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ABSTRACT. A random system with complete connections associated with a piecewise frac-
tional linear map with explicit invariant measure is defined and its ergodic behaviour is
investigated. This allows us to obtain a variant of Gauss-Kuzmin type problem for the
above linear map.
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1. Introduction. It is known that a map T :[0,1] — [0,1] is called piecewise frac-
tional linear if there is a partition D = {0 = kg < k; < --- < ks, = 1} such that for
every j=1,2,...,m the map is defined by

X e (kjfl,kj), (1.1)

where AJ'DJ' —BJ'CJ' + 0 and T[(kjfl,kj)] = (0, 1).

According to Schweiger [9, 10] such a map which satisfies the equalities TO = T1 =0
and T'0 < 1 is ergodic and admits an invariant measure. Its density h can be calculated
explicitly and takes one of the following shapes:

1 1 1 1
X-‘r[lim, h(X):(XJ’_T)Z, h(X):m, ]/L(X):l, (12)

hix) =

in the special case m = 2. But this is not true for m > 3.
In order to verify his idea, Schweiger [11] introduced a map T : [0,1] — [0,1] de-
fined by

T(x) = 1-(N+1)x’ T T N+2 (1.3)
1-kx i cx < withl<k<N+1,
X k+1 k

where N is a fixed positive integer.
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It is obvious that

Tn—l(x) ] - 1
I—Nr DT () TO=T 00 =
e = . (1.4)
Tnl(x) it g <T"' 00 < pwithl <k<N+1

is the nth iteration of T, n € {1,2,...}.
As a consequence he proved that T is a piecewise fractional linear map withn = N +2
branches which admits an invariant measure with density

1< 1 1
h == - . 1.
(x) x].§)(1+j(N+1)x 1+(j(N+1)+1)x> (1.5)
The present paper arises as an attempt to find the limit
lim p(T7" > ) = (1.6)

and an estimation of the error u(T-" > y) — & for a pregiven nonatomic measure
u on the o-algebra Bjp1) of all the Borel subsets of [0,1] associated with the above
explicit piecewise fractional linear map T arising in case that m > 3. That is to solve a
variant of the Gauss-Kuzmin type problem for a piecewise fractional linear map with
an explicit invariant measure.

Our approach is given in the context of the theory of dependence with complete
connections (see [4]). For a more detailed study of the applications of dependence
with complete connections to the metrical problems and other interesting aspects of
number theory we refer the reader to [1, 2, 3, 5, 6, 7, 8] and others.

The paper is organized as follows. In Section 2, we define a random system with
complete connections associated with the piecewise fractional linear map (1.3). In
Section 3, we study the ergodic behaviour of the above random system. This gives us
the possibility to obtain the asymptotic behaviour of the fact {T~" > y}, v € [0,1],
as n — oo, that is the associated Gauss-Kuzmin type problem.

In the next we need the following notation:

8 =1{0,1,2,...},

8*=1{1,2,3,...1,

Bio,1] is the o-algebra of all Borel subsets of [0,1],
P(X) is the power set of X.

2. The random system with complete connections. Let i be a nonatomic measure

on the o-algebra Bjo,1;- Then we may define
Vo(y) = u(l0,¥1),
(2.1)
Vn(y) =Va(y,1) =u(T"(x) <y), ¥ €l0,1], x €[0,1], n € R*.

PROPOSITION 2.1 (the Gauss-Kuzmin type equation). The function V,,, n € N, sat-
isfy the equation

N+1
- Y _ 1
Vn+1(y)—Vn<1+(N+1)y>+Z[l Vn(k+y>], yel[0,1]. (2.2)

k=1
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PROOF. Taking into account the relations (1.3) and (1.4) we obtain that, for every
¥ €10,1],

Vis1 () :H(TYHl(X) <y)

T"(x) NEL (1 —kTn(x)
“(1—(N+1)Tn(x) )+Z“( T (x) <y>

N+1
bY% 1 (2.3)
T (x < + T (x) >
u( (x) N+1)y) kZlu( (x) y)
N+1
=Vn <1+(N+1)y)+kzl [1 V"(k+y)}
and the proof is complete. O

Furthermore, suppose that V; exists and it is bounded (¢ has bounded density).
Then by induction we have that V,, exists and it is bounded for any n € x*. If we
derive the Gauss-Kuzmin type equation (2.2) we arrive at

4 — 1 ’ y
Vi (07) _[1+(N+1)y]2V"<1+(N+1)y>

No1 (2.4)
+> ! V/< ! ) y e[0,1]
k=1 (k+y)2 " k+y ’ '
We denote
1< 1
py) = yz<1+J(N+1)y 1+(J'(N+1)+1)y) (2:5)
and
Vl
fay) = (yy)), y€[0,1], n€R. (2.6)
Then the relation (2.4) becomes
© 1 1
Frr () _ZJ:O [1+(j+1)(N+l)y - 1+[(j+1)(N+1)+1]y]f ( y )
n+ - 00 1 1 n
ZJ':O [1+j(N+l)y - l+[J(N+l)+1]y] 1+(N+Dy
2.7)

N+lz [k+ +yN+1) k+ +1{'(N+1)] 1
3 2 PN () v elo.

1
=1 ZJ 0[]+1(N+1 1+[j(N+1)+l]y]

We can now prove the following proposition.
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PROPOSITION 2.2. The function

[

s [ 1 _ 1 ]
: 1+(+1)(N+1)y  1+[(+D)(N+1)+1]y
=0 ifk=0
o0 1 y b
g |:l+J (N+1)y 1+[j(N+1)+l]y]
P(y,k) = - - (2.8)
| Hov |
N+1 & k+y+J N+1)  k+y+1+j(N+1)
Z . ifl<k<N+1,
]
s 1+j(N+1)y  1+[j(N+D)+1]y

defines a transition probability function from ([0,1],Bo,17) to (K,P(K)), where K =
{ker|0<k=<N+1, N fixed positive integer}.

PROOF. We must prove that

N+1

> Py, =1, Vyelo,1l (2.9)
k=0
Indeed since
N+1 o
> Z[ Y ] =2 (2.10)
P k+y+J(N+1) Ck+y+1+j(N+1) y+1’
we have that
N+1 N+1
> P(y,k)=P(y,00+ > P(y,k)
k=0 k=1
1

Sito | regovery — e e
J=0 1 1+j(N+1)y ~ 1+[j(N+1)+1]y

(5 1 B 1 LY
SLI+G+DIN+Dy  1+[G+ DN+ +1ly | y+1)

(2.11)
By replacing j+1 with m in the second sum we obtain that
i 1 1 LY
= 1+(G+DIN+Dy 1+[G+D(N+D+1]y | y+1
_ 1 y
Z [1+m(N+1)y 1+[m(N+1)+1]y]+y+1 (2.12)
_ Z 1
1+m(N+1)y 1+[m(N+1)+1]y |’
and the proof is complete. O

Relation (2.7) and Proposition 2.2 lead to the definition of random system with com-
plete connections (RSCC),

{(Y,w),(K,%),u,P}, (2.13)
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where
Y =[0,11], Y = Bo,11,
K={kex|0<k<N+1, N fixed positive integer}, % =P(K),
% .
—, ifk=0,
1+(N+1)y !
u(y,k) =1 1
, ifl<k<N+1,
k+y (2.14)
( 0 1 1
ZJ:0 [1+(j+1)(N+1)y - 1+[(j+l)(N+l)+1]y] .
= i i , ifk=0
2.1‘:0 [1+j(N+1)y - 1+[j(N+1)+1]y]
P(y,k) =
NHZO'OZO[k J‘}Nl Tk ly‘Nl]
Z / +y+i(+) +y+1”(+) , ifl<k<N+1.
k=1 Zj:o [1+j(N+1)y - 1+[j(N+1)+1]y]

3. The ergodic behaviour of the random system with complete connections. For
any complex-valued function f defined on Y, we put

|f\=sug|f(y)\, s(f)= sup M. (3.1)
ye

yi#=y2€Y |y1—3’2|

If we denote by L(Y) the set of all complex-valued measurable bounded Lipschitz
functions defined on Y for which both | f| < o and s(f) < , then it is clear that L(Y)
is a Banach space under the norm || f|l; = | f| +s(f).

Furthermore, let Q denotes the transition probability function of the Markov chain
associated with RSCC (2.13). Then the Markov operator U associated with RSCC (2.13)
is given by

UF) = S Py k) f(u(y,k) j Q(,dy' ) f(3)

kekK

0 1 1
_ 20 [1+(j+1)(1v+1>y - 1+[<j+1)<N+1)+1]y]f< y )

B 1+(N+1)y

(3.2)

S R ——
J=0 [ 1+j(N+1)y ~ 1+[j(N+1)+1]y

+Nfz [kwﬂmn k+y+13+/j(N+1)]f( 1 ) €[0,1]
k+_’y 5 y ’

S| T )
k=1 Z.j=0| T+ N+1)y 1+[j(N+1)+1]y

forall f € L(Y).
In order to study the ergodic behaviour of the RSCC (2.13) we prove the following.

PROPOSITION 3.1. RSCC (2.13)is a RSCC with contraction and its associated Markov
operator given by (3.2) is regular with respect to L(Y).
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PROOF. We have to prove that Ry < « and 7; < 1, where 7, and R, are defined in [4].
To this end, we calculate the derivatives of u and P with respect to 7. We have that

ar(y,0)
dy
Zo'o [_ U+D(N+1) G+ (N+1)+1 ]Zoo [ 1 _ 1 ]
J=0 [+G+DIN+DY1?  [1+(G+DN+D+1)y1? 1 =i=0 [ 1+j(N+Dy — 1+[j(N+D+1]y

(520 w75 — vt 1)
J=0 1 1+j(N+1)y =~ 1+(G(N+1)+1)y

Zoo [ 1 _ 1 ]Zoo [_ J(IN+1) JIN+1)+1 ]
_ J=0 | 1+(G+1)(N+1)y ~— 1+[(G+D(N+1)+1]y Jj=0 [1+j(N+1)y]12 T [1+(G(N+1)+1)y]?

(5520 mbens - ooy )
J=0 [ 1+j(N+1)y 1+ (N+1)+1)y

dpP(y,k)

dy
Zoo [ k+j(N+1)  _ k+1+j(N+1) ]zoo [ 1 _ 1 ]
J=0 [ [k+y+j(N+1)]12  [k+y+1+j(N+1)]? J=0 ] 1+j(N+1)y  1+[j(N+1)+1]y

(250 [reymemy - regwerens )
J=011+j(N+1)y  1+(G(N+1)+1)y

T [ y _ y ]Xw [_ J(N+1) J(N+1)+1 ]
IO Rty +j(N+T)  k+y+1+j(N+1) | <=0 [I+j(N+Dy]2 7 [1+(G(N+D)+1)y]?

’

(Z?:O [1+j(]\11+1)y - 1+(j(N}-1)+1)y])2

(3.3)
where 1 <k <N +1 for every y € [0,1].
Also
1
——— ifk=0,
du(y,k) [1+(N+1)y]2 T
4y NN - if1<k<N+1
(k+y)
for every y € [0,1].
Therefore
sup M <o, keKk,
yey dy
du(y,0) .
sup| —————=1| =1, ifk=0, .
yel}:’) dy (3.5)
du(y,k) 1 .
sup| —————=| <—, ifl<k<N+1.
ver | dy K2

It follows (cf. [4, pages 177-178]) that Ry < o0 and ¥ < 1, that is RSCC (2.13) is a RSCC
with contraction. O

Now, in order to prove the regularity of the associated Markov operator U defined
by (3.2) with respect to L(Y) we have, according to Theorem 3.2.13 in [4], to find an
element y* in [0,1] such that

lim o () -y*| =0 (3.6)



ON A GAUSS-KUZMIN TYPE PROBLEM FOR PIECEWISE ... 759

for any v € Y. Here 0, (y) denotes the support of Q"(v,-), where Q" is the kernel
of U™.
Let v € Y. We define the iterative relation

n € R, with yo = y. 3.7)

1
Yn+1 = m.

It is clear that y, € (0,1), n € 8*. Letting n — o in (3.7) we have

V5-1
2

0<y*=}li££10yn= <1. (3.8)

Now, let A be an open set in [0,1] such that y, .1 € A. Then

Q(yn,A) = > P(yn,k) (3.9)

{keK, u(yn,k)eA}

is strictly positive. So y,,+1 € 01 (Y, ) and using [4, Lemma 3.2.14] we obtain by induc-
tion that y, € 0, (y), for any n € 8*. Since

lon(y)—=y*| = inf |y*—y'|<[y*—yn| —0, (3.10)
y'eon(y) n—oo

we obtain that U is regular, that is the desired result.

By virtue of Proposition 3.1, it follows from [4, Theorem 3.4.5] that RSCC (2.13)
is uniformly ergodic. Moreover, Theorem 3.1.24 [4] implies that Q"(-,-) converges
uniformly to a unique probability measure y on %, which is stationary for the kernel
Q, that is

y(B) = J:Q(y,B)y(dy), (3.11)
where
Q(y,B)= > P(y,k), (3.12)
keBy
with

B, ={keK |u(y,k) €B}

_ [{k=0lu(y,k) B} =B}, VB, yelo1] (3.13)
(ke K\{0} | u(y,k) € B} = B, P Y e

Furthermore, there exist two positive constants g < 1 and ¢ such that
U f=U=fll, = ca"|lfll, (3.14)
for all n € X*, f € L(Y), where
1
Uf = [ Forvax. (3.15)

In general, the form of y cannot be determined but this is possible in our case as we
prove in the following proposition.



760 C. GANATSIOU

PROPOSITION 3.2. The probability measure y has the density

00

1 1 1
p(y)=y;)[lJrj(NJrl)y_1+(j(N+1)+1)y

], ye[0,1]. (3.16)

PROOEF. By virtue of uniqueness of y we have to show that it satisfies (3.11). Since
the intervals [O,u], 0O <u <1/(N+2) and (v,1/k], 1/(k+1) <v < 1/k with k =
1,2,...,N + 1 generate Bjo1; it is sufficient to verify (3.11) only for B = [0,u] and

= (v,1/k].

Suppose that B = [0,u] with 0 < u < 1/(N +2). Then for y € [0,1] we have

By ={k=0| cto,ulf - {k=0f0<y= (3.17)

Yy #}
1+(N+1)y 1-(N+Du)’

> e[O,u]}={lsksN+1Ikzu‘l—y}=®. (3.18)

() _
By —{lsksN+1‘k+

So by (3.12) we have that

0 1 1
Zj 0 [1+(i+l)(N+l)y l+[(]+1)(N+l)+1]y]

Q(y,[0,u]) =P(»,0) = (3.19)

1
ZJ 0[1+J(N+1)y 1+[J(N+1)+1]y}

Consequently, we obtain that

J Q(3,10,ul)p(3)dy
Ju/(l (N+1)u)

. P(y,0)p(y)dy

u/(I-(N+1)u) *® 1 1
J [ YO+G+ DN+ Y] y[1+((j+1)(N+1)+1)y]]dy

0

I
M

~,
I
(=)

[—1og(1+(j+1)(N+1)1_u+w)

#log (1+ (G + DN+ D+ D —x77m )

> + GIN+D+Du]
Jzo[ 1+J(N+1) ]_p<[0’u])'

(3.20)

Hence (3.11) is verified for B=[0,u], 0 <u <1/(N +2).
The case B = (v,1/k], 1/(k+1) <v <1/k, k=1,2,...,N+1 can be treated in a
similar manner. Analogously for y € [0,1] we have that

m_ Yy Yy l]}=
By {k 0‘1+(N+1)y6(v’k 2,

K (3.21)
e(v,%]}:{lsksN+1|05y< l—vv}.

1
(2) _
B 7{1sksN+l‘k+y
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By using (3.12) we obtain that

N+1

Qv (vg])= 3 Pob= Y PO
keBy k=1 322

N+ [ y _ y ]
J=0 [ k+y+j(N+1) = k+y+1+j(N+1)
_ Z .

Z [ 1 _ 1 ]
k=1 £.j=0| T+j(N+1)y ~ 1+[j(N+D+1]y

As a consequence we have

[ oo o] i

(1-kv)/v
>3 Py, k)p(»)dy
k=1"0
N+1

(1-kv)/v > 1 1 d
Jo J._O[k+y+j(N+1)_k+y+1+j(N+1)] Y

M

- k=1
N+1 1-kv

= kZ [log(k+ +j(N+1))—log(k+j(N+1)) (3.23)
=1 0

J

+log(k+ 1-kv +1+j(N+1))flog(k+1+j(N+1))]

_ = 1+j(N+1)v k+1+j(N+1)
- Z[l TGNTD+ 1w 08 k+j(N+1)]

Hence (3.11) is also verified for B = (v,1/k], 1/(k+1) <v <1/kwithk=1,2,...,N+1
and the proof is complete. O

4. A version of the Gauss-Kuzmin type theorem. Now, we are able to determine
the limit of u(T~" > y) as n — o« and give the rate of this convergence.

PROPOSITION 4.1. If the density V|, of u is a Riemann integrable function, then

y+1+j(N+1)

71115190/,1(T’”(x) >y)=2 [log y+j(N+1)

], y=>1, xe[0,1]. 4.1)
j=0

If the density V| of u is an element of L(Y), then there exist two positive constants ¢
and q < 1 such that

) n > y+1+j(N+1)]

- IS 1 4.2

7lgr}oy(T (x)>y)=(1+0q") g[ YiiN+D ) [0,1] 4.2)

forally > 1, n € 8*, where 0 = 0(u,n,y) with |0| <c.
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PROOF. Let Ve L(Y). Then f, € L(Y) and by using (3.15) we have

1 1
Ufo= | foyay) = | vy 1. 4.3)
According to relation (3.14) there exist two positive constants ¢ and g < 1 such that
Ufo=U®fo+G"fo, neN*, (4.4)

with |G" follL < cq™.

If we consider the Banach space C([0,1]) of all real continuous functions defined
on [0,1] with thenorm |- | = sup/| - |, then since L([0,1]) is a dense subset of C([0,1])
we have

lim [G"fo| =0 V. fo € C([0,1]). (4.5)

This means that (4.5) is valid for any measurable function f, which is y-almost surely
continuous, that is, for any Riemann integrable function f,. Consequently, we obtain

1/y
lim (T "(x) > v) = lim Vn<l) = lim U" fo(w)p(w)dw
n—oo n— oo y n— oo 0

17y o . (4.6)

y+1+j(N+1) ]

= w)dw = [10 —_——,

.[o p(w) Jé) 8 y+j(N+1)
that is the solution of the associated Gauss-Kuzmin type theorem. O
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