Nuo,uo) (2.13)

1 2 1 1
=-3 | vo(x, Tsu) | 12q) + Elzdliz(m - E(Nuo,uo) =K (o, up).

(i) We show that J(y,u) = J (¥, u0), where (v, u) satisty («2) and (3o, u0,P0) sat-
isfy (ax2), (B2), (y2).
Jouw) =J (vo,u0) = (vo(Tsu) = za, ¥ (T;u) = yo(Tu)) 12 @) + (Ntho, u —Uo)
= (¥o(Ts;u) —za, ¥ (T;u) = Yo (T;u)) 12 (g + (NUo, u — o)
3 (321170
ot?
= (=po+Nuo,u—-ug) =0,

(2.14)

+Avo,y(t;u)—yo(t;u)>

(iii) Now we claim that sup4,) K = K (o, uo).

J(vo,uo) =J (v, u) = (¥(T;u) — 24, yo(T;u) = ¥ (T, u)) 12(q) + (Nu, uo —u)
= (¥(T;u) _styO(T;u))LZ(Q) —(¥(T;u) _Zd’y(T;u))LZ(Q)

0*)0
ot2
== y(T’u) _Zd)y(T;u))LZ(Q) - (Nu,u)

+ Nu,uo)f(Nu,u)f< +A3’0*u0,700*10)

(
+(Vo(T;u) = za, o (T5u)) 12y + (N, Uo)
(

+ —p+Nu,uo) + (po—Nuo,uo)-

(2.15)
Therefore,
J(v0,u0) = (Yo(T3u) = za, Yo (T3 1)) 12 () — (N1o, Uo) 216
2J(y,u) = (¥(T;u) =24, (T;u)) 12y — (Nu,u),
and this implies
supK (v, u) = K(¥o,uo). (2.17)

(B2)

Thus, the proof is complete. O
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3. Duality in the optimal control of hyperbolic equation with fourth-order oper-

ator. Let us consider the fourth-order differential operator.
n
Usa ={uluel?Q),u=0inQ}, A=> —.

We consider a function a(x,t) such that
aec CH(]O,TT;L®(Q)).
We introduce
V={plp,ApecLl?(Q)}, H=L*(Q)
and
a(t;p,p) = L}a(x,t)Acl)Aq/dx, Vo,pev,

given u € U,y and we set
1 1
Jw =5y -zl +5 (Nu,u),

where z4 € L2(Q),u € Uygq and N > 0.

%y

W+A(aAy)=u,
oA
Ay=0, = y=0, on3,

d
Ay (x,0;u) = yo(x), a%/(x,o;u) =y(x), xe€Q,

0A

u =0, 0y (0) =0, %y(O)zO.
op .
ﬁ+A(aAp):y—zd in Q,
0Ap

Ap =0, W:o on >,
p(x,T;u) =0, W=o on Q,
p+Nu=>=0 inQ.
u(p+Nu) =0,

op(0) _ 0y (0) _

ot y(o) = 0; ot P(O) =0 on Q,

Now we claim the following.

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(x3)

(B3)

(y3)

THEOREM 3. Let J = (1/2)|y —z4l?+(1/2)(Nu,u), K = —(1/2) |y |2+ (1/2)|z4l% —
(1/2)(Nu,u). Assume vy, Uo, po satisfy (xs3), (Bsz), (y3); v, u in J satisfy (x3) and y, u

in K satisfy (B3). Then

inf J = J()0,u0) = K(30,u0) = supK.
(a3) (B3)

(3.6)
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PROOF. (i) We begin by showing that J = K at (yo,uo, Po).

J(v0,10) = J (Y0, u0) — (1o, o) — (Nuo, uo)

a2
=J (0, u0) — ( afgo +A(61Ayo),lﬂo> — (Nuo, uo)

= J(v0,u0) — (30,0 — za) — (Nuo,uo) = K(¥0,uo).
(i) We show that J(y,u) = J (o, Uo).

J,u) = J(vo,uo) = (Yo—24,¥ —¥0) + (Nuo, u —uyg)
32
= (?’ZO +A(aAP0),J’—J’o> + (Nuo,u—uo)

+ (Nug,u—uo) = (po+Nug,u—1up) = 0.
(iii) We prove that K(y,u) < K(»o,uo).

J(0.u0) = J(vow) = (¥ = za, 0=y ) + (N, uo — )

0%p
= (ﬁ +A(aAP), v fy> + (Nu,ug—u)

32
+ ( aty;) +A(adyo) —uo,vo—v>

(3.7)

(3.8)

(3.9

=—(¥—-za, )+ (0—2a,0) + (p + Nu,uo) — (Nuo + po, uo)

- (Nu,u) + (Nuo,uo) + (uo, p) — (v —%a,0)
= —(y—-za,>)+ (20— 20,%0) — (Nu,u) + (Nuo, uo).

Therefore,
K(y0,u0) = K(y,u).

Now, we set the following cost function:

1 1
J=5 |V (T;u) — 24| 120 + 5 (Nu,u),

where z; € L2(Q), u € Uyyg and N > 0 and associated following systems:

ERY
W—FA(‘ZAJ/) =Uu,
0A
Ay =0, ﬁy:O on >,

Ay (x,0;u) = yo(x), %(x,O;u) =y1(x), x€Q,

0A
u =0, 0y (0) >0, %y(O)ZO.

(3.10)

(3.11)

(axq)
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0%p .
W+A(aAp) =0 inQ,
0A
Ap =0, —p=0 on
p on 2 (B3)
p(x,T;u) =0, %(x,T;uhy(x,T;u)—Zd on Q,
-p+Nu=0 inQ,
u(p+Nu) =0,
op(0) 3 2y (0) B (y4)
3t ¥(0) =0, “ar p(0)=0 onQ.
we have the duality result. O

THEOREM 4. Let J=(1/2)|¥(T;u)~Zal72 ) +(1/2) (Nu,u), K=—~(1/2) |y (T;u) |32 g,

+(1/2)12al52q, = (1/2) (Nu,u). Assume yo, uo, po satisfy (), (Ba), (ya); ¥, w in J sat-
isfy (x4) and v, u in K satisfy (B4). Then

inf J = J(y0,u0) = K(0,u0) = supk. (3.12)
(a) (Ba)

PROOF. (i) We begin to prove that

J(0,u0) = J (o, u0) — (10, po) — (Nuo,uo)

52
= J(vo,u0) — ( afgo +A(¢1AJ’0)7PO) — (Nuo,uo)

=J(v0,u0) = (Yo(Tu) = 24, Yo (T;u)) 12 q) (3.13)

’p
ot2

+ (3’0, 0 +A(aAP0)> — (Nuo, uo)

1 1 1
-3 | 70(T;u) |i2(9) +5 |24 |iz(9) - E(Nuo,uo) = K(0,u0)-
(ii) We claim that J(y,u) = J(yo,Uo).

J(v,u) =J (vo,u0) = (¥o(Tsu) =24, ¥ (Ts;u) = Yo(T5U)) 2(g) + (NUo, u — o)
= (vo(T;u) = za, ¥ (T;u) = yo(T;u)) 12(q) + (Nuo, u — o)

2
_ (aatrgo +A(aAPo),y(t;u)_y0(t;u)>

=(—p+Nug,u—1up) =0.

(3.14)

(iii) Now, we verify that K(yv,u) < K(¥o,Uo).

J(vo,u0) = J (v, u) = (¥ (Tyu) — 24, o (Tyu) = ¥ (T3u)) 12y + (NU, o — 1)
= (¥(T;u) —za, ¥0(T;u)) 120y — (¥ (T;u) = 24, ¥ (T;U)) 12
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ot?
= - (¥ (Tsu) —zq, ¥ (T;u)) 12 () — (Nu,u)

2
+(Nu,uo) — (Nu,u) - <a 20 +A(aAyo)—uo,no—v> (3.15)

(
+(Vo(T;u) = za, o (T5;u)) 12 () + (NUo, Uo)
(

+(=p+Nu,uo) + (po— Nuo,uo).
This implies that

supK = K (o, uo). (3.16)
(B4) O

ACKNOWLEDGEMENT. This work was supported by KOSEF, 1996.

REFERENCES

[1] W. L. Chan, Duality in the optimal control of non-well-posed parabolic equations with
positive controls, J. Math. Anal. Appl. 107 (1985), no. 2, 509-519. MR 86f:49048.
Zbl 593.49009.

[2] J. L. Lions, Optimal Control of Systems Governed by Partial Differential Equations, Die
Grundlehren der mathematischen Wissenschaften, vol. 170, Springer-Verlag, New
York, Berlin, 1971. MR 42#6395. Zbl 203.09001.

[3] , Optimal control of non-well-posed distributed systems and related nonlinear par-
tial differential equations, Nonlinear problems: present and future (Amsterdam,
New York), North-Holland Math. Stud., vol. 61, North-Holland, 1982, pp. 3-16.
MR 84d:49020. Zbl 495.49013.

[4] , Optimal control of unstable distributed systems, Current problems in numerical

and applied mathematics (Novosibirsk), “Nauka” Sibirsk. Otdel., 1983, pp. 7-19.
MR 86b:49009. Zbl 547.49012.

[5] J. Mossino, An application of duality to distributed optimal control problems with con-
straints on the control and the state, J. Math. Anal. Appl. 50 (1975), 223-242.
MR 52 6530. Zbl 304.49003.

PARK: DEPARTMENT OF MATHEMATICS, PUSAN NATIONAL UNIVERSITY, PUSAN 609-735, KOREA
E-mail address: jyepark@hyowon.pusan.ac.kr

LEE: DEPARTMENT OF MATHEMATICS, PUSAN NATIONAL UNIVERSITY, PUSAN 609-735, KOREA


http://www.ams.org/mathscinet-getitem?mr=86f:49048
http://www.emis.de/cgi-bin/MATH-item?593.49009
http://www.ams.org/mathscinet-getitem?mr=42:6395
http://www.emis.de/cgi-bin/MATH-item?203.09001
http://www.ams.org/mathscinet-getitem?mr=84d:49020
http://www.emis.de/cgi-bin/MATH-item?495.49013
http://www.ams.org/mathscinet-getitem?mr=86b:49009
http://www.emis.de/cgi-bin/MATH-item?547.49012
http://www.ams.org/mathscinet-getitem?mr=52:6530
http://www.emis.de/cgi-bin/MATH-item?304.49003
mailto:jyepark@hyowon.pusan.ac.kr

