IJMMS 25:12 (2001) 777-785
PII. S0161171201004525
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

OPTIMAL PROBLEM OF COST FUNCTION
FOR THE LINEAR NEUTRAL SYSTEMS

JONG YEOUL PARK and YONG HAN KANG

(Received 24 January 2000)

ABSTRACT.We study the optimal control problem of a system governed by linear neu-
tral type in Hilbert space X. We investigate optimal condition for quadratic cost function
and as applications, we give some examples.
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1. Introduction. Our main concern in this paper is to study the optimal control
problem of the linear neutral type:

d[X(t)—ZBjx(t—hj)]—on(t)+Zij(t—hj), t>0,
dat < - (1.1
Jj=1 j=1

x(0) = g% x(t) =g'(t), ae.te[-h,0),

where (g%, g') € XxC([-h,0];X).

The optimal control problem of this type has been extensively studied by many
authors (see [1, 2] and the references therein). In [2], Darko studied the Laplace trans-
form and fundamental solution in (1.1). Chukwu [1] handled time optimal control,
bang-bang control and stability for the neutral type. In fact, in the case of B; =0, j =
1,2,...,m in (1.1), Nakagiri [6] studied structural properties of the linear retarded
system and dealt with control problems in a Banach spaces.

In this paper, we obtain the necessary and sufficient condition for the optimal con-
trol problems of the quadratic cost function and deal with the properties of the fun-
damental solution and the adjoint state equations in (1.1). As applications, we will
give some examples.

2. Preliminaries. (1) C denotes the complex plane. R denotes the real numbers, R*
the nonnegative real numbers, and the real interval [0,T] = 1.

(2) The symbol X denotes a given Banach space over the real. However, in some
instances when dealing with Laplace transforms, we have to consider the complex
extension of X which will again be denoted by X. If [-h,0] is an interval in R, the
Banach space of all continuous mapping ¢ from [—h,0] into X will be denoted by
C([-h,0];X).Thenormin C([—h,0];X) is defined tobe ||} | =sup{|Pp(t)|;t € [-h,0]},
where | - || denotes the norm in X. If ¢ in C([—h,0];X) has a derivative which is also
in C([—h,0];X), this will be denoted by (d/dt)¢p(t) = (i)(t).
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(3)If Y is a given Banach space, the space of continuous linear mappings from Y into
itself will be denoted by LC(Y). If Z is also Banach space, the space of all continuous
linear mappings from Y into Z will be denoted by LC(Y, Z).

(4) If X and Y be a given Banach space, the space of bounded mappings from X into
Y will be denoted by B(X,Y) and if X =Y, by B(X).

(5) Let Ap : X — X be a closed linear operator which is the infinitesimal generator
of a semigroup, T(t) = e4ot, of class Cy on X. The domain, @(Ag), of Ag is dense in
X (cf. [3]) and since T(t) is of class Cy there exist constants M > 1 and « such that
IT(t)|| < Me*t (again see [3]).

(6) {A;} and {Bj}, 1 < j < m, are operators in LC(X), for each j we assume
range(B;) is in 9(Ayp) for each j and B € L ([0, T]; X).

(7) The numbers 0 < h; < hy < hz < --- < h,, = h are fixed in R.

Under the above hypotheses, we consider an “integrated” form described by the
equations in (1.1);

€(1.0,(6%.9") = S Byxle-y0.0) < 110 '~ S By ()|

1
&, J (2.1)
+J T(tG)[Z(AjJrAOBj)x(Uhj,O,g)] do, t=0, ’
0 ¢
Jj=1
x(t,0,9) =g'(t), ae.te[-h,0],
where g = (g% g') € XxC([-h,0];X).
Here, x(t,0,g) is the solution with initial condition t = 0.
Note that if f € C(I;X), then
t t
%J T(t—O’)f(O’)dO'=A0J T(t—o0)f(o)do + f(t) (2.2)
0 0
(cf. [2]). Thus we can differentiate (2.1) to obtain
a 2o d a Ui 1
57 X(6,0,9) = _ZBjdtx(t—hj,o,ngt[T(t)( ;ng (=hy)
m
Z Aj+AoBj)x(t—h;,0,9) (2.3)

AOJO T(t-0) [ z (Aj+AoBj)x (U—hj,O,g)] do.

Since (d/dt)(T(t)g°) = AoT(t)gP, if the derivative exists, and making use of (2.1) we
again obtain from (2.3) the equation

X(t,O,g)—ZBj)'c(t—hj,O,g)=A0<x(t,0,g) ZBJ t— hJ,Og))

m m
+ Zij(t—hj,O,g) +Ap Z Bjx(t—hj,O,g) (2.4)
. =
. J
= Aox(t,0,9) + > Ajx(t—h;,0,9)
j=1
(cf. [2, Theorem 2]).
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3. Optimality conditions for quadratic cost function. First of all, we consider the
construction of the solution in the following type:

d[x(t)— ZBjx(t—hj)} =Aox(t)+ > Ajx(t—h;)+B(O)u(t), t=0
dt < = (3.1)
Jj=1 Jj=1

x(0) = g%, x(t) =g'(t), ae.te[-h,0),

where (g% g') € XxC([-h,0];X).
Define the fundamental solution W(t) of (3.1) by

t;0,(g%0)), t=0,
W(t)go=‘=g( 0.(5%.0)) t<g (3.2)

where x(t;u, (g%g")) is the general solution of (3.1) (see [1]).
Hence W (t) is the unique solution of

m t m
W(t) =T(t)+Zx(t—hj)BjW(t—thJoT(t—(T) S x(0—h;) (Aj+A0B))W(0—h;) do,
j=1 j=1
3.3)

where x(o) =0if o <0, x(0) =1if o =0, I identity (cf. [1]).
Note that if g! € C([—h,0];X) is absolutely continuous, then the solution of (3.1)
can be written as

x(t;u,(g°%g")) = [W(D - ﬁ W (t- hj)Bj]gO

Jj=1

m. .0
+ZJ W(t—s—h;)[A;g'(s)+Bjg'(s)]ds
jo17h (3.4)

t
+J W(t—-s)B(s)u(s)ds
0

t
=x(t;0,(9%49")) +L W (t—$)B(s)u(s)ds.

(Cf. [4, page 400]).
In the following, we obtain the properties of the fundamental solution.

LEMMA 3.1. Let W(t) be fundamental solution of (3.1). Then we have the following:

;t[W(t)—ZBjW(t—hj)] =AW (t)+ > A;W(t—h;). (3.5)
j=1

j=1
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PROOF. From (3.3) and (d/dt)T(t) = AgT(t),

d

dt[W(t)—th h;)B;W (t—hj)]

d[T(t)+J T(t- s)zxs hj)(Aj+AoBj)W(s— hj)ds}
j=1

—AOT(t)+J AT (t— S)Zx s—h;)(Aj+AoB;)W(s—h;)ds
j=1

+ 2, X(E=hj)(Aj+AoB;)W(t - hj)

Mz

Il
—

J

= Ag Tt)+J T(t- S)sz h;)(Aj+AgBj)W (S_hj)d5:|

j=1

| —

'M§

X(t—hj)(Aj+AoB;)W(t—h;)

Jj=1

m m
:A()W(t)—A()ZX(t—hj)Bj (t—hj)+ Z (t—hj)(Aj+AoB;))W(t —h;)
Jj=1 j=1

=AW (t)+ D> x(t—h;j)A;W (t—hj).

j=1
(3.6)
Since definition of x(-),
m m
zx(t—hj)Bj (t— I’LJ) zB‘W(t—]’LA,‘),
j=1 j=1
” " (3.7)
Zx(t—hj)AJ (t—h;) = ZAJ'W(t—hj).
j=1 j=1
Hence this proof is complete. O

W*(t), A;‘, Af, and B;-k denote the adjoint operators of W (t), A;, Ao, and B;, respec-
tively.
A similar method as in Lemma 3.1, we consider Lemma 3.2.

LEMMA 3.2. Let W (t) be fundamental solution of (3.1). Then

;t<W*(t)—ZW*t h;)B )=A;’;W*(t)+Zx(t—hj)AjW*(t—hj). (3.8)
j=1 j=1

PROOF. From (3.3) and AJW*(t) = W*(t)Af, A}‘W*(t) = W*(t)A;’-‘, B;"W*(t) =
W*(t)B;‘, we have

W*(t)—zxt hj)BfW*(t—h;) = T*(t)+J T*(t—o Z (A¥+ABF)W*(0—h;)do.
J=1 Jj=1

(3.9)



781

OPTIMAL PROBLEM OF COST FUNCTION
= A5 T*(t), we have

Differenting (3.9) and using (d/dt)T*(t)

d[w*(t)—zxt hj)BFW* (t - h)]

dt =
= AGT*(t)+ > x(t—hj) (AF + AGB;)W*(t —h;)
j=1
JAOT*(t O')Zx(r hj)(A¥ + AGB)W* (0 —h;)d
Jj=1
_AO[T*(t)+J T*(t - U)Zx(f hj) (AT +AGBY)W* (0 —h;)do
. =t (3.10)
+Zx(t—h1)(A*+A0 )W (t —hj)
j=1
= 3‘[W*(t > x( J)BIWE(t - h)]
Jj=1
+ > x(t—hj)(Af+ AGB})W*(t—h;)
j=1
= (1) + D x(t—hj)ASW* (t—h;).
j=1
Since definition of x(-),
Zx(t hj)BfW*(t—hj) = > BfW*(t—h;),
- ~ 3.11)
D X(t—hj)ATW*(t—hj) = > ATW*(t—h;).
j=1 j=1
O

Hence this proof is complete
Secondly, we consider the following cost function
(3.12)

T T
$(u) J ||Cxu(t)—zd||idt+L (Nu(t), u(t))
where the observation operator C is bounded from H to another Hilbert space X, every
control u € L2(0,T;U) and z4 € L2(I;X), I =[0,T]

Finally, we assume that N is a selfadjoint operator in B(X) such that
(3.13)

(Nu,u) = cllull?, ¢>0,

where B(X) denotes the space of bounded operators on X. Let x,(t) stands for a
solution of (3.1) associated with the control u € L2(0, T;U). Let U,q be a closed convex

subset of L2(0,T;U).
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THEOREM 3.3. Let the operators C and N satisfy conditions (3.12) and (3.13). Then
there exists a unique element u € U,q such that

Fu) = inf $(v). (3.14)
veUyq
Furthermore, it is hold the following inequality:

T
L (=A7IB(t)*p(s) +N(s),v(s)—u(s))ds =0, (3.15)

where p (s) is a solution of adjoint state equation for (3.1) and with the initial condition
p(s) =0 fors € [T, T+ h] substituting q; by —C*A(Cx, (t) —z4). That is, p (t) satisfies
the following transposed system:

m

dtp(t)+z Jdt p(t+h;)+Asp (1) + A¥p(t+h;)+C*A(za—Cxy (1))=0, ae.t€l,
j=1

(3.16)

p(s)=0 ae.se[T, T+h] (3.17)

in the weak sense. Here, the operator A is the canonical isomorphism of U onto U*.

PROOF. Let x(t) = x(£;0,(g%g")). Then it holds that
T 2 T
}(v):J [|Cxy () — 24| dt+J (Nv(t),v(t))dt
0 0
T T
:JO HC(xv(t)—x(t))+Cx(t)—zd||2dt+L (Nv(t),v(t))dt (3.18)
T
:Tr(u,v)—ZL(v)+JO llza — Cx ()| dt,

where

T T
mu,v) = [ (Clxu®) -x(0),Clxa (D -x(@)) e+ | (Nuto),v(0)de
0 0 (3.19)

T
Lv) = Jo (zg—Cx(t),C(xy(t) —x(1)))dt

The form 7t (u, v) is a continuous bilinear form in L?(0, T;U) and from the assumption
that the operator N is positive definite, we have

ww,v)=clvl? v elL?0,T;U). (3.20)
Therefore in virtue of Theorem 1.1 of Chapter 1 in [5], there exists a unique u €
L2(0,T;U) such that (3.14) holds.

If u is an optimal control (cf. [5, Theorem 1.3. of Chapter 1]), then

Fuw-u)=0, u€Uyg, (3.21)
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where $'(u)v means the Frechet derivative of $ at u, applied to v

T

t
$'(u)y(v-u)= J (Cxu(t) fzd,CJO W(t—s)B(s)(v(s) fu(s))) dsdt

0

T
+IO (Nu(t),v(t)—u(t))dt (3.22)

T t
= J (C*A(Cxu(t) fzd),J( W(t—s)B(s)(v(s)—u(s)) ds) dt.
0 0

Note that C* € B(X*,H) and for ¢ and y in H, we have
(C*ACy,d) = (Cy,Co), (3.23)

where duality pairing is also denoted by (-, -).
From Fubini’s theorem, we have
T rt T
.[o JO(C*A(Cxu(t)—zd),W(t—s)B(s)(v(s)—u(s))) dsdt+f0 (Nu(t),v(t)—u(t))dt
T (T
= L J (C*A(Cxu(t) —zq),W(t—s)B(s)(v(s)—u(s)))dtds
T
+J (Nu(t),v(t) —u(t))dt
0

T T
= L (J (AT'B* (S)W* (t —s)C*A(Cxy () —z3)) dt + Nu(s), v (s) —u(s)) ds

T
- L (=A"B*(5)p(s) + Nu(s),v(s) —u(s)) ds = 0,

(3.24)
where p(s) is given by (3.14) and (3.16), that is,
T
p(s) =—J W*(t—s)C*A(Cxy (1) —z4) dt. (3.25)
S
By using Lemma 3.2 and differentiating (3.25) with respect to s, we get (3.16). O

COROLLARY 3.4 (maximal principle). Let u be an optimal solution for $. Then

max (v,A"'B*(s)p(s)) = (u,A"'B*(s)p(s)), (3.26)

veUyq

where p(s) is as in Theorem 3.3.

In application, by using Lemmas 3.1 and 3.2, Theorem 3.3, and differentiating p(s)
with respect to s, we obtain some examples.
The cost $; is given by

gy = <x(T),Lp;§>+L (x(6), Wi (D) dt, (3.27)

where ¢ € X* and @§ € Ly (I; X*).
Then we have the following example.
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EXAMPLE 3.5 (special linearized Bolza problem). Let (u,x) € Uy X C(I;X) be an
optimal solution for ¢, in (3.27). Then

12[%) (B(t)v,p(t)) = (B(t)u(t),p(t)) ae.tel, (3.28)

where

T
p(t)=-W*(T-t)y§ —L WH(s-t)y*(s)ds, tel. (3.29)

If X is reflexive, then p(t) in (3.29) belongs to C(I;X*) and satisfies

;t[p(t)+ZB}<p(t—hj)}+A0p(t)+ZA;‘p(t+hj)—Lpf(t)=0 ae. tel,
Jj=1 Jj=1 (330)
p(T)=-ys, p(s)=0, se(T,T+h]

in the weak sense.
Let X be a Hilbert space. As usual we identify X and X*. The cost $, is given by

:%|X(T)—xd|2, x4 € X. (3.31)

EXAMPLE 3.6 (terminal value control problem). Let (u,x) € Uy X C(I;X) be an
optimal solution for $, in (3.31). Then

mg()i) (B(Hv,p(t)) = (B(HHu(t),p(t)) ae.tel, (3.32)

where p(t) is given by
pt)=W*(T-1t)(xq4—x(T)), tel. (3.33)

The adjoint state p € C(I;X) in (3.33) satisfies

m
[ (t)+z ¥ p(t+h;)) ]+A§p(t)+ZA}‘p(t+hj)=0 ae tel,
j=1 (3.34)

P(T):xaz—X(T), p(s)=0, se(T, T+h]

in the weak sense.

Let X and Y be Hilbert spaces. The cost $3 is given by
ga= [ QxR+ i) at, (3.35)

where A > 0. Then we have the following example.

EXAMPLE 3.7 (minimum energy problem). Let (u,x) € Uyq X C(I;X) be an optimal
solution for $3 in (3.35). Then

velU

max (B(Hyv,p(t)) —v|2) = B®u),pt)) —lu)? aetel, (3.36)
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where ,
p(t):—J W*(s—1)(2A%x(s))ds, tel. (3.37)
t

The adjoint state p € C(I;X) in (3.37) satisfies

m m
;t[p(t)+ Zij(th)} +AGp()+ Y Afp(t+h)) —22%x(t) =0 ae tel,
j=1 Jj=1
p(s)=0, se[T,T+h]
(3.38)
in the weak sense.
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