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ABSTRACT. We propose matrix-variate beta type III distribution. Several properties of this
distribution including Laplace transform, marginal distribution and its relationship with
matrix-variate beta type I and type II distributions are also studied.
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1. Introduction. The random variable u with the probability density function (pdf)
(Ba,b)) ' urta-wt !, 0<u<l, (1.1)

where a > 0 and b > 0, is said to have a beta type I distribution with parameters (a,b).
The random variable v with pdf,

(B(a,b)) 'val(1+v)-@d) 4 >0, (1.2)

where a > 0 and b > 0, is said to have beta type II distribution with parameters (a, b).
Since (1.2) can be obtained from (1.1) by the transformation v = u/(1 —u), some
authors call the distribution of v an “inverted beta distribution.”

The matrix variate generalizations of (1.1) and (1.2) are given as follows (see [1, 3,
4,6, 11]).

DEFINITION 1.1. A p X p random symmetric positive definite matrix U is said to
have a matrix-variate beta type I distribution with parameters (a,b), denoted as U ~
B (a,b), if its pdf is given by

(By(a,b)) " det(U)* PV 12 get (1, —U)"" P2 0<U <1, (1.3)

where a > (p-1)/2, b > (p —1)/2, and By(a,b) is the multivariate beta function
given by

Ly (@)L, (b)

Bpla,b) = L,(a+b)

(1.4)
where

14 .
I,(a) = P-4 ﬂr<a— 121> Re(a) > ’”Tl. (1.5)
j=1
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DEFINITION 1.2. A p X p random symmetric positive definite matrix V is said to
have a matrix-variate beta type II distribution with parameters (a,b), denoted as V ~
B{}(a,b), if its pdf is given by

(Bp(a,b)) " det(V)a= PV 2det (I, + V)" v >0, (1.6)

where a > (p—-1)/2,b > (p—1)/2, and Bp(a,b) is the multivariate beta function.

As in the univariate case, the density (1.6) can be obtained from (1.3) by transforming
U = (I, + V)7V, together with the Jacobian J(U — V) = det(I, + V)~ P*D,

The matrix-variate beta type I and type II distributions have been studied by many
authors, e.g., see [7, 9, 10, 13, 14].

In this paper, a new matrix-variate beta distribution has been defined. We call it
“Matrix-variate beta type III” distribution, which is then derived by using matrix trans-
formation. Several properties of this distribution and its relationship with matrix-
variate beta type I and type II distributions have also been studied.

2. Density function. First, we define the matrix-variate beta distribution of type IIL

DEFINITION 2.1. A p X p random symmetric positive definite matrix W is said to
have a matrix-variate beta type III distribution with parameters (a,b), denoted as
W ~ Bjl(a,b), if its pdf is given by

2rb (Bp (61,10))_1 det(w)b-(p+1)/2

a—(p+1)/2 2.1

—(a+b)

xdet (I, —W) det (I, + W) , 0<W<I,,

where a > (p—-1)/2,b > (p—1)/2, and Bp(a,b) is the multivariate beta function.

For p = 1, the beta type III density is given by
2P (B(a,b)) " wl T 1 -w)* A +w) @ 0<w<1, (2.2)

and in this case we write w ~ B (a,b).
By means of a bilinear transformation of the random matrix U, the matrix-variate
beta type III distribution is generated as in the following theorem.

THEOREM 2.1. Let U ~ B}, (a,b). DefineW = (I, +U) ' (I, —=U). Then W ~ B'(a,b).

PROOF. Making the transformation W = (I, + U)-! (Ip —U) with the Jacobian [12]
in the pdf (1.3) of U, J(U — W) = 2P@P+D/2(1, + W)=+ we get the desired result.
O

From the density of beta type III matrix it is apparent that

J det(W)P=P+D/2 det (1, —w)*~ P2
0<W<Ip r

—(a+h) b (2.3)
x det (I, + W) aw =27P"B,(a,b).
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The cumulative distribution function (cdf) of W is obtained as

P(W <Q) =2""(By(a,b)) " J det(W)b=P+112 det (1, — W) P V72
0<W<Q (2.4)
x det (I,,+W)_(“+h) aw.

For evaluating the above integral, we use the following results involving zonal poly-
nomials [2, 5, 8]:

det (I, W)= V2 Sy “+(’”+1)/2)‘<CK(W), 2.5)
k=0 K
(a+b) (a+b)r
det(I, + W)~ ZZ (—=D'Cr (W), (2.6)
t=0 T
Ce(W)Cr (W) =D g2 Cs(W), 2.7)
o

det(W)a~P+V2det (I, -w)"~ P2 C (RW) dw

0<W<lIp (28)

_ (a) P
_Bp(a'b)(aﬂo),(  Re(b)> P
where k = (k1,...,kp), k1 =2 ---2kp =20, k1 +---+kp =k, T=(t1,...,8p), t1 = --- =
by 20,614+ -+tp=t,0=(dr,....dp),d1 =2+ 2dp=20,d1+---+dp =d = k+1t,
and g,‘E’T is the coefficient of C5(W) in C, (W) C+(W). Substituting (2.5) and (2.6) in (2.4)
and subsequently using (2.7), we obtain

Cx(R), Re(a)>

B 00 00 _ 1 2
P(W < Q) =22 (B,(a,b)) IZZZZ( a+(7f 1),

(2.9)

(tl';b)'r (- 1)t Zgg,T J det(w)h*(l’Hl)/ZCé(W) aw.
6 0<W<Q
Now substituting X = Q~2WQ~1/? with the Jacobian J(W — X) = det(Q)®*1/2 in
the above integral, we get

PW <Q) =2 (B, (a,b)) ' det(@)? ¥ ¥ 33 “+<P+1>/2>

k=0t=0

(0l+b)T( 1) ng'r j det(x)h*(erl)/ZC(s(QX)dX

6 0<X<Ip

opppa+b)L[(p+1)/2] , S8 a+(p+1)/2)
= @I, b+ (p+ 1)j2] 2 gg;;

(2.10)

(a+la)T (b)s
(- 1) Z KTWC(S(Q),

where the last step has been obtained by using (2.8).
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The Laplace transform of the density of W is

L(Z) =2P"(B,(a,b)) " J etr(—ZW) det(w)b~(p+1/2
0<W<Iyp (2.11)

xdet (I, - w)*~ P2 et (1, + W)~ aw,

where Z(p xp) = ((1+6i;)z;ij/2). Now, using the expansions

_ —(a+b)
det(1p+w)7(u+b) = 2-p@+h) qet (Ip* W)
00 b T
v 3y (@tD) ( ) Cr (I, - W), 2.12)
t=0 T
etr(—ZW) =etr(-Z)etr {Z(I, - W)} = etr(-2) sz|CK W),

k=0 K

in (2.11), we obtain

L(Z) =277%(By(a,b)) 'etr(-2) > ZZZ

k=0t=0 Kk T

d(2), (2.13)

where

®(2) = J det(W)r-®+D12det (1, —-w)* PV C (21, - W) Cr (I, - W) dW
0<W<lIp
_ j det (I, — X)~ 7"V det(x)a~ P2 (ZX) Cr (X) dX.
0<X<Ip (2.14)

Since ®(Z) = ®(H'ZH), H € O(p), integrating out H in ®(H'ZH) using [5, equa-
tion 23], we have
Ck(Z)

det (I, - X
Cr(Ip) (=2
0<X<Ip

(p+1)/2

d(Z) = det(X)*P+D2C (X)Co(X)dX. (2.15)

Now using (2.7), and integrating X using (2.8), we obtain

Ce(2) s (a)s Tpla)I,(b)
Celly) =% (@ +Db); Ty(a+b)

(2) = Cs(I,). (2.16)

Substituting (2.16) in (2.13), we finally obtain

1 (a+Db) CK(Z) s (a)s
L(Z)=2"P4 -7 I,). 2.17

3. Properties. In this section, we study some properties of the random matrix dis-
tributed as matrix-variate beta type IIL
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THEOREM 3.1. Let W ~ B,{,H(a, b) and A (p X p) be a constant nonsingular matrix.
Then the density of X = AWA' is
2PY (B, (a,b)) " det(AA)P+112 det(X)b- (P12

(3.1)
x det(AA’ — X)@~P+D/2det(AA" + X) @D 0 < X < AA'.

PROOF. Making the transformation X = AWA' with the Jacobian J(W — X) =
det(A)~P+1D in the pdf (2.1) of W, the density of X is obtained as

2P (B, (a,b)) " det(AA") P2 det(X)b-(P+1)/2

(3.2)
x det(AA" — X)4~P+D/12det(AA" + X)~@D) | 0 < X < AA'.

which is the desired result. O

We will write X ~ Bl'(a,b;AA"). In the next theorem, it is shown that the matrix-
variate beta distribution of type III is orthogonally invariant.

THEOREM 3.2. LetW ~ Bi,”(a, b) and H (p X p) be an orthogonal matrix, whose ele-
ments are either constants or random variables distributed independently of W. Then,
the distribution of W is invariant under the transformation W — HWH’, and does not
depend on H.

PROOF. First, let H be a constant orthogonal matrix. Then, from Theorem 3.1,
HWH' ~ B{,” (a,b) since HH' = I,,. If, however, H is a random orthogonal matrix, then
the conditional distribution of HUH' | H ~ B{,” (a,b). Since this distribution does not
depend on H, HWH' ~ B}!(a,b). O

The relationship between beta type I, type II, and type III matrices is now exhibited.
First, we derive the density of W~1.

THEOREM 3.3. Let W ~ Bl!(a,b). Then the density of Y = W~ is
22 (B, (a,b)) et (Y —1,)* PV det (1, + Y)Y, Y > 1I,. (3.3)

PROOF. Making the transformation Y = W~! with the Jacobian J(W — Y)
det(Y)~?+D in the density of W the result follows.

Lo O

The density derived above may be called the inverse beta type III. From Theorem 3.
it is clear that if W ~ B(a,b), then W~! does not follow beta type III distribution.

THEOREM 3.4. (i) LetU ~ Bj,(a,b) andW = (I, +U) (I, -U), thenW ~ B}(a,b).
(ii) Similarly, if W ~ B}(a,b) and U = (I, + W) ' (I, = W), then U ~ B (a,b).

PROOF. Part (i) is proved in Theorem 2.1. Since W = (I, + U)’l(lp —U), the Jaco-
bian of transformation is J(W — U) = 2P®#*D/2det(I, + U)~?*1, Now, making the
substitution in the density of W given by (2.1) the result (ii) follows. O

THEOREM 3.5. (i) LetV ~ Bl(a,b) and W = (I, +2V)~!, then W ~ Bi(a,b).
(ii) Similarly, if W ~ Blf(a,b) andV = (I, -W)W~1/2, then V ~ Bll(a,b).

The marginal distributions of W is given in the following.
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THEOREM 3.6. Let W = (1! /12), W11 (a x q), and Wy, = Wy — Wy Wi Wi, If

w ~B{,U(a,b), then Wop.q ~ Bg{q(a,b—q/2).

PROOF. From the partition of W, we have

det(W) = det(Wn)det(ng.l), (3.4)

det (I, - W) =det (I; —Wi1) det (Ip_qg — Wop., —Wo Wi (I; = Wy1) ™ Wio),  (3.5)

det (I, + W) = det (I, + Wiy ) det (I_q + Wy, + W Wit (I, + W) ‘W), (3.6)

Now making the transformation Wi, = Wy, X = W21Wf1” %, and Woop = Wy, —
Wy, Wl_ll Wi = Wy, — XX’ with Jacobian J (Wi, Woo, Wo1 — Wiy, Waoq, X) =
det(W;1)?~9/2 and substituting (3.4), (3.5), and (3.6) in the density of W, we get the
joint density of Wy, Wo».1, and X as follows:

th(ﬁp(a, b))71 det(Wll)bi(qul)/z det (Iq — Wu)ai(p+l)/2 det (Iq + Wll)i(quh)

xdet (Waz.1)" ™" V2 det (Ipq = Waz1) ™" det (g +Waz) ™" (3.7)
xdet(Ip_g— (Iy_q —Waz1) "X (I, - Wyy) ' Xx7)* P72 .

XdEt(IP—q+(Iv—q+W22-1)71X(Iq+W11)71X')7(Mb>.
Substituting Y = (I,-q — W22.1) "X (I — Wi1)~"/? with Jacobian J(X — Y) =

det(Ip—q — Waz.1)¥?det(I, — Wy1)P~9/2 and integrating Y, we get the joint density
of WH and W22.1 as

2P2 (B, (a,b)) " det(Wiy)b= @012 det (I, - Wi1)® U7 det (1, + Wip) @+

x det(Waz.1)2= P12 det (Iy_q — Waza )ui(piqﬂ)/2 det (Iy—q + W2z )7(‘Hb)g(A,B),
(3.8)

where

(A;B) = det I,_;— YY, a-(p+1)/2 det I, +AYBYr)—((l+b) dY
g P p-a
Ip—q-YY'>0

_ J J det(I,_4—YY)* P2 D (qa1p._YAYB)dYdZ, forp-q=<aq,
0<Z<lp—q YY'=Z

= I J det(I,—Y'Y)* P2 EP D (g4 b:—AYBY')dYdZ, forp-q>q,
0<Z<lq Y'Y=Z
(3.9)

with A = (Ip,q — W22_1)1/2 (Ip,q + sz.l)fl(lp,q — W22.1)1/2 and B = (Iq — Wll)l/z (Iq +
Wi1) 1 (I — Wa1)V/2. Since g(A,B) = g(A,H'BH), H € O(q), by integrating H in
g(A,H'BH), we obtain
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g(A,B) = J J det(I, 4 — YY) P2 ED (a4 b;—AYY',B)dY dZ

0<Z<lp—q YY'=Z

alp-q)/2
S J det(2)@-P+a-U12 det(I,_, - 2)* P2 ED (a4 b;-AZ,B)dZ
Ip-q(a/2)
0<Z<lp—q
ap-a/2 T, (q/2)Tp_q(a—q/2
- Ta@/2)Tyg(a-ql )zFl(q)<ﬂ,a+b§a;—AaB>
Ip—q(q/2) Ip—q(a) 2
alp-a)/21, _ —al?2
_T p-ala-al )ZFl(m<ﬂ,a+b;a;—A,B>. (3.10)
Iy—q(a) 2

Substituting g(A,B) in (3.8), we get the joint density of Wy; and W».1 as
24t (B, (a, b)) det(Wy)b~@+D/2 det (I, - Wiy ja-(ash)/2

-1
xdet (I +Wyy) @ 2tpr0 bmal (viq (ll, b- g)) det (Wap.p)" P+
(3.11)

xdet (I, g —Wa1)* P V2 et (I,_ g+ Wap.y )~ @0 20-@a/2
XzFl(q) (%,a+b;a; —A,B).
Clearly Wi, and W»;.; are not independent. Integrating Wi, using

2 J det(Wy1)P= @D/ det (I —wiy)* TV P det (1 + Wiy ) "4

0<Wii1<lg

X ,F\ (%,wf b;a; —A,B) Awn,

- J det(B)a~@ V12 det (1, — B)"" V2 (%,a +bia; —A,B) dB

0<B<lIy

= By(a,b) ;Fi? (a,%,a+b;a,a+lo;—A)

= Ba(a,b)det (I, 4+A)™V?

=2-r-@a2g (q,b)det (Ip—q + Wa21) "%, (3.12)
we get the density of W»,.;. For g < p — ¢, using (3.9) and following similar steps we
get the same result. O

Alternately, Theorem 3.6 can be proved using the relationship between type II and
type Il beta matrices. Let V ~ Bf(a,b) and V = (%11 “gi ), Vii(gxq) and Vyy., = Vy; —
V12V2’21 V5. It is well known that V1.2 and V»; are distributed independently (see [4]),
Vit ~Bla—(p-q)/2,b) and Vo, ~ Bl (a,b—q/2). According to Theorem 3.5(i), if
V ~Bll(a,b), then W = (I, +2V)~! ~ BJl(a,b). Furthermore,

Wﬁl_ wil iz _ Iq+2V11 2Vi2 (3.13)
Wt w2 )\ 2V T,_q 42V )’ '

Thatis, W2 ((p—q) X (p—q)) = Way =g +2Vop and Wap.1 = (I +2V2p) L.
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Now, since Vzo ~ Bl (a,b—q/2), then Wap.1 = (Ip_q+2V22) ™' ~BM (a,b—q/2).
The distribution of (AW~1A")~1 where A (g X p) is a constant matrix of rank g (< p),
is now derived.

THEOREM 3.7. Let A(qx p) be a constant matrix of rank q (< p). If W ~ Bi(a,b),
then (AW'A")~! ~ Bll(a,b— (p—q)/2; (AA") 7).

PROOF. We write A =M(; 0)G, where M (qxq) is nonsingular and G (p X p) is
orthogonal. Now,

(AW A 1= (M1, 0)GW G (I, 0)M')™"

-1
= (M’)l[(lq 0)Y! (Igﬂ M1 (3.14)

=)ty TIM

where Y = (J11 }12) = GWG' ~ B(a,b), Yi1(axq) and Y'! = (Y}, =Y}, Y5l ¥y)) ! =
Yiil,. From Theorem 3.6, Yi;., ~ B! (a,b — (p — q)/2) and from Theorem 3.1,
(M")" Y20 .Mt ~ Bl(a,b - (p —q)/2;(MM')~!). The proof is now completed by ob-
serving that MM’ = AA’. O

COROLLARY 3.8. LetW ~ Bl(a,b) anda € R¥,a + 0, thena’a/a’W~'a ~ B"(a,b—
(p—-1)/2).
In Corollary 3.8, the distribution of a’a/a’W~1a does not depend on a. Thus, if

¥ (p x1) is arandom vector, independent of W, and P(y = 0) = 1, then it follows that
YylyWly~BTab-(p-1)/2).

THEOREM 3.9. Let W ~ B)!(a,b), then

E[ det(w)h } I,(a+b)I,(b+h) p—1

= , Re(h)>-b+——,
der(, +w)" |~ 2,y avbrn) < ) 5

(i) E[det(W)"]

_ 27PaL, (a+b)T, (b+h) _ 1 . Pl

=T (atbh) °Fi(a,a+b;a+b+h,51,), Re(h)>-b+ 5
(i) E[det (I, - W)"]

_ 27PAT, (a+b)T, (a+h) _ 1 p-1

= (@, (@rbeh) 2Fi(a+h,a+b;a+b+h,;1,), Re(h)>-a+ >

where > F, is the hypergeometric function of matrix argument.

PROOF. (i) From the density of W, we have

h
E[dEt(W) h}zzf’b(ﬁp(a,b))1 | detwyperwaniz ger(r, —wy+ v
det (I, + W)

0<W<lIp
xdet (I, + W)~ gw

1Bplabrh) gy s —pe PTL

:Zpb(ﬂp(a,b)) Zp(b+”l) 3 2

(3.15)
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Simplifying this last expression using (1.4), we get the desired result.
(ii) From the density of W, we have

E[detW)"] = 27" (B, (a,b)) "

% J det(w)b+h—(p+l)/2 det (Ip—W)a (p+1) /zdet(lp-i-W) (aer)dW.
0<W<Ip (3.16)

Writing det(I, + W)~(@+b) in series involving zonal polynomials using (2.12), we ob-
tain

E[ det(w)"]

_ -1 (a+b):

=2"P4(By(a,b)) > > ———— oY
t=0 T
J det(W)b+h—(p+1)/2det(Ip_W)a—(P+1)/2CT(Ip_W)dW

0<W<lIp

aBpla,b+h) & < (a+b); ar p-1
—»-pa ) _

TR @b EOZ st @rprn, i)y Re(h)>—b+ 5=,

(3.17)

where the integral has been evaluated using (2.8). Finally, simplifying the expression
using results on hypergeometric functions [2, 5], we get the desired result.
Similarly E[det(I, — W)"] can be derived. O

From the density of W, we have

E[Cc(W)] =2PY (By(a,b))”" J C.o(W) det(W)b=(p+D/2
0<W<Ip
xdet (I, —W)* P2 det (1, + W)~ aw.
(3.18)

Writing det(I, + W)~(@*+P) in series involving zonal polynomials using (2.6), we obtain
= a+b
E[Ce(W)] = 27" (By(a,b))” ZZ( Dy
t=0 T :

X J C (W) Cr (W) det(W)P= D12 det (1, - w)* P2 gw
0<W<lIp

= 2P (B, (a,b))” ZZ ‘”'b)T % (3.19)

% J Cs (W) det(W)b~ D12 det (1, - w)*~P*D/2 gy
0<W<Ip

gy @thh (b)s
=2F tzoz ( 1) Z KT( +b) Cé(lp)a

where the last two steps have been obtained using (2.7) and (2.8).
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THEOREM 3.10. (i) Let U ~ Bj,(a,b) and W ~ B)!(c,a + b) be independent. Then
Y =WY2UW2, 0 <Y <1, has the density

2P @) (B, (a,b +¢)) " det(Y)*PD2 det (I, — Y)W

x det (I, +Y)f(Mh“)zFl(b,a+b+c;b+c;—(1p +Y)71(Ip -Y)), 0<Y<I,.
(3.20)

Further, pdf of X = (I, +Y) "' (I, - Y) = (I, + W2UWY2)~1(I, -W2UW/?) is

270 (B (a,b+c)) " det(X)PHe- P2 et (1, — x) P2
x2Fi(b,a+b+c;b+c;—-X), 0<X<I,.

(3.21)

(i) LetU~BJ(a,b) andV ~BJ,(a+b,c) be independent. ThenY =(I,, + V!/2UV1/2)"1
X (I, —VV2UV12) ~ Bl(a, b + ).

PROOF. The joint density of U and V is

op(a+b) (Bp(a,b)Bp(c,a+ b))71 det(U)a P+1/2 det (Ip _ U)b*(p+l)/2
x det(W)@+b=(w+D12 get (1, — W)~ PH1/2 (3.22)

—(a+b+c)

xdet (I, + W) , 0<U<Iy, 0<W <Ip.

Making the transformation Y=W1Y2UW1/2 with Jacobian J(U — Y)=det(W)-(p+1)/2
in above, we get the joint density of Y and W as

2r( @) (B, (@,b)Bp(c,a+b)) " det(Y)* D2 det(W —y)b P2

(3.23)

c—(p+1)/2 )—(u+b+c)

x det (I, — W) det (I, +W , O<Y<W<I.

Substituting Z = (I, - Y)"Y2(W - Y)(I, — Y)1/? with the Jacobian J(W — Z) =
det(I, — Y)?*1/2 and integrating Z, we get the density of Y as

2r@h) (B, (a,b)Bp(c,a+b))” det(y)s P12

xdet (I, - V)" P2 et (1, +y) "
X J det(z)lo—(pﬂ)/zdet(lp_Z)cf(rwl)/z (3.24)
0<Z<Ip

xdet(I, + (I, +Y) ' (I, -Y)z) """ az.

Integration of Z using [5, equation 48] completes the proof.
(ii) From [6], we have V1/2UuVv1/2 ~ B, (a,b +c) and from Theorem 2.1, we have
(I, + VI2UVY2)~1(1, - VV2UV'?) ~ BM(a,b + ). O
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