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ON THE CORRECT FORMULATION OF A NONLINEAR
DIFFERENTIAL EQUATION IN BANACH SPACES
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ABSTRACT. We study the existence and uniqueness of the initial value problems in a
Banach space E for the abstract nonlinear differential equation (4" !/dt"1)(du/dt +
Au) = B(t)u+ f(t,W(t)), and consider the correct solution of this problem. We also give
an application of the theory of partial differential equations.
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1. Introduction. Let E be aBanach space. Suppose that {(B;(t), i =1,2,...,v), B(t),
tel=[0,Ty]} are families of closed linear operators defined on dense sets S, S,...,Sy,
F in E, independent of t. Let —A be a closed linear operator defined on a dense set S
inEsuchthat SCF,SCS; (i=1,2,...,v).

Suppose that the range of these operators are in E, therefore consider the abstract
nonlinear differential equation

ar! rdu

e (S ) = B f W), @
wlio = g0, B — g, U drlu| (1.2)
t=0 = 9o, dat tzo—gl, FTE t:O—gz,---, din-1 t:O—gn-h -

where all the elements go,g1,92,---,9n-1 €S, W = (B1(t)u, B> (t)u,...,B, (t)u) and f
is a given abstract nonlinear function defined on I X EV with values in E. Without loss
of generality, we assume that

dZ
=0 dt?

du

dnfl
dt B

o Sl v

=0, (1.3)

t=0

Ulp—0 =

where 0 is the zero element of the Banach space E. Let f be uniformly Holder contin-
uous for all t € I, that means

|f (&, W)= f(t*,W)|| < K|t —t*|5, (1.4)

forallt and t* in I and all W in EY, the constant K and S are positive and 8 < 1, where
| -]l is the normin E. Forall W, W* € E¥Y, W = (w1, wa,...,wy), W* = (W], wy,...,w),
and t € I, the function f satisfies the Lipschitz condition

£ W) = FEWH <K Y [Jwi-w || (1.5)
i=1

For every z € S; N F the functions B;(t)z and B(t)z are uniformly Holder continuous
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fort elandi=1,2,3,...,v with exponents ' and B”, respectively—without loss of
generality, we can suppose that § = 8’ = B”. The space of continuous functions u(t)
with t € I and u(t) € E is denoted by CE(I). The norm in this space is defined by

lwllce oy =rrtlgIXIIu(t)||. (1.6)

Suppose that —A generates a semigroup {T(t), t € I} strongly continuous for all t > 0,
this class of semigroup is called Cy (see [11, 12]). Furthermore, suppose that T(t)v € S
forall v € E, t > 0 (see [6]).

Assume that if there exist 0 < § < 1 and a positive constant M, then

1Bt T(11) ]| < %nvn, (L.7)
1

1B (t2) T () v]| < %nvn, (1.8)
1

where M is a positive constant and 0 < d <1 forall v € E, t» € I, t; € (0,Ty] with
i=1,2,...,v.In this paper, we prove the existence and the uniqueness of the solution
of the Cauchy problem (1.1) and (1.2). The correct formulation of the considered prob-
lem is also proved, finally we give an application of the theory of partial differential
equations.

2. The solution of the problem. In this section, we discuss the existence and
uniqueness of the solution of the initial value problem (1.1) and (1.3). Define on CE(I),
a distance function (metric) p by

p(ur,uz) = Iglg}e*“ llwy (8) —ua ()1, (2.1)
where uy,u» € CE(I), A > 1 being a fixed number. It is clear that (CE(I), p) is a metric
space, (see [2, 3]).

THEOREM 2.1. The abstract initial value problem (1.1) and (1.3) has a weak solution
in the metric space (CE(I),p) for every t €1.

PROOF. From equation (1.1), let

du
E =—-Au+v. (22)

The desired solution u of the above equation can be written in the form (see [1, 11, 12])

t
u(t) = J T(t—s)v(s)ds, (2.3)
0
where v satisfies

artv
dgn-1

t
:B(t)J0 T(t-s)v(s)ds+ f(t,W), (2.4)

t
W = (wy,wa,...,wy), wi(t)=Bi(t)J0 T(t-s)v(s)ds. (2.5)
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Integrating (2.4) (n—1) times, we get

t rt ryn-1 Y3 ()2
v=LJ J J B(y1)T(y1—s)v(s)dy1dy:---dyn-1ds
s s

S N

T N w ds d d (2.6)
] e ) dgdg g,
Let Q be an operator defined on CF(I) by
t ot ryn-1 Y3 Y2
av-| | BTG v dvidys - dvaids
0Js Js s s (2'7)

+,[ot ijl - J:S szf(&,W(El))dgl A& - -dEn 1.

We prove that Q is a contraction mapping. We notice that

trt ryn-a 2 _s
lv-aurl=ki | [ [ [T 0n=9 v vl - dyards
s Js N
(2.8)
which gives

K\ TP 0T (1-6)

Tn_5)An2 p(v,v*). (2.9)

p(Qu,Quv*) <

For a sufficiently large A we deduce that Q is a contraction operator therefore there
exists a unique fixed point such that (see [2, 3, 1]) Qv = v € CE(I), which proves the
existence and uniqueness of a weak solution u in CE(I). O

We prove that | f(t,W(t))| is bounded on the interval [0, Ty].

THEOREM 2.2. If the function f(t,W (t)) satisfies the conditions (1.4) and (1.8), then
|f(t,W(t))]| is bounded for allt € I.

PROOF. From condition (1.4), it is clear that

[lF(t, W) =f(t,0,....,0)| = ||f(t,W(t)) - F(t,W(0))]| sKﬁ llw; ()]

= (2.10)

t
L Bi(t)T(t—s)v(s)ds

v
:KZ
i=1

From (1.8), we get the required result. O

THEOREM 2.3 (see [1, 4, 11]). The function u(t) is an element of S for every t € I
and sou € C5[0, To].
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PROOF. To prove this theorem, it is enough to show that v (t) satisfies the Lipschitz
conditionin t €

t2 rt2 r¥n-1 Y3 o2
v<t2)—v<t1>=jo L [ [ BonTon-s)v) dyidye - dyads
1 N s

s

tz rt2 r¥n-1 Y3 )2
+L J J J B(y\)T(y1—s)v(s)dyr1dy>---dyn_1ds
1 Js Js s K

t2 r&n-1 & &
S e wEn) dEdg g s
t; Jo o Jo
(2.11)
The theorem is proved by using the above equation and (1.6).

To complete the proof of the existence and uniqueness of the solution (strongly)
we prove that each of the following derivative

du d*u arlu

dat’ dt2’ 77 din-l
belong to C¢(I), let ¥, (t) = B(t)u(t) and ¥»(t) = f(¢,W(t)). From (1.1), we can write
formally

(2.12)

a"u(t)
datr

L rYn-r-1 Y3 )2
=J J I T(y1=-s)Yi(s)dy1dyz---dyn—r-1ds
07s s s (2.13)

+ J; LE"*V*I e L& sz T(& —s)Ya(s)dE1dEr - - - dEp—r_1 ds.

To get the required result, we must prove that ¥; and ¥, satisfies a uniform Hoélder
condition for t € I. Suppose that t, > t;, therefore it is easy to show that

Y (t2) — Y1 (L) :J;lB(tz)T(tl—s)[T(t—t)—J]v(s)ds
+J0tl [B(t2) = B(t)]T (t1 —5)v (s) ds (2.14)
+ :B(tg)T(t—s)v(s)ds,
where J is the identity operator on E,

V2 (t2) = Y2 ()| < || f (L2, W (t2)) — f (E1, W () ||+ ||.f (t1, W (E2)) — f (£, W (ED))]]

4
<Ki(—t)P + K D At ulty) - A (t)ut) |,

i=1

(2.15)

where K; and K, are positive constants. Similarly, as in [9], we can prove that ¥;

and ¥, satisfies Holder condition in t € I, therefore (du/dt) € C5(I) and (dv/dt) is

continuous for all t € I.

Now, Au(t) can be written in the form

trt ryn-1 3 Y2
AWU:I J J J AT (y1=$)[Y1(s) + Y2 (s)|dyr1dys - - - dyn-1 ds.
0Js Js s K (2 16)
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Thus differentiate (n—1) times we get

dn—l t dnflu
e law) = [ AT —9)[¥i(5) +¥a(s) s = AT 2.17)
Therefore,
d"u  dr v drlu
dem — den-1 7 den-l @18
is continuous on I. Consequently,
t
u(t) :J T(t—s)v(s)ds (2.19)
0

represent the unique solution of the considered Cauchy problem (compare with [8,
10, 11]). O

3. Correct solution. In this section, we prove the correct formulation of the con-
sidered initial value problem (1.1) and (1.2). In other words, we prove the continuous
dependent of the solution of the problem on the initial conditions. Let {u™} be a
sequence of solutions of the initial value problem

drum dn—lum

I +A Jpnt =B(t)yu™+ f(t, W), (3.1)
du™ anr-tym
m _m —qm _qm
u \t:O—go GSY dt t=0 gl y mrey dtn_l =0 gn—li (32)

where W™ is the sequence W™ = (B, (t)u™,B.(t)u™,...,B, (t)u™).

THEOREM 3.1 (see [7, 9]). Let the sequences {gy*}, {97}, {93}, {gnq1 b, {Agn1 3,
be convergentinE to go,g1,92,---,9n-1,Adn-1, respectively. If the sequences {B(t) g},
(BB}, (B(D) g, (B(O)GI 1}, (Bi(D) gy}, {Bi(H) g}, (Bi(D) g5, ..., {Bi(H) g1}
are uniformly convergent with respect to t € I in E to B(t)go,B(t)g1,B(t)gz,...,
B(t)gn-1,Bi(t)go,Bi(t)g1,Bi(t)go,...,Bi(t)gn-1, 1 = 1,2,...,v, respectively, where
9o, 91,92,---,9n-1 are elements in G, then the sequence of solutions {u™(t)} of the
problem (3.1) and (3.2) converges in the metric space CE(I) to the solution u(t) of the
considered problem with the initial conditions,

du drlu
Ule=0 = go, E‘t:o:gl' o g1 T Inel (3.3)
PROOF. Let
n-1 tk
g =umt) - > —gi (3.4)
k!
k=0 '

substitute in equation (1.8), we get

dnCm dnflgm
den A

=BOT"+f*(t,Ww™) (3.5)
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with the initial conditions

dgm dn—l gm

C |t:0:017 t:O: Ve T aEmd tZOZO, (3.6)
where
n-1 k
pewm = (Byar) s wm -agi,
k=0
W™ = (By(t)u™, B, (t)u™,...,B, (H)u™) (3.7)

n-1 n-1 k
(Blz’"+ ZBl<t>k,gk, By (DT™ + XBv(t)f(,g,t").
k=0 :

Set a0 (1)
o AT () = P, (3.8)
therefore, )
S (PD) = BT+ f* (L, W), (3.9

It is clear that

t Yn-1 2
Pt =U j j BO1) T (1 —5)P™(s) dy1dys - - - dyn_1 ds
¢ (3.10)

+,[0 J'?H ."Jj3 JO SHELW™(E))dE dE,y - - - dEp-1,

we can easily deduce that

|[P™ (t) — P (t)]]
Yn-1 Y3 ry2
sj” [T IBOO TG =) 1P 6 Pl dvidye -y ds
En-1 &3 &2 [
S e
+||f<t,wm>—f<t,wr>||+AH<g:r1—gn1)\1}

xd& d&r - - - A&y 1.

(3.11)
Multiply by e~?! and using the metric defined by equation (2.1), we get
n-1
p(P™.P") <Kp(Agl,, Agy_.) +K [Z p(Bgi”,Byi)}
- o (3.12)
+K Z Z p(Ang’.”,Akg;).
k=1 j=0

According to all the conditions before, the sequence {P™} is fundamental and hence
converges to P in CE(I). But

t
c™M(t) :JO T(t—s)P™(s)ds. (3.13)
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Therefore, the sequence {u™(t)} uniformly converges with respectto t € I in E to the
required solution (compare with [6, 5, 4, 9]). O

4. Application. Consider the Cauchy problem

n-1
st (L) = > aa(x,t)Du+ f(x,t,W), 4.1)
|x|<2m—1
with the initial conditions
ou(x,t) o lu(x,t)
u(x,t)|t=0 = go(x), ?.tzo =g1(x), ..., Tt |, =9gn-1(x), (4.2)
where
ou
Lu==-+A(Xx,D)u,  A(x,D) = > bal(x)DY,
t lax|<2m (4_3)
W= (Bi(Ow,By(Du,...,By(Du),  Bi()= > Cailx,0)D",
|x|<2m—1

for x = (x1,X2,...,Xn) € R", D; = 0/dx;, D¥=D{"D3? - - - D", ot = (01, X2, ..., Oy) iS
an n-dimensional multi-index, and |x| = &1 + &2 + - - - + &y. Let M be an open set in the
n-dimensional Euclidean space R", and let L, (M) be the space of all square integrable
functions on M. We denote by C™ (M) the set of all continuous real-valued functions
in M together with all their m-partial derivatives, and we denote by C§* (M) the subset
of C™ (M) consisting of all functions having a compact support. Let H™ (M) be the
complete space of C™ (M) with respect to the norm (see [2, 3])

1/2
> JM |D"‘f(x)|2dx} . (4.4)

lx|<=m

If llm = [

For any 0 < b < o denote by Q;, the cylinder {(x,t):x € M, 0 <t < b}, and by I}, the
boundary {(x,t):x € 0M, 0 <t < b}, where oM is the boundary of M. We say that L
is uniformly parabolic in M, the closure of M if the coefficients b are continuous on
M and if
(-D™ > ba(x)n*=ClInl*™, ¢>0, (4.5)
|x|=2m

on

for all x € M and for all n € R", where n® =n{'n5%---np*, and [n]2=n3+ni+---+
n2. Suppose also that the coefficients an, Cy,; are continuous on Qj, and satisfies a
uniform Hélder condition in t € [0,b]. The Cauchy problem (4.1) and (4.2) can be
written in the abstract form (1.1) and (1.2), where A is the operator with domain
S =H>"(M)NnH{"(M) given by

Au=Ax,D)u= > bulx)D*u. (4.6)

|x|<2m

Let E = L, (M). Then the domain S is dense in L, (M). The operators B(t),B;(t),B(t),
...,B,(t) are given by

B(t)= >  ax(x,t)D%,  Bi(t)= >  Cailx,t)D%, (4.7)

|x|<2m—1 |ax|<2m—1
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where i = 1,2,...,v. The domain of these operators can be taken H2"~1 (M) NHJ (M)
which is dense in L, (M) (see [1, 2, 10]). Therefore, we can assume that

S1=S=---=8,=F=H"""YM)nH(M). (4.8)

Suppose that go(x), g1(x),...,gn-1(x) are given functions in S. Since Lu is uniformly
parabolic, it follows that —A = —A(x,D) generates a semi-group {T(t)} of class Cj.
It can be proved that T(t) satisfies the condition (1.7) and (1.8). Consequently, [2, 6]
can be applied to the Cauchy problem (4.1) and (4.2). This means that the considered
problem can be solved in S without any restrictions on the characteristic forms of the
operators

> aalx,t)DS, > Cuilx,t)DS, (4.9)

lal<2m lx|<2m

which depends only on the continuity of the functions go,g1,...,9n-1-
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