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EXPONENTIAL FORMS AND PATH INTEGRALS
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ABSTRACT. Two distinct systems of commutative complex numbers in n dimensions are
described, of polar and planar types. Exponential forms of n-complex numbers are given
in each case, which depend on geometric variables. Azimuthal angles, which are cyclic
variables, appear in these forms at the exponent, and this leads to the concept of residue for
path integrals of n-complex functions. The exponential function of an n-complex number
is expanded in terms of functions called in this paper cosexponential functions, which are
generalizations to n dimensions of the circular and hyperbolic sine and cosine functions.
The factorization of n-complex polynomials is discussed.

2000 Mathematics Subject Classification. Primary 32A45, 33E20, 46F15, 58]15.

1. Introduction. Hypercomplex numbers are a generalization to several dimen-
sions of the regular complex numbers in 2 dimensions. A well-known example of
hypercomplex numbers are the quaternions of Hamilton, which are a system of hyper-
complex numbers in 4 dimensions, the multiplication being a non-commutative opera-
tion [1]. Many other hypercomplex systems are possible [2, 3,4, 5,6,7,9,10,11,12,13],
but these interesting systems do not have all the required properties of regular, 2-
dimensional complex numbers which rendered possible the development of the the-
ory of functions of a 2-dimensional complex variable.

Two distinct systems of complex numbers in n dimensions are described in this
paper, for which the multiplication is associative and commutative, and which are rich
enough in properties such that exponential forms exist and the concepts of analytic
n-complex function, contour integration and residue can be defined. The first type
of n-complex numbers described in this article is characterized by the presence, in
an odd number of dimensions, of one polar axis, and by the presence, in an even
number of dimensions, of two polar axes. Therefore, these numbers will be called polar
n-complex numbers. The other type of n-complex numbers described in this paper
exists as a distinct entity only when the number of dimensions » of the space is even.
These numbers will be called planar n-complex numbers. The planar hypercomplex
numbers become for n = 2 the usual complex numbers x +1y.

The central result of this paper is the existence of an exponential form of n-complex
numbers, which is expressed in terms of geometric variables. The exponential form
provides the link between the algebraic side of the operations and the analytic prop-
erties of the functions of n-complex variables. The azimuthal angles ¢, which are
cyclic variables, appear in these forms at the exponent, and this leads to the con-
cept of n-complex residue for path integrals of n-complex functions. Expressions are
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given for the elementary functions of n-complex variables. The exponential function
of an n-complex number is expanded in terms of functions called in this paper n-
dimensional cosexponential functions of the polar and planar type, respectively. The
polar cosexponential functions are a generalization to n dimensions of the hyperbolic
functions cosh y, sinh y, and the planar cosexponential functions are a generalization
to n dimensions of the trigonometric functions cosy, siny. Addition theorems and
other relations are obtained for the n-dimensional cosexponential functions.

In the case of polar n-complex numbers, a polynomial can be written as a product of
linear or quadratic factors, although several factorizations are in general possible. In
the case of planar n-complex numbers, a polynomial can always be written as a prod-
uct of linear factors, although, again, several factorizations are in general possible.

A study of commutative complex numbersin 2, 3,4, 5, and 6 dimensions and further
properties of polar and planar complex numbers in n dimensions can be found in [8].

2. Polar n-complex numbers

2.1. Operations with polar n-complex numbers. A hypercomplex number in n
dimensions is determined by its n components (xg, X1,...,Xn—1). The polar n-complex
numbers and their operations discussed in this paper can be represented by writing
the n-complex number (xg,X1,...,Xn-1) a8 U = Xg+ 1 X1 +hoxo +-- -+ hy_1Xn_1,
where hq,h»,...,h,_1 are bases for which the multiplication rules are

hihk=hy, L=j+k-n[(j+k)/n], @.1)

for j,k,1=0,1,...,n—1, where ho = 1. In this relation, [(j+ k) /n] denotes the integer
partof (j+k)/n, defined as [a] <a <[a]+1,s0that0<j+k—-n[(j+k)/n]<n-1.
In this paper, brackets larger than the regular brackets, [], do not have the meaning
of integer part. The significance of the composition laws in (2.1) can be understood
by representing the bases h;, hy by points on a circle at the angles «; = 2mj/n, o =
2tk /n, as shown in Figure 2.1, and the product hhi by the point of the circle at the
angle 21t (j+k)/n. If 21w < 21(j + k) /n < 477, the point represents the basis h; of the
angle o) =21 (j+k)/n—2Tm.

Two polar n-complex numbers u = xo + hi1x1 + hoXo + - - - + hp_1Xp_1, U = X) +
hixi +hoxs + -+ -+ hpo1x,_, are equal if and only if x; = x}, j=0,1,...,n—1. The
sum of the polar n-complex numbers u and u’ is

u+u =xo+xi+thi(x1+x))+--+hn1(xXn_1+x,_)- (2.2)
The product of the polar n-complex numbers u,u’ is
UU = XX+ X1Xp_1 +X2Xy_p +X3Xp_3+ " +Xn_1X]
+ Ry (XoX] +X1X0 + X2Xp_ 1 +X3Xp_p+ -+ Xpn_1X5)

+ho (Xx0X5+X1X] +X2X) +X3X 01+ +Xn-1X3) (2.3)

+ M1 (X0X0_1 T X1X0_p + X2 X0 3+ X3Xp_a+ -+ +Xn-1X().
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FIGURE 2.1. Representation of the polar n-complex bases 1,h1,...,hy—1 by
points on a circle at the angles oy = 21k /n.

The product uu’ can be written as

n-1 n-1

= Z hi Z XIX}_ L[ (n—k-1+1) /n]- (2.4)
k=0  1=0
If u,u’,u’” are n-complex numbers, the multiplication is associative (uu')u" =u@w'u’’)
and commutative uu’ = u’u because the product of the bases, defined in (2.1), is as-
sociative and commutative.

The inverse of the polar n-complex number u is the n-complex number ©’" having
the property that uu’ = 1. This equation has a solution provided that the correspond-
ing determinant v is not equal to zero, v # 0. If n is an even number, it can be shown
that

n/2-1
v=v.v_ [] i, (2.5)
k=1
and if n is an odd number,
(n-1)/2
v=v. [] pi, (2.6)
k=1
where
n-1 n-1
21tk
pi=v2+02, vkzzxpcos<$), f/k:zxpsin< 1:1]0) (2.7
p=0 p=0

Thus, in an even number of dimensions n, an n-complex number has an inverse unless
itlies on one of the nodal hypersurfaces v, = 0,orv_ = 0,0r p; = 0,0r...0r py2-1 = 0.
In an odd number of dimensions n, an n-complex number has an inverse unless it
lies on one of the nodal hypersurfaces v+ =0, or p; =0, or ... or p—1),2 = 0.

For even n,
n/2 1

a’ = %v++ —v? + Z Pics (2.8)
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and for odd n,
(n-1)/2

az = %vf + > pi. (2.9)
k=1

From these relations it results that if the product of two n-complex numbers is zero,

uu’ =0, then p,p, =0, p_p_ =0, pxp, =0, k = 1,...,n/2, which means that either

u=0,oru =0, or u,u’ belong to orthogonal hypersurfaces in such a way that the

afore-mentioned products of components should be equal to zero.

2.2. Geometric representation of polar n-complex numbers. The polar n-complex
number xo+ hix1 +hpXxo +- - -+ hy—1X,-1 can be represented by the point A of coor-
dinates (xg,x1,...,Xn-1). If O is the origin of the n-dimensional space, the distance
from the origin O to the point A of coordinates (xg,x1,...,X,—-1) has the expression

d>=xF+xi+---+x3 . (2.10)

The quantity d will be called modulus of the polar n-complex number u = xg+hix; +
hoxo+ -+ -+hy_1Xx,-1. The modulus of an n-complex number u will be designated by
d = |u|.If v > 0, the quantity p = v/ will be called amplitude of the polar n-complex
number u.

The exponential and trigonometric forms of the polar n-complex number u can be
obtained conveniently in a rotated system of axes defined by the transformation

vy =vn&, v_o=ng, vk=\/§§k, ﬁk=\/§nk, (2.11)

fork =1,...,[(n—1)/2]. This transformation from the coordinates xj,...,X,_1 to the
variables &.,&_, &, nk is unitary.

The position of the point A of coordinates (xg,x1,...,X,—1) can also be described
with the aid of the distance d, equation (2.10), and of n — 1 angles defined further.
Thus, in the plane of the axes vy, Uy, the azimuthal angles ¢, can be introduced by
the relations

cospy = ﬂ, singy = ﬂ, (2.12)
Pk Pk
where 0 < ¢y < 211, so that there are [(n—1)/2] azimuthal angles. If the projection
of the point A on the plane of the axes vy, 7y is Ay, and the projection of the point
A on the 4-dimensional space defined by the axes vy, 7, Vk, Uk is A1x, the angle @y,
between the line O A} and the 2-dimensional plane defined by the axes vg, Uy is

tanyy_, = 2L, (2.13)

Pk
for 0 < gy <m/2, k=2,...,[(n—1)/2], so that there are [(n —3)/2] planar angles.
Moreover, there is a polar angle 0., which can be defined as the angle between the line
OA;, and the axis v, where A1, is the projection of the point A on the 3-dimensional
space generated by the axes vy,71,v5,
V2p1

tanf, = o (2.14)
+
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FIGURE 2.2. Angular variables for the description of n-complex numbers.

where 0 < 0, < 1, and in an even number of dimensions » there is also a polar angle
6_, which can be defined as the angle between the line OA;_ and the axis v_, where
A, _ is the projection of the point A on the 3-dimensional space generated by the axes
V1, ﬁl y Uy

tan@_ — 5‘)1, (2.15)

where 0 < 0_ < 1. Thus, the position of the point A is described, in an even number of
dimensions, by the distance d, by n/2 — 1 azimuthal angles, by n/2 — 2 planar angles,
and by 2 polar angles. In an odd number of dimensions, the position of the point A is
described by (n—1)/2 azimuthal angles, by (n—3)/2 planar angles, and by 1 polar an-
gle. These angles are shown in Figure 2.2. The variables v, p, px,tan 0, /+/2,tan0_//2,
tan Yy are multiplicative and the azimuthal angles ¢ are additive upon the multipli-
cation of polar n-complex numbers.

2.3. The n-dimensional polar cosexponential functions. The exponential function
of the polar n-complex variable u can be defined by the series expu = 1 +u +u?/2! +
u3/3!+ - ... It can be checked by direct multiplication of the series that exp(u+u’) =
expu-expu’, so that expu = expxg-exp(hixy) - --exp(My_1Xn-1).

It can be seen with the aid of the representation in Figure 2.1 that

hy? =hy (2.16)

for p integer, k = 1,...,n—1. Then ™Y can be written as

n-1

ey = Z hkp—n[kp/n]gnl(y)y (2.17)
p=0
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where the functions g,;, which will be called polar cosexponential functions in n
dimensions, are
yl+pn

— (2.18)
poo (L p1)!

In(y) =
for 1 =0,1,...,n—1.If n is even, the polar cosexponential functions of even index k
are even functions, gn21(—Y) = gn21(v), and the polar cosexponential functions of
odd index are odd functions, gn21+1 (=) = —gn2141(y), 1 = 0,1,...,n/2 - 1. For odd
values of n, the polar cosexponential functions do not have a definite parity. It can be
checked that

n-1
> gu(y) =e” (2.19)
1=0
and, for even n,
n-1
D (=D¥gm(y) =e™?. (2.20)
1=0

The expression of the polar n-dimensional cosexponential functions is

n-1
Ink(y) = %lzzoexp [ycos(znm)]cos [ysin(znm)—zzkl] (2.21)

for k=0,1,...,n— 1. It can be shown from (2.21) that
n-1 n-1
. 1 21l
> g2 () == > exp [2ycos ()] (2.22)
k=0 "5 n

It can be seen that the right-hand side of (2.22) does not contain oscillatory terms. If
n is a multiple of 4, it can be shown by replacing y by iy in (2.22) that

n-1 2 n/4-1 2171
D (=D¥g2 ()= =11+cos2y+ > cos [Zycos()} (2.23)
k=0 n =1 n

which does not contain exponential terms.

Addition theorems for the polar n-dimensional cosexponential functions can be
obtained from the relation exph,(y +z) = exph1y - exp h,z, by substituting the ex-
pression of the exponentials as given by e = Z;‘;é hpGnp (1),

Ink Y +2) = gno V) gnk (@) +9n1 V) Gnk-1@) +- - +Gnk (V) gno (2)

(2.24)
+In k10 Inn-1@+gnk2VGnn2@+- - +gnn1 ) gni1(2)
fork=0,1,...,n—-1.
It can also be shown that
{Gno () + g (V) + -+ M1 Gnn1 ()} (2.25)

=gno(ly) +higni (1Y) + - -+ hu_1gnn-1(1Y).

The polar n-dimensional cosexponential functions are solutions of the nth-order
differential equation
4L _ 4 (2.26)
dun )
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whose solutions are of the form C(u) = Aogno(U) + A1gn1 (W) + - - - + Ap_1Gnn-1(1).
It can be checked that the derivatives of the polar cosexponential functions are re-
lated by

dgno Adgni Agnn-2 Agnn-1

du Inn-1, du Gnos «-+, du Inn-3s du =9nn-2-

(2.27)

For n =1 and n = 2 the polar cosexponential functions are go(y) = e”, g20(y) =
coshy, and g»1(y) = sinhy. For n = 3 the cosexponential functions are gso(y) =
L+ 23314+ 5760+ - -+, g31(¥) = Y+ ¥4l + 771+ - -+, gsa(y) = ¥?/21+ 37 /5! +
8/8!+---, and they fulfill the identity g3, + g3, + g3 — 3930931932 = 1.

2.4. Exponential and trigonometric forms of polar n-complex numbers. In order
to obtain the exponential and trigonometric forms of polar n-complex numbers, a
new set of hypercomplex bases will be introduced for even n by the relations

n-1

1! 21kp .2'c 2kp
==>h ths( ), &k —Z sm( ), (2.28)
+ ne p P n ns= n
where k =1,...,[(n—1)/2] and, if n is even,
e
= Z -1)"h,. (2.29)
n p=0

The multiplication relations for the new hypercomplex bases are

e?=e,, e’=e, e,e =0, e,ep=0, €,86,=0, e e,=0, e & =0,

) I _ B B o (2.30)
ep=ex, 6g=—ex, exbx=26k, exe;=0, e =0, é6,=0, k+l,
where k,l=1,...,[(n—1)/2]. It can be shown that, for even n,
n/2-1
u=evi+ev_+ > (exvi+ély), (2.31)
k=1
and for odd n,
(n-1)/2
u=evi+ > (exvr+éxdy). (2.32)
The exponential form of the polar n-complex number u is
U =pex nzlh fln V2 +F(n )&1 V2
pexp = PIn"" tano, tan0_
(2.33)
[(n-1)/2] [(n-1)/2]
- 2 z cos <w>lntantpk_1 + z éxdr t,
no > n k=1

where F(n) = 1 for even n and F(n) = 0 for odd n, and

1
p=(viv_pi-- .p.ﬁ/z,l) " (2.34)
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for even n, and

p=iptphy )" (2.35)
for odd n.
The trigonometric form of the polar n-complex number u is
21 F(n) 1 1 1 e
u=d|\— —t s+l ——
2 tan® @, tan“y- tan®@; tan® Y, tan® Ym-3)/2]
[(n-1)/2] [(n-1)/2]
e V2 e_/2 ex .
X +F +e1+ o—— .
(tan@+ (n) tan0_ é1 gz tan Wi_1 ) exp ( k; ek¢k)
(2.36)

2.5. Elementary functions of a polar n-complex variable. The logarithm u; of the
polar n-complex number u, u; = Inu, can be defined as the solution of the equation
u = e%1, For even n, Inu exists as an n-complex function with real components if
vy >0 and v_ > 0. For odd n Inu exists as an n-complex function with real compo-
nents if v, > 0. The expression of the logarithm is

n-1
1 V2 (=1)? V2
Inu =1 =1 F(n)———1
nu np+§lh;{n D tano, +Fm) n tan6_
[(n-1)/2] [(n-1)/2] (2.37)
n- n—
_E Z cos(w)lntanqjkq + Z éxdr.
no > n k=1

The function Inu is multivalued because of the presence of the terms &y ¢x.
The power function u™ of the polar n-complex variable u can be defined for real
values of m as u™ = ™% It can be shown that
[(n-1)/2]
um=e, v"+F(n)e_v™+ Z pi(excosmepy + é sinmapy). (2.38)
k=1
For integer values of m, this expression is valid for any xy,...,xy,-1. The power func-
tion is multivalued unless m is an integer.

2.6. Power series of polar n-complex numbers. A power series of the polar n-
complex variable u is a series of the form

ap+au+aul+---+aut+---. (2.39)

Using the inequality
[uu"| <vnju'||u”] (2.40)

which replaces the relation of equality extant for 2-dimensional complex numbers,
it can be shown that the series (2.39) is absolutely convergent for |u| < ¢, where
¢ =limj_« lail//nlail.

The convergence of the series (2.39) can also be studied with the aid of the formulas
(2.38), which for integer values of m are valid for any values of xq,...,x,-1. If a; =
Z;‘;(l) hyai,, and

n-1

nt nt 2mkp . 2mkp
AL = Z alp, A = Z ajp COS (T), Al = Z alp Sil’l( n ), (2.41)
p=0 p=0 p=0
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fork=1,...,[(n—-1)/2], and for even n

n-1
A= D (=DPayp, (2.42)
p=0
the series (2.39) can be written as
o [(n-1)/2] ; .
Z 6+A1+Ui +F(m)e_A;_vl + Z (ex Ak +ErAp) (ex Vi +&x k) |. (2.43)
1=0 k=1

The series in (2.39) is absolutely convergent for
vl <cy, lv_l<c-,  pr<ck, (2.44)

fork=1,...,[(n-1)/2], where

A+ AR
i A A (ARAR)

. (2.45)
l— o0 |Al+l+| l—o0 |Al+17| l—o0 (Al+lk+Al+1 k)l/z

These relations show that the region of convergence of the series (2.39) is an n-
dimensional cylinder.

2.7. Analytic functions of polar n-complex variables. The derivative of a function
f(u) of the n-complex variable u is defined as a function f’(u) having the property
that

| fuw) = f(uo) — f (o) (u—uo)| — 0 as |u—ug| — 0. (2.46)

If the difference u —u is not parallel to one of the nodal hypersurfaces, the definition
in (2.46) can also be written as

f/(uo) = lim f(u)_f(u())

u=ug U—"1ugy

(2.47)

The derivative of the function f(u) = u™, with m an integer, is f'(u) = mu™1, as
can be seen by developing u™ = [uy+ (u—1ug)]™ as

w3 S

and using the definition (2.46).

If the function f’ (1) defined in (2.46) is independent of the direction in space along
which u is approaching 1, the function f(u) is said to be analytic, analogously to
the case of functions of regular complex variables [14]. The function u™, with m
an integer, of the n-complex variable u is analytic, because the difference u™ —ug'
is always proportional to © — ug, as can be seen from (2.48). Then series of integer
powers of u will also be analytic functions of the n-complex variable u, and this result
holds in fact for any commutative algebra.

If the n-complex function f(u) of the polar n-complex variable u is written in
terms of the real functions Py (xo,...,Xn-1), k = 0,1,...,1 — 1 of the real variables
X0y X1y::.3Xn—1 aS

'(m Tk o P (u—uo)?, (2.48)

n-1

fu) = > hgPi(xo,...,Xn-1), (2.49)
k=0



438 SILVIU OLARIU

then relations of equality exist between the partial derivatives of the functions Py. The
derivative of the function f can be written as

1 n-1 n-1 aPk
A 2 (’“ 2 axlel)’ @.50)

where Au = X170 hiAx;.
The relations between the partial derivatives of the functions Py are obtained by set-
ting successively in (2.50) Au = h)Ax;, for [ = 0,1,...,n— 1, and equating the resulting

expressions. The relations are
0Py 0Px+1 _ 0Py 0P 0Py

oxo  0x1 T 0Xn i1 0xXnik | 9xn.

(2.51)

for k =0,1,...,n—1. The relations (2.51) are analogous to the Riemann relations for
the real and imaginary components of a complex function. It can be shown from (2.51)
that the components Py fulfill the second-order equations

2Py _ 02Py _ 02Py _ 02Py
3X08X1 axlaxH 3X[1/2]3Xl,[1/2] axmaxn,l (2 52)
02p _ 02p ’

 0X1420Xn2 OXL1+[(n-1-2)/210Xn—1-[(n-1-2) /2]

for k,l=0,1,...,n—1.

2.8. Integrals of polar n-complex functions. The singularities of polar n-complex
functions arise from terms of the form 1/(u—1uy)™, with m > 0. Functions containing
such terms are singular not only at u = ug, but also at all points of the hypersurfaces
passing through 1y and which are parallel to the nodal hypersurfaces.

The integral of a polar n-complex function between two points A,B along a path
situated in a region free of singularities is independent of path, which means that the
integral of an analytic function along a loop situated in a region free of singularities
is zero,

jgrf(u)du —0, (2.53)

where it is supposed that a surface > spanning the closed loop I is not intersected
by any of the hypersurfaces associated with the singularities of the function f(u).
Using the expression, equation (2.49), for f(u) and the fact that du = Z?;S hy dxy,
the explicit form of the integral in (2.53) is

n-1 n-1

% Sf)du =§ D hi D PLdXi—iinf(n—k-1+1)/n]- (2.54)
r Tk=0 1=0

If the functions Py are regular on a surface >’ spanning the loop I, the integral along
the loop I' can be transformed in an integral over the surface > of terms of the form
OP/0Xk—mn[(n—k+m-1)/n] —0Pm/0Xk-1+n[(n-k+1-1)/n]- The integrals of these terms are
equal to zero by (2.51), and this proves (2.53).
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Nk
I;

gkrlk

FIGURE 2.3. Integration path I' and pole 1, and their projections Tepng and
Ugg,n; On the plane & ny.

Ek

The quantity du/(u—1ug) is

n-1 —1)P
diu:dierth l(;lln V2 +F(n)( 1) dln V2
1% p=1 + n

uU—"Uuo n tan 0 tan6_
[(n-1)/2] [(n-1)/2] (2.55)
_2 > cos (M) dlntang_ |+ > éxdr.
no > n k=1

Since p,In(+/2/tan@.),In(v/2/tand_), and In(tanyy_;) are single-valued variables,
it follows that ¢.dp/p = 0, $d(Inv2/tand,) = 0, § d(In/2/tand_) = 0, and
§r d(Intang_1) = 0. On the other hand, since ¢y are cyclic variables, they may give
contributions to the integral around the closed loop I.

The expression of ¢, du/(u —ug) can be written with the aid of a functional which
will be called int(M, C), defined for a point M and a closed curve C in a 2-dimensional
plane, such that

) 1 if M is an interior point of C,
int(M,C) = (2.56)
0 if M is exterior to C.

If f(u) is an analytic function of a polar n-complex variable which can be expanded
in a series in the region of the curve I' and on a surface spanning I', then

(u)du [(n—1)/2]
fledy 2.

T u—1uo =21 f (uo) Erint (Wogmy s Tgeny)s (2.57)

k=1

where g, p, and I, ,, are respectively the projections of the point ©q and of the loop
I' on the plane defined by the axes &, and ny, as shown in Figure 2.3.

2.9. Factorization of polar n-complex polynomials. A polynomial of degree m of
the polar n-complex variable u has the form

Pp(u) =um+au™ '+ amu+am, (2.58)
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where a;, L = 1,...,m, are in general polar n-complex constants. If a; = 2;’;(1) hpaip,
and with the notations of (2.41) and (2.42) applied for [ = 1,...,m, the polynomial
P,, (1) can be written as

m m
P, =e. (vf‘ +> Al+v1"l> +F(n)e_ (vm + ZA;J)"”)

=1 =1

(2.59)
[(n-1)/2] m .
~ o~ m ~ 7 ~ o~ m-—
+ > |:(ekvk +& )" + D (erAw +ExAw) (exvk + Ex k) } ,
k=1 =1
where the constants A, A;_, A, Ak are real numbers.
These relations can be written with the aid of (2.28) and (2.29) as
m
Pn(uw) =[] (u—up), (2.60)
p=1
where
[(n-1)/2]
Up =eiVps +F(M)e_vp+ > (exVkp +EkTip), (2.61)
k=1

forp =1,...,m.Theroots v,., the roots v,_ and, for a given k, the roots ex vy +€éxUxp
defined in (2.59) may be ordered arbitrarily. This means that (2.61) gives sets of m
roots uy, ..., U, of the polynomial P,, (1), corresponding to the various ways in which
the roots vy, Vp—,exVip + € Vip are ordered according to p in each group. Thus, while
the polar hypercomplex components in (2.59) taken separately have unique factoriza-
tions, the polynomial P,, (1) can be written in many different ways as a product of
linear factors.

For example, u2 —1 = (u —u;)(u —up), where for even n, u; = +e, +te_ +ej =

ex* -+ *eyn 1, U2 = —U1, SO that there are 22 independent sets of roots u;,u>
of u? — 1. It can be checked that (xe, *xe_*ej*xepx+---+eypn_1)2 =e,+e_+e +
ex+---+eyp-1=1.Forodd n, u; = te, tejtex* - tem-_1)2, U2 = —U1, so that

there are 2("~1/2 jndependent sets of roots u;,u» of u? — 1. It can be checked that
(te.xejtep+---xemopp)i=er+er+er+---+em_n2 = 1.

2.10. Representation of polar n-complex numbers by irreducible matrices. The
polar n-complex number u can be represented by the matrix

Xo X1 X2 0 Xp-1
Xn-1 X0 X1 ot Xnp-2
U=|Xn-2 Xn-1 Xo -:° Xn-3|, (2.62)
X1 X2 X3 e X0

The product u = u'u"” is represented by the matrix multiplication U = U'U". It can
be shown that the irreducible form [15] of the matrix U in terms of matrices with real
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coefficients is, for even n,

v, O 0 0
0O v. O 0
o 0 v - 0 (2.63)
0 0 0 - Vnoo
and, for odd n,
vy, O o --- 0
0O Vi O 0
0 0 V2 .- 0, (2.64)
0 0 0 - Vu-npe
where
Vi = ( Yk v"), (2.65)
—Vkx Uk

k=1,...,[(n—1)/2]. The relations between the variables v.,v_, vk, Ux for the multi-

plication of polar n-complex numbers are v, = v, v}, v_ = v v”, vy = v, v — U, Y,
~ o~ ~ ! rr
Uy = v, 0 + vy

3. Planar hypercomplex numbers in even n dimensions

3.1. Operations with planar n-complex numbers. A planar hypercomplex number
in n dimensions is determined by its n components (xg,X1,...,Xn—1). The planar n-
complex numbers and their operations discussed in this paper can be represented
by writing the n-complex number (xo,X1,...,Xn-1) @S U = Xg+ h1x1 + hoxo + - - - +
ny_1xXn_1, where hy,hy,...,hy,_1 are bases for which the multiplication rules are

hjhg = (-DWROMIp, = = j+k—n[(j+k)/n], (3.1)

for j,k,l =0,1,...,n—1, where hy = 1. The rules for the planar bases differ from the
rules for the polar bases by the minus sign which appears when n < j+k <2n-2.
The significance of the composition laws in (3.1) can be understood by representing
the bases h, hy by points on a circle at the angles «j = 11j/n, o« = wk/n, as shown in
Figure 3.1, and the product h;hy by the point of the circle at the angle (j+k)/n. If
< 1(j+k)/n < 2, the point is opposite to the basis h; of angle o; = w(j+k) /n—1r.

In an odd number of dimensions n, a transformation of coordinates according
to Xp1 = X[, Xom-1 = —x(’nfl)/Bm, and of the bases according to 21 = hj, hopm-1 =
*hEn—1>/2+m' l=0,....(n-1)/2, m =1,...,(n—-1)/2, leaves the expression of an n-
complex number unchanged, Zf;(} hipxy = ZZ‘;(} hjx;,, and the products of the bases
h; are h;h}( =h,l=j+k-nl(j+k)/n], jkl=0,1,...,n—1. Thus, the planar n-
complex numbers with the rules are equivalent in an odd number of dimensions to
the polar n-complex numbers. Therefore, in this section it will be supposed that n is
an even number, unless otherwise stated.
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hp-2

hyp-1 h1

_hl Q o _hn—l

FIGURE 3.1. Representation of the planar n-complex bases 1,h1,...,hy—1 by
points on a circle at the angles oy = mk/n.

Two planar n-complex numbers u = xo + h1x1 + hoXo + -+ -+ Wy_1Xp-1, W = Xy +
hixy +hoxy + -+ - + hpo1x,_, are equal if and only if x; = xJ’-, j=0,1,...,n—1. The
sum of the planar n-complex numbers © and u’ is

u+u =xo+xi+hi(x1+x))+--+hn1(Xn_1+x5,_4)- (3.2)

The product of the planar numbers u,u’ is

UU = XXy —X1Xp_1 —X2Xp_p —X3Xp_3— "+ —Xn_1X]

+hy (XoX] +X1X0—X2Xp_1 —X3Xp_o— "+ —Xn-1X3)

+ha (X0X7 +X1X] +X2X0 = X3Xp 1 =+~ Xn-1X3) (3.3)

+ M1 (X0X0_1 +X1X0_p + X2 X0 3+ X3Xp_a+ "+ +Xn-1X().

The product uu’ can be written as
n-1 n-1
r_ _1\[(n—k-1+1)/n] ’

uu = Z hi z( 1Y) XIX_lenl(n-k-1+1)/n]"* 3.4)

k=0  1=0

If u,u’,u"”" are n-complex numbers, the multiplication is associative, (uu’)u"” =
u(u'u'’), and is commutative, uu’ = u’u, because the product of the bases, de-
fined in (3.1), is both associative and commutative. For n = 2 the product is uu’ =
X0Xo—X1X] +h1(x0x] +x1x(). In 2 dimensions, the notation for h, is hy = i, i being
the conventional imaginary unit.

The inverse of the planar n-complex number u is the n-complex number " having
the property that uu’ = 1. This equation has a solution provided that the correspond-
ing determinant v is not equal to zero, v # 0. For planar n-complex numbers v > 0,
and the quantity p = v1/" will be called amplitude of the planar n-complex number u.
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It can be shown that

n/2 )
v=T[]ri, (3.5)
k=1
where
n-1 n-1
p2=vi+Df, k= waos(@), Dy = prsin(@) (3.6)
p=0 p=0

Thus, a planar n-complex number has an inverse unless it lies on one of the nodal
hypersurfaces p; =0, or p» =0, or ... or py;2 = 0. It can also be shown that

> o} (3.7)

From this relation it results that if the product of two n-complex numbers is zero,
uu’ = 0, then pxp, =0, k = 1,...,n/2, which means that either u = 0, or u’ = 0,
or u,u’ belong to orthogonal hypersurfaces in such a way that the afore-mentioned
products of components should be equal to zero. For n = 2, v; = xo, U1 = X1, thatis,
v; and 7, are the real and imaginary parts of a 2-dimensional complex number.

3.2. Geometric representation of planar n-complex numbers. The planar »n-com-
plex number x¢ + h1x1 + hpx2 + - - - + hyy—1Xy-1 can be represented by the point A
of coordinates (xg,X1,...,Xn-1). If O is the origin of the n-dimensional space, the
distance from the origin O to the point A of coordinates (xg,Xx1,...,Xn—1) has the
expression written in (2.10). The quantity d will be now called modulus of the planar
n-complex number u = xg + h1x1 + hoxo + - - - + hy_1X,—1. The modulus of an n-
complex number u will be designated by d = |u|. The quantity p = v!/" will be called
amplitude of the n-complex number u.

The exponential and trigonometric forms of the planar n-complex number u can
be obtained conveniently in a rotated system of axes defined by the transformation

Vg = \/§Ek, Uy = \/gnk, (3.8)

for k = 1,...,n/2. This transformation from the coordinates xg,...,Xx,_1 to the vari-
ables &g, nk is unitary.

The position of the point A of coordinates (xg,x1,...,X,-1) can also be described
with the aid of the distance d, equation (2.10), and of n — 1 angles defined further.
Thus, in the plane of the axes v, Uk, the radius px and the azimuthal angle ¢ can be
introduced by the relations

Vi . Vi
cosS = —, singy = —, 3.9)
i Pk i Pk

for 0 < ¢y < 21, k = 1,...,n/2, so that there are n/2 azimuthal angles. If the pro-
jection of the point A on the plane of the axes vy, Uy is Ak, and the projection of the
point A on the 4-dimensional space defined by the axes v, 71, Vi, Uy is Ajk, the angle
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k-1 between the line O A and the 2-dimensional plane defined by the axes vy, Uy is

tanyy_1 = &, (3.10)

Pk
where 0 < @y < 1/2, k = 2,...,n/2, so that there are n/2 — 1 planar angles. Thus,
the position of the point A is described by the distance d, by n/2 azimuthal angles
and by n/2 —1 planar angles. The variables v, p, px,tan ¢} are multiplicative and the
azimuthal angles ¢ are additive upon the multiplication of polar n-complex numbers.

3.3. The planar n-dimensional cosexponential functions. The exponential func-
tion of the planar n-complex variable u can be defined by the series expu =1+
u+u?/2!+u3/3!+ - --. It can be checked by direct multiplication of the series that
exp(u+u') =expu-expu’, so that expu = expxp-exp(hixy) - --exp(hy-1xXn-1).

It can be seen with the aid of the representation in Figure 3.1 that

hy'? =-ht, (3.11)

for integer p, k = 1,...,n— 1. For k even, e«> can be written as

n-1

el = Z (=DM Ry i m1 Gnp (), (3-12)
p=0

where gy, are the polar n-dimensional cosexponential functions. For odd k, ey is

n-1
ey — Z (=DM tep i) frp (), (3.13)
p=0
where the functions f,x, which will be called planar cosexponential functions in n
dimensions, are

00

3 B yk+pn
Far () —EO( 1)”7(“,0”)!, (3.14)

fork=0,1,...,n—1.

The planar cosexponential functions of even index k are even functions, f, 21(—y) =
fn21(y), and the planar cosexponential functions of odd index are odd functions,
Jn211(=Y) = =fno+1(¥),1=0,...,n/2-1.

The planar n-dimensional cosexponential function fyx(y) is related to the polar
n-dimensional cosexponential function g,k () by the relation

fak(y) =e ™kmg,(e™ny), (3.15)

for k = 0,...,mn— 1. The expression of the planar n-dimensional cosexponential func-
tions is then

1< 21-1 _ 21-1 21-1)k
fnk(y):nZexp[ycos(n(n))}cos[ysmvr(n ))77'(( " ) }, (3.16)

=1

k=0,1,...,n—1. The planar cosexponential function defined in (3.14) has the expres-
sion given in (3.16) for any natural value of n, this result is not restricted to even
values of n.
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It can be shown from (3.16) that

(= 1 m2l-1)
fa()==>exp [Zycos —_— ] (3.17)
go « nl:Zl ( n )

It can be seen that the right-hand side of (3.17) does not contain oscillatory terms. If
n is a multiple of 4, it can be shown by replacing y by iy in (3.17) that

n/4

= 4 m(2l-1)
_1)k £2 - = e 2
kéo( D () nl;cos [2ycos< " )] (3.18)

which does not contain exponential terms.
For odd n, the planar n-dimensional cosexponential function fyx(y) is related to
the n-dimensional cosexponential function g, () also by the relation

Fak () = (=D¥*gui (=), (3.19)

as can be seen by comparing the series for the two classes of functions.

Addition theorems for the planar n-dimensional cosexponential functions can be
obtained from the relation exph;(y +z) = exph,y - exph; z, by substituting the ex-
pression of the exponentials as given by e = Z;‘;é hy frup (3),

fnk(y"'z) =fn0(y)fnk(z) +fn1 (y)fn,kfl (2)+-- '+fnk(y)fn0(z)

3.20
_fn,k+1 ()/)fn,n—l (2 _fn,k+2(y)fn,n—2 (2)—-- '_fn,n—l (y)fn,k+1 (2, ( )

for k=0,1,...,n—1. It can also be shown that

{an ) +hifua (V) +--- +hn—1fn,n71 (y)}l:fno(ly)+h1fnl (Iy)+--- +hn71fn,n—1 (Iy).
(3.21)
For n = 2, equation (3.13) has the form e = foq + h, f>1, and the planar cosexpo-
nential functions are f>o(y) =cosy and f2;(y) =siny.
The planar n-dimensional cosexponential functions are solutions of the nth-order
differential equation
anc
dun
whose solutions are of the form C(u) = Agfno(u) + Ay frn (W) + -+ + Ap_y fun—1(1).
It can be checked that the derivatives of the planar cosexponential functions are
related by

dan
du

=-C (3.22)

dfnl dfn,n72

du

dfn,n—l
du

fnn 1, 7fn0; sy :fn,n—'ss :fn,n—Z- (323)
3.4. Exponential and trigonometric forms of planar n-complex numbers. Inorder
to obtain the exponential and trigonometric forms of planar n-complex numbers, a

new set of hypercomplex bases will be introduced by the relations

2 T(k-1)p . 2'C _(m(k-1)p
eknpzohpcos(n), 8y = g (711 ), (3.24)

n
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for k = 1,...,n/2. The multiplication relations for the new hypercomplex bases are
ei =ey, @;=—ex, exéy=208, exe;=0, el =0, &¢é =0, k+l,  (3.25)

for k,l=1,...,n/2. It can be shown that

n/2
Xo+hiX1+- - +hn1Xn-1 = > (exvk+8&kk). (3.26)
k=1

The exponential form of the planar n-complex number u is

n-1 2 n/2 1T(2k—1) n/2
u=pexpi > hp{— ZCOS(p)lntal’l(,Ukl]+Zékq5k , (3.27)
_ n n
p=1 k=2 k=1
where the amplitude is
2 2 \l/n
p=(pi-- 'Pn/z) . (3.28)

The trigonometric form of the planar n-complex number u is

n\ 2 1 1 1 e
u=d(—) It —— 5+ b
2 tan-, tan-c > tan® Yy 21

n/2 e n/2
X (el + Z k) exp ( Z ékqbk).

k= AN Yk-1 k=1

(3.29)

Forn=2,e; =1, & = hy, p = d, there is no planar angle, and (3.27) and (3.29) have
both the form u = pexp(hy¢1).

3.5. Elementary functions of a planar n-complex variable. The logarithm 1, of
the planar n-complex number u, 1; = Inu, can be defined as the solution of the equa-
tion u = e, The logarithm exists as a planar n-complex function with real compo-
nents for all values of xy,...,x,_1 for which p # 0. The expression of the logarithm is

n-1 2 n/2 1T(2k—1) nj/2
Inu=Inp+ > hy| —= > cos (7}9) Intan @y |+ . xr. (3.30)
=1 L n k=1

The function Inu is multivalued because of the presence of the terms &y ¢x.
The power function u™ of the planar n-complex variable u can be defined for real
values of m as u™ = e™I"% It can be shown that

n/2
u™ =" pi'(excosmey + & sinmay). (3.31)
k=1

The power function is multivalued unless m is an integer.

3.6. Power series of planar n-complex numbers. A power series of the planar n-
complex variable u is a series of the form

ap+aru+au’+---+aul -, (3.32)
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14 rr n 14 1’
' |s\/;|u||u |, (3.33)

which replaces the relation of equality extant for 2-dimensional complex numbers,
it can be shown that the series (3.32) is absolutely convergent for |u| < ¢, where
¢ =limj_olail/\n/2]ai|.

The convergence of the series (3.32) can be also studied with the aid of the formulas
(3.31), which for integer values of m are valid for any values of xg,...,x,_1. If a; =
Shodhpai, and

Using the inequality

n-1 n-1
2k -1 - 2k—-1
Alk = Z alp cosu, A = z Alp sinu, (3.34)
n n
p=0 p=0
for k =1,...,1n/2, the series (3.32) can be written as
© n/2 . .
D D (erAu+EkAw) (exvi +éx i) . (3.35)
1=0k=1
The series in (3.32) is absolutely convergent for
Pk < Ck, (3.36)
fork=1,...,n/2, where
A3+ AR
ck = lim Ay A 7z (3.37)

l=o0 [A12+1,k +A12+1,k]

These relations show that the region of convergence of the series (3.32) is an n-
dimensional cylinder.

3.7. Analytic functions of planar n-complex variables. If the n-complex function
f(u) of the planar n-complex variable u is written in terms of the real functions
Py(x0,...,Xn-1), k=0,1,...,n—1 of the real variables xg,x1,...,Xn_1 as

n-1

fu) = > hePe(xo,...,xn-1), (3.38)
k=0

then relations of equality exist between the partial derivatives of the functions Py,

Pk _OPwy __ OPu 3Py 0Py (3.39)
0Xn_k 0xn-1’ )

6x0 8x1 h B 6xn_k_1

for k =0,1,...,n—1. The relations (3.39) are analogous to the Riemann relations for
the real and imaginary components of a complex function. It can be shown from (3.39)
that the components Py fulfill the second-order equations

02Py B 02P, _ 02p, _ 02Py
aXanl B axlaxH - B aX[l/z]aXZ,[l/zj B axmaxn,l (3 40)
_ 02Py _ _ 02Py ’
D 0X1420Xn-2  OXi+14((n-1-2)/210Xn-1-[(n-1-2)/2]

for k,1=0,1,...,n—1.
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3.8. Integrals of planar n-complex functions. The singularities of planar n-
complex functions arise from terms of the form 1/(u —uy)™, with m > 0. Functions
containing such terms are singular not only at u = ug, but also at all points of the
hypersurfaces passing through 1, and which are parallel to the nodal hypersurfaces.

The integral of a planar n-complex function between two points A, B along a path
situated in a region free of singularities is independent of path, which means that the
integral of an analytic function along a loop situated in a region free of singularities
is zero,

ﬁf(u) du =0, (3.41)

where it is supposed that a surface >, spanning the closed loop I is not intersected
by any of the hypersurfaces associated with the singularities of the function f(u).
Using the expression, equation (3.38), for f(u) and the fact that du = ZZ‘;& hrdxy,
the explicit form of the integral in (3.41) is

n-1 n-1
if(u)du = ﬁ > g D (=K DIMID eyl nek-141) ) (3.42)
k=0  1=0

If the functions Py are regular on a surface >’ spanning the loop I', the integral along
the loop T can be transformed in an integral over the surface > of terms of the
form 0P/ 0xk-min[(n-k+m-1)/m] —(=1)°0Pp/0Xk_11n[(n-k+1-1)/n], Where s = [(n —k +
m—1)/n]—-[(n—k+1-1)/n]. The integrals of these terms are equal to zero by (3.39),
and this proves (3.41).

The quantity du/(u—1ug) is

du dp " 2 W2 (ZWkp) e
e p +p§lhp fnkgzcos " dlntanyy_; +k§ekd¢k. (3.43)

Since p and In(tany-1) are single-valued variables, it follows that ¢ dp/p = 0, and
¢ d(Intan@y_1) = 0. On the other hand, since ¢y are cyclic variables, they may give
contributions to the integral around the closed loop I.

If f(u) is an analytic function of a polar n-complex variable which can be expanded
in a series which holds on the curve I' and on a surface spanning T', then

Fawdu e
rm = Zﬂf(uo)lgleklnt (MOEkUk’rfkﬂk)- (3.44)

For n = 2, equation (3.44) becomes §. f (u) du/(u—1up) = 21hy f (ug) int(uo,I’), which
is the theorem of Cauchy for 2-complex numbers.

3.9. Factorization of planar n-complex polynomials. A polynomial of degree m
of the planar n-complex variable u has the form

Pp(u)=um+au™ '+ +a, i u+am, (3.45)

where a;, L = 1,...,m, are in general planar n-complex constants. If a; = Z;‘;é hpaip,
and with the notations of (3.34) applied for [ = 1,...,m, the polynomial P,,(u) can be
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written as
n/2 m !
Pp=3 {(ekvk +&0k) " + D (erAw + ExAw) (exvi + &)™ }» (3.46)
k=1 =1

where the constants A, Ay are real numbers.
These relations can be written with the aid of (3.24) as

m
Pn(u) =[] (u-up), (3.47)
p=1
where
n/2
Up = > (exvip +ETkp), (3.48)
k=1

for p =1,...,m.For a given k, the roots ex Vi, +éx Uk, defined in (3.46) may be ordered
arbitrarily. This means that (3.48) gives sets of m roots ui,...,u,, of the polynomial
Py, (u), corresponding to the various ways in which the roots ey vy, +éx Uxp are ordered
according to p for each value of k. Thus, while the planar hypercomplex components
in (3.46) taken separately have unique factorizations, the polynomial P, (u) can be
written in many different ways as a product of linear factors.

For example, u®+1 = (u—u1) (U —uz), where u; = &, =8+ - - - +8y,2,Uz = —Uy,
so that there are 2™/2-! independent sets of roots u;,u, of u?+ 1. It can be checked
that (zé; +ép - -- ién/z)z =—ej1—ey—---—eyp= -1.

3.10. Representation of planar n-complex numbers by irreducible matrices. The
planar n-complex number u can be represented by the matrix

X0 X1 X2 Xn-1
—Xn-1 X0 X1 Xn-2
U=]|"Xn2 —Xn-1 Xo - Xn-3|, (3.49)
—X1 —X2 —X3 X0

The product u = u'u” is, for even n, represented by the matrix multiplication U =
U'U". It can be shown that the irreducible form [15] of the matrix U, in terms of
matrices with real coefficients, is

N 0 . 0
0 Vi - 0
) (3.50)
0 0 --- Vup
where )
Vi = ( Uk v"), (3.51)
—Vkx Vg

for k =1,...,n/2. The relations between the variables vy, 7y for the multiplication of
planar n-complex numbers are vy = v, v} — 0,0}, Uk = v, 0} + 0,0}
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4. Conclusions. The polar and planar n-complex numbers described in this pa-
per have a geometric representation based on modulus, amplitude, and angular vari-
ables. The n-complex numbers have exponential and trigonometric forms, which can
be expressed with the aid of geometric variables. The exponential function of an n-
complex variable can be developed in terms of the cosexponential functions. The n-
complex functions defined by series of powers are analytic, and the partial derivatives
of the real components of n-complex functions are closely related. The integrals of
n-complex functions are independent of path in regions where the functions are reg-
ular. The fact that the exponential form of the n-complex numbers depends on the
cyclic azimuthal variables leads to the concept of pole and residue for n-complex in-
tegrals on closed paths. The polynomials of polar n-complex variables can be written
as products of linear or quadratic factors, and the polynomials of planar n-complex
variables can be written as products of linear factors.
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