Internat. J. Math. & Math. Sci.
Vol. 24, No. 1 (2000) 67-71
S0161171200003185
© Hindawi Publishing Corp.

PERIODIC SOLUTIONS OF NONLINEAR
DIFFERENTIAL EQUATIONS

XIAOJING YANG

(Received 26 March 1999)

ABSTRACT. The periodic boundary value problems of a class of nonlinear differential equa-
tions are investigated.
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1. Introduction. Let us consider the following nonlinear differential equation
(@) @p(x' () +f(t,x(t)) =0, (1.1)

where 7 = d/dt, f: RxR" — R" is continuous, 2m-periodic in ¢ and f(t,-) € C!
(R™,R™), a(t)@p(x) =:col(a (t) Py (x1),...,an(t)Pp(xn)), ar(t) is 21-periodic and
ai(t) € C1(R,(0,0)), p : R — R be defined by @,(s) = |s|P=2s, with p > 1 fixed,
f(t,x) =col(fi(t,x),...,fu(t,x)).

When p =2, ax(t) =1, k=1,2,...,n. Equation (1.1) is of the form

x"(t)+ f(t,x)=0. (1.2)

Amaral and Pera [1] and recently Li [5] proved the existence and uniqueness results
of (1.2) under the following assumptions:

(L) There exist two constant symmetric n X n matrices Ay and By with eigenval-
ues N,f and (N +1)2, (k = 1,2,...,n), respectively, Ny = 0 is an integer for each
k, D, f(t,x) is symmetric and there exist two time-dependent continuous symmet-
ric n x n matrices A(t) and B(t) such that A, < A(t) < D»f(t,x) < B(t) < By for all
(t,x) € Rx R™, Furthermore, N,f < Ar(t) = pur(t) < (Nxg+1)2 on a subset of [0,277] of
positive measure, where Ay (t) and ug(t) are the eigenvalues of A(t) and B(t), respec-
tively.

Inspired by the work of Li [5], we give sufficient conditions for the existence and
uniqueness of the 27r-periodic solution of (1.1) by using the initial value problem
method and homeomorphism of R" to R".

2. Initial value problem and eigenvalues problem. Throughout this paper, we de-
note the interval [0,27r] and M,, denotes the set of all complex n X n matrices. We
also assume the solutions of (1.1) exist on I for any initial value (x(0),x’(0)) € R2",

Let us consider the initial value problem

u'(t) =g(t,u(®)),  u(0)=uo. (2.1
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LEMMA 2.1 [3, 4]. Assume that g € C(I X R",R") and possesses continuous partial
derivatives 0g/ou on I X R™. Let the solution uo(t) = u(t,tg,ug) of (2.1) exist fort € I
and let

H(t to, ug) = 29 (UL o, o)) 2.2)
ou
Then
_oul(t, to,uo)
¢ (L, to, uo) = T (2.3)
exists and is the solution of
\% =H(t,t0,u0)V (24)

such that ¢ (to,to,uo) is the unit matrix.

LEMMA 2.2 [2]. Suppose A € My,. Then A is an eigenvalue of the matrix A if and only
if exp A is an eigenvalue of the matrix exp A.

LEMMA 2.3 [2]. IfA € My, and there exists 6 > 0 such that |A| > 6 for all eigenvalues
A of A, then ||[A~1] < 6 ||A||"" L, where ||All = maxAY2(A*A) [A* denotes the adjoint
of A, ie., if A= (aij), A* = (aj)].

LEMMA 2.4 [7]. If A= B = 0, and A and B are two real symmetric n X n matrices,
where Ay <Ay <--- <A, and py < Up < --- < U, are eigenvalues of A and B, respec-
tively, then Ay > Ly, fork =1,2,...,n.

LEMMA 2.5 [6]. Assume that F : R"™ — R" is continuously differentiable on R™ and
ILF' (x)]7l <M < +oo for all x € R™. Then F is a homeomorphism of R™ onto R".

LEMMA 2.6. Assume A,B are n X n matrices, then the eigenvalues of the 2n x2n

matrix
0 A
(_B 0) @5)

are the roots of det(AI, + BA) = 0.

PROOF. From the following matrices equality
Al, O Al, -A B A%L, -AA 2.6)
-B A, )\ B A, \ 0 A’,+BA '
we obtain the result of Lemma 2.6 immediately.

3. Main results. Rewrite (1.1) as follows
X' =@q(bt)y), ¥ =-f(t,x), (3.1)

where b(t)y =:col(by (£)y1(t),...,bp(t) yn(t)), bi(t) = a;' (t),and (1/p)+(1/q) =1,
(@=p/(p-1)), ye(t) = ar(t)P,(xy), hence x; (£) = @q (b () yi (1)), k=1,2,...,n.
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Let u = col(x,y) € R?", g(t,u) = col(py(b(t)y), —f(t,x)) € R?", v = col(x, B) =
col(x(0),y(0)) = col(x(0),a(0)p,(x'(0))) € R2", then (3.1) is of the form

u'(t) = g(t,u(t)), u0) =v. (3.2)

Consider the variation equation of (3.2) with respect to u

g = agéi’tu)a (3.3)
where
B0t 0 0@, (b(t)y) o 4
g, u — a_’)/ —-
ou —a3f(t,x) 0 ' (—B o) (3-4)
ox
with
A= (q-1)diag (b1 (t)|y1(0)|172,...,ba(£) [yn(£)|172),
Caf(tx() (3.5)
Biiax =Vf(t,x(t)).
Let
tog(s,u(s,v))
Z(t) = eprO Tds. (3.6)

Then Z(t) is a fundamental solution matrix of (3.3) and Z(0) = I,,,. Meanwhile, by
Lemma 2.1 we know that

ox(t,v) ox(t,v)

ou 0 k!
v 3y(?fv) 8y(£v) (3.7)
ox oB

is also a fundamental solution matrix of (3.3). Therefore

ou(t,v)

Z(t) = FIVR

t €[0,2m]. (3.8)

Define: h,H : R?" — R?", h(v) = col(x(21T,v),y (21T, 1)),
Hw)=v-h). (3.9)

By Lemma 2.1, h(v) is C!-differentiable and so is H(v). Therefore, solving periodic
solution of (1.1) is equivalent to finding the fixed points of h(v) or the zero points of
H(v). From (3.8) and (3.9)

ou2m,v)

ov
2T og(t,u(t,v))
0 ou

H’(v):IZn_h,(v):IZn_ :IZn_Z(ZTr)
(3.10)

=Ty —exp dt.
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THEOREM 3.1. Let A, = (q — 1)diag(Jg" by (1)|B1 — Jo f1(T,x(T))dT|92dL,...,
3T b (t) 1B — [ fu(x,x(T))dT|972dt), B, = ;" VF(t,x(t))dt, where x(t) is any
solution of (1.1) satisfying initial conditions (x(0),y(0)) = v = («, ) € R¥". If there
exist v € R?" and integers Ny = 0, k = 1,2,...,n, such that the matrix B, A, is similar
to a diagonal matrix C, = diag(Aq,...,A,) with (2TTNE)? < A < 2T (N +1)1?, k =
1,2,...,n. Then (1.1) has a unique 21 -periodic solution x(t) satisfying the initial con-
dition (x(0),y(0)) =v.

PROOF. ByLemma 2.5, we need only to show that H' (V) is invertible and that there
exists a constant M > 0 such that ||[[H' (v)]7!|| < M.

In fact, from (3.1) and (3.5), A = (q — 1) diag(b; (t) [y1 (1)|972,...,bu(t) | yn(t)]972),
since

t t
yk<t)=yk<o>—Lfk(T,x(r>)dT=Bk—Lfk(T,xm)dT, k=1.2...n (3.11)

we have

q-2
dt,...,

21 21

t
A, = Adt:(q—l)diag< bl(t)’BI—J fi(T,x(T))dT
0 0 0

21

X by (t)
0

Bn—Jotfn('r,x('r))d'r’qi2 dt). o

From Lemma 2.6, the eigenvalues of the matrix (7%U A(),,) are =+/A11, £/A21,..., £/ Ani.
By (3.5), (3.10), and Lemma 2.2 the eigenvalues of H' (v) are

uk=1—exp(i\/2\7ki)=1—cos A Fisiny/Ax, k=1,2,...,n. (3.13)

From the assumption of Ay and

B _ . «/Ak’
[k| =+4/2—2cos4/Ar = 2| sin > (3.14)
it follows that
| = 2 min ( sin YAk ) >0 (3.15)
1<k<n 2

because Ny < Ax/2 < (Nk+ 1), k=1,2,...,n,

1 +exp (4max; <g<n (Ng +1)2172)

(2min {| siny/Ag/2|})"

Now, from Lemma 2.5, H' (v) is invertible, since by Lemma 2.3, H' (v) is homeomor-
phism of R" onto R™, hence there exists a unique vg € R"™ such that H(vg) = 0, that
is, h(vg) = vo. Theorem 3.1 is proved. O

IH ()17 <

=M. (3.16)

COROLLARY 3.2. Letp =2, ax(t) =1, k=1,2,...,n in (1.1), and suppose (L) holds,
then (1.1) has a unique 27t -periodic solution.
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PROOF. In this case, q = 2, hence A = 211, then eigenvalues of (PB é) are

++/2TTAL, k=1,2,....,n 3.17)

with
2TTNE < Ak < 2T1(Ng +1)2, (3.18)
therefore
||[H’(’U)]71H< 1+exp(2maxlngN(Nk+1)2Tr) -M (3.19)
(2miny <=y {sin [21rax/2|,sin | v2mbe/2|})* ’
where
21 21 .
2N <ar=| M) dt < | pp(t)dt =bg <21 (Np+1)% (3.20)
0 0

From Lemma 2.3 again, (1.1) has aunique 2m-periodic solution. Corollary 3.2 is proved.
O

REMARK 3.3. Corollary 3.2 is the result of [1] and [5].
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