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ON THE GEOMETRY AND BEHAVIOR OF 1-BODY MOTIONS
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ABSTRACT. The kinematic separation of size, shape, and orientation of n-body systems
is investigated together with specific issues concerning the dynamics of classical n-body
motions. A central topic is the asymptotic behavior of general collisions, extending the
early work of Siegel, Wintner, and more recently Saari. In particular, asymptotic formulas
for the derivatives of any order of the basic kinematic quantities are included. The kine-
matic Riemannian metric on the congruence and shape moduli spaces are introduced via
O (3)-equivariant geometry. For n = 3, a classical geometrization procedure is explicitly
carried out for planary 3-body motions, reducing them to solutions of a rather simple
system of geodesic equations in the 3-dimensional congruence space. The paper is largely
expository and various known results on classical n-body motions are surveyed in our
more geometrical setting.

2000 Mathematics Subject Classification. 70F07, 70F10, 70F15, 70F16.

1. Introduction. The classical n-body problem studies the motion of n celestial
bodies under the mutual influence of gravitational forces. In reality one studies an
idealized system consisting of n point masses P; of mass m; in Euclidean 3-space,
where the dynamical laws are given by the Newtonian potential function. In the more
recent literature, one also finds studies of particle systems whose dynamics are given
by various types of potential functions with similar symmetry properties, such as the
inverse q force law with g + 2.

We start in Section 2 with the kinematics of many particle systems, in the general
setting of classical vector algebra. Of particular importance is the decomposition of
kinetic energy and the associated kinematic identities and inequalities, including the
Sundman inequality which is well known from celestial mechanics. As far as dynam-
ics is concerned, say, with the inverse g force law, 1 < g < 3, a central topic which
we will discuss is the asymptotic behavior of motions leading to a general collision
(total collapse). This old topic dates back to the pioneering work of Sundman and
Siegel on 3-body motions (see [17, 18, 22, 23]) and its partly generalization to n > 3
by Wintner [24], where the time derivatives up to second order of the basic kinematic
quantities are investigated. We will extend these results and prove the expected as-
ymptotic formulas for the derivatives of any order. The first part of the proofs appears
in Section 2.2; here we establish the case of derivatives up to order 2, largely follow-
ing Siegel’s approach. The proof is completed in Section 6, where we have adapted
ideas found in Wintner [24]. We mention that Saari and his collaborators have ex-
tended Wintner’ ideas and techniques to study (i) collisions involving subsystems of
the particles, and (ii) expanding systems and their limiting behavior as t — oo (cf. [14]).
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Unfortunately, in this treatise we have not included any discussion and corresponding
results in these directions.

Section 3 is more geometric, involving equivariant geometry modulo the orthogo-
nal group O(3). Here we define the congruence and shape moduli spaces M and M*,
respectively, and their natural kinematic Riemannian geometry, which actually coin-
cides with their O (3)-orbital distance metric and describes M as the Riemannian cone
over the compact shape space M*. This section is far from being exhaustive, but pro-
vides some new formalism beyond the vector algebra setting in Section 2 which will
be used in later sections. We refer to Hsiang and Straume [6] for a detailed and more
complete investigation of the geometry of triangles with mass distribution. For n > 3,
we refer to [5] and its succeeding paper [7].

In Section 4, we discuss briefly another classical topic, namely the central con-
figurations and the corresponding shape invariant n-body motions. In celestial me-
chanics these motions are essentially the only known exact solutions for n > 3, and
they date back to Euler and Lagrange (around 1770) who investigated the case n =
3. The simplicity of these motions is clearly illustrated by the image curve in the
shape moduli space M*, which in these cases is a single point, namely the shape
of a central configuration. We will give an explicit and uniform description of these
motions.

The induced Riemannian kinematic metric on the cone M = CM* has the standard
form ds? = dp? + p?do?, where p? = I is the total moment of inertia of the n-body
system, representing the size of the system, and do? is the induced metric on the
shape space M*. In Section 5, we consider the case n = 3, where M* is a round 2-
dimensional (half-)sphere of radius 1/2, and hence do? = (1/4)(dr? + sin’rd@?) in
terms of spherical polar coordinates (7, ). Thus, the triplet (p,7,®) presents itself
as a natural coordinate system in M, and following the classical geometrization pro-
cedure in dynamics we work out explicitly in these coordinates the induced (or rather
reduced) ODE for 3-body motions at moduli space level, for the special case of pla-
nary motions at a fixed energy level h. Its Hamiltonian version is also presented but
not further investigated. The above mentioned ODE in M coincides with the geodesic
equations of the conformally modified metric diﬁ = (U+h)ds? on M, where —U is the
potential energy. Due to its conspicuous simplicity, we expect this ODE to be quite use-
ful both in the qualitative and numerical analysis of 3-body motions. In future studies
we will continue in this direction and also investigate the corresponding system for
nonplanary motions.

The present work is a revised version of [21], growing out from the geometric study
[6] and the more analytical methods of Siegel and Wintner. In retrospect, however,
some of the problems we wanted to study are found to be more or less solved in the
existing literature during the recent decades, especially by work of Saari and his col-
laborators (cf. [8, 14, 15, 16]). Despite this elimination, we apologize for any remaining
overlappings or missing references to related works. However, in this rather exposi-
tory treatise, perhaps with an untraditional approach, we discuss some theoretical but
important issues in celestial mechanics which are far from being completely settled,
and we hope to stimulate further studies and insight in these mathematical problems
which are, after all, still rooted in the physical reality.
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2. Fundamental results in the setting of classical vector algebra. In this section,
we work out some fundamental identities and inequalities generally known from the
classical literature, perhaps in a different setting. Many of these results are actually
of a purely kinematic nature, namely independent of the nature of the forces acting
on the particles. Therefore, it is natural to start out from a kinematic viewpoint.

2.1. Kinematics of many particle systems. Let a;, i < n, be the radius vector of
points P; in a fixed Euclidean 3-space, denoted by R3. The position and motion of the
system is recorded by the following time dependent vector in the associated Euclidean
3n-space

X=X(t) = (aj,a,...,ay) ERM" =R}, 0R}, & -0 R}, (2.1

with velocity vector (d/dt)X = X = (a;,a»,...,a,), assumed to be continuous. We re-
fer to the vector X as an n-configuration, and R3" as the (unrestricted) configuration
space. The dynamics of the system also involves the acceleration X, namely when the
influence of forces on the kinematic behavior is concerned. However, kinematics is
the formal investigation of quantities and relationships involving X and X, where the
vectors are usually regarded as independent. Thus, in the following subsection, we
focus attention on constructions involving two arbitrary vectors X and Y.

2.1.1. Vector algebra and geometry in R3". Let a-b (resp., axb) denote the stan-
dard inner product (resp., cross product) of a and b in R3. However, following an old
idea due to Jacobi it is convenient to equip R3" with a Euclidean metric associated with
the given mass distribution (mq,m»,...,m,), which we will refer to as the kinematic
metric, namely for general X =(aj,ay,...,a,) and Y = (by,by,...,b,) define the inner
product by

X-Y=> mi(a;-b). (2.2)
Similarly, we define the cross-product R3" x R3" — R3 by
XXY = > m;(a;xb;). (2.3)
and we will also need the usual exterior product construction R3" x R3" — AZR3"

XAY =Y aiAbj € Y Ry ARY,), (2.4)
i,j i,j

where a; Ab; is regarded as a vector in the (i, j)-summand [R?i) A [Rf‘ﬁ of A2R3" and
[R?i) C R37 js the ith summand with orthogonal basis ei” =e,,v=1,2,3.Here {e1,e;p,e3}
denotes a fixed orthonormal basis of our model 3-space R3 containing the vectors
a; = Zxﬁ”ey andb; = >’ ys(j )es. However, A2R3" inherits the Fuclidean metric induced
from (2.2), with orthonormal basis

1 (i) () , . e

e, ney, (r,i) = (s,j), r<sifi=j, (2.5)

/Mim;
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in particular, He || = /m;. Thus, the vector in (2.4) has norm square
5 X-X X-Y 2 5 5
IXAY]" =det XY Y-Y = [IX[I1Y]Ic = (X-Y)
(2.6)
n
= > m?|ja; xby|* + > mym; Z ( yI — x! y,(”) ,
i=1 i<j r,s=1

where a; = S xVel’, b; = Syl and a; Abj are regarded as vectors in R3",
whereas a; x b; belongs to R3.

In order to investigate further the connection between the three types of “vector
product,” (2.2), (2.3), and (2.4), we introduce the following four nonnegative quantities
depending on X and Y:

ob:)? AT )2
Qi = > m A gy m, 2007 2.7)

beo |/l a0 lladll

where the operator symbol ¢ means either o or X, indicating the inner product or
cross product in R3, respectively. They are evidently related by

Qi +Qf =IXI%,  Q3+Q5 =Yl (2.8)
The notation X0Y refers to (2.2) and (2.3), and the inequalities
(X0Y)? < IX/°QS,  respectively  (X0Y)? <Q?Y|? (2.9)

follow by an application of the Cauchy-Schwarz inequality, for example
2 2 (ai<>bi) 2
(X0Y)? = [Zmi(aiObi)] =|> (\/mi||ai||) (\/mi Tl )
1

<[ Sl ][Z Tioﬂl) }=IX||2Q§-

Let Rf ,1=1,2, be the residues (or residual terms) of the inequalities in (2.9), namely
by definition

(2.10)

(XOY)2+RS = IX[°QS,  respectively  (X0Y)?+R?{ =[Y]I?QS. (2.11)

Then by carefully checking the inequality in (2.10), we find that

X0Y a;¢b;
RS =0 =20 vy, (2.12)
: X2 Jla]

X0Y  a;ob;
RV =0 =0 vy, (2.13)
! Y112 |by])?

(whenever a; and b; are nonzero, as in (2.7)). By combining (2.8), (2.9), and (2.11), we
obtain the identity

IXXYII2+(X-Y)?+R = [XII?IYI?, i=1,2, (2.14)
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and therefore
R=(R;+R}) = (R5+R5) =0 (2.15)

is the residue of the inequality
IXXYII?+(X-Y)* < [IXII* 1Y ]1? (2.16)
or equivalently, by (2.6), the inequality
IXXY? < IXAY]2. (2.17)

2.1.2. The basic kinematic quantities and examples of “simple” types of mo-
tion. Now, we return to the n-configuration motion X(t), (2.1), and put Y=X in
Section 2.1.1. First of all, we define the ith individual (central) moment of inertia I;,
kinetic energy T;, and angular momentum Q; by

1 . .
I = myl|aq]|, Ti=5m,.|\ai||2, Q; = m;(a; xa;). (2.18)

The corresponding total moment of inertia, kinetic energy, and angular momentum
is the sum of the individual ones. They are the basic kinematic quantities, namely

1 . X
I=p*=1X|? T=EMXW, Q=XxX. (2.19)

We introduce some terminology in order to characterize specific types of “well-
behaved” motions. The motion is rectilinear (resp., planar or flat) if the particles
P; move along a fixed line (resp., plane) in 3-space. The motion is collinear (resp.,
coplanar) if at each time t the particles lie on a line (resp., plane) which may depend
on t. Furthermore, we say a motion is torque-freeif each individual angular momentum
Q;, i = 1, is constant. Recall that in dynamics this means that P; is (for some reason)
subject to a central force field, see for example [12].

In the following examples we will draw some immediate kinematic consequences
from the sole assumption that Q is time independent.

¢ A collinear motion is torque-free, and then it is rectilinear if and only if Q = 0. On
the other hand, if Q + 0 then a collinear motion is planar and Q is normal to the plane
of motion. Moreover, each €; is a nonnegative multiple of Q.

e A coplanar motion is necessarily planar if it is torque-free. Indeed, each P; moves
in a fixed plane (resp., along a fixed line) if Q; + 0 (resp., if Q; = 0), namely in a
plane with normal vector Q;. This plane is independent of i. For n = 3 all motions are
coplanar (or collinear), of course. In fact, for a 3-body motion (in a gravitational force
field) which is torque-free and with Q + 0, the P; are at the vertices of an equilateral
triangle, and hence the motion is shape invariant.

PROBLEM 2.1. Assume a coplanar motion X (t) is perpendicular to Q (e.g., Q = 0)
at some time ty, and assume X (tg) is not collinear. Must the motion be planar?

The answer is yes for n = 3; it is, for example, a direct consequence of the general-
ized Euler equations for 3-body motions given by [6, Theorem 4]. A weaker statement
is proved in Lemma 2.2 below. In dynamics, Saari [15] answers the problem affirma-
tively for general n, making use of the “standard” symmetry assumptions on the
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potential function U. We conjecture, however, that an affirmative answer holds for
purely kinematic reasons as well.

e The class of homothetic n-body motions is defined by the condition that X(t) is
confined to a fixed line in R3". This is the subclass, defined by the condition Q = 0,
of the more general shape invariant motions, namely the n-configurations at times
t; # t, differ by a similarity transformation of the Euclidean 3-space. Equivalently, the
kinetic energy term TY representing change of shape vanishes (cf. Section 2.1.4). In
Wintner [24], n-body motions of this type are referred to as homographic. The first
solutions of the 3-body problem in the literature, dating back to Euler and Lagrange,
are shape invariant. Still, with essentially no exceptions they are the only known ex-
act solutions of the (unrestricted) n-body problem. Even so, in the classical n-body
problem, the complete determination of all realizable shapes for the shape invariant
solutions is still an unsolved problem for n > 3. We refer to Section 4 for a precise
description of the shape invariant motions.

Sundman was the first to prove, for the Newtonian n-body problem, that a general
collision (or total collapse) is only possible when Q = 0. Weierstrass probably knew
this result, and he showed for n = 3 that the motion must be planar if Q = 0. We will
give a simple and purely kinematic proof of this fact in the following lemma.

LEMMA 2.2. A 3-configuration motion with constant angular momentum Q, with
respect to the center of mass, is planar if and only if Q is perpendicular to the plane of
motion. In particular, the motion is planar if Q vanishes.

PROOF. Let the origin be the center of mass. We will assume a; xa, + 0 during the
motion, say a; xay = f(t)n with f(t) > 0, where n is a unit normal vector of the plane
of motion. Define numbers x and y by

x = (a; xap) -ay, v = (a; xap) - ap. (2.20)

Then it is easy to see that n = 0, that is, the motion is planar, if and only if x =y = 0.
On the other hand, a simple calculation gives the identity

-m3Qx (a; xap) = (k11x+kpy)ay + (ka1 x + koo y)ay, (2.21)
where
ki, =mim; +m%, ko2 :m2m3+m%y
(2.22)
kio = ko1 =mimy, det (kij) = mimoms,

and the mass distribution has been normalized so that Xm; = 1. It follows that Q and
n are collinear if and only if x = y = 0. O

2.1.3. The basic kinematic identities and inequalities. Consider an n-configur-
ation motion X(t), and apply the results of Section 2.1.1 with Y = X. So far, we need
not assume invariance of any quantity such as Q. Equation (2.6) reads

. 1. n
IXAX|? = 20T 1 = 3 119417 + || Qx| (2.23)
i=1
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where the “mixed angular momentum” term Qmix has norm square
2 & De @) D) ()2
1Qmicl| = Y mim; > (x 0% —xPx D) (2.24)
i<j r,s=1

Moreover, (2.14) and (2.16) now reads
||Q||2+%i2+%=2n, (2.25)
12+ %F <2IT, (2.26)

where the latter is usually referred to in the literature as the Sundman inequality (cf.
Saari [13]), and hence it is appropriate to refer to the kinematic identity (2.25) as the
Sundman identity and to R as the Sundman residue.

Recall from (2.15) that R decomposes in two ways. Correspondingly, it follows from
(2.12) and (2.13) that equality holds in (2.26), that is, R vanishes, if and only if

A P I; ,
I = 711, Q; = TlQ Vi, (2.27)
or equivalently (whenever the fractions are defined)
. T T; )
Ii= Tll, Q; = ?LQ Vi. (2.28)

In fact, it is not difficult to see that the above conditions characterize shape invari-
ant motions which in the case Q + 0 must be coplanar. Therefore, these motions are
characterized by the Sundman identity with a vanishing residual term, namely

Q1% + %I’Z =2IT. (2.29)

REMARK 2.3. For the classical gravitational n-body motions, or in dynamics where
the potential has similar symmetry properties, shape invariant motions with non-
vanishing angular momentum are, in fact, planar (i.e., coplanar, but confined to a
fixed plane). We refer to Section 4.

We will further analyze the structure of the Sundman residue R, (2.15), starting
with the following remark.

REMARK 2.4. Byits definition, R is anonnegative, homogeneous, and O (3)-invariant
polynomial of degree 4 of the 6n variables x )'cs(j ) Hence, by classical invariant theo-
ry it may be written as a quadratic polynomial of inner products among the n position
vectors a; and their velocities.

By invoking the identity (2.23) and the obvious decomposition

112 =Y (|l +2 > Qi -Qj, (2.30)
i<j
we obtain the following explicit formula:
R = [|Qmix|* -2 > Q-
i<j
2014 112 . . s
= > mym;lfail|"[[a;]|" - (ai-a)) (ai-a;) - (aixa;) - (a;xa;)].
i,j

(2.31)
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From the last expression it is easy to see that R vanishes if and only if for each
i + j the following three conditions hold (where the last two make sense only when
all four vectors involved are nonzero):

e llaglillall = llajlillazll;

« the angle 0; ; between a; and a; equals the angle between &; and a;;

 a; and a; span the same plane as &; and a; (if sin6;; # 0).

For Q + 0, a kinematic interpretation of R is still somewhat awkward. However,
there is a modified version of the kinematic identity (2.25), namely the general kine-
matic identity

I, llwl? + %1‘2 +% =2IT, (2.32)
where
2
ollwl? = X222, (2.33)
I = > I;sin® 0; <1, (2.34)

is the moment of inertia with respect to the w-axis, where w is the instantaneous
angular velocity of the system and 0; is the angle between a; and w. The general
residue

R=R—-(IIollw]>=1Ql%) =0 (2.35)

is, indeed, still nonnegative. The connection between Q and w is explained in the next
subsection, where the three terms on the left side of (2.32) are interpreted in terms
of kinetic energy. Moreover, equality holds in (2.33), and hence ® = &, if and only if
X is perpendicular to Q, that is, either Q vanishes or X is coplanar and its plane is
perpendicular to Q.

2.1.4. Decomposition of Kinetic energy. We will focus attention on the kinetic
energy T and its natural decomposition suggested by the geometry of Euclidean
3-space R3. Namely, an n-configuration is uniquely characterized by the three geo-
metric invariants: size, shape, and position, where shape and size together define the
congruence class of the n-configuration, and the position (relative to a fixed refer-
ence n-configuration Xy) is measured by an element (or rather coset) of the isometry
subgroup of R3 fixing the origin, that is, the orthogonal group O(3). For a given n-
configuration motion, t — X(t), the rate of change of the above invariants is expressed
by the corresponding components of the velocity, namely the following orthogonal
decomposition

X=X +X" =X+ (X7 +X®). (2.36)
The associated decomposition of kinetic energy is written as
T=TP+T+=TP+T% +T%,

. (2.37)
T? = %IIX‘”HZ, peip, L,0,w}
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REMARK 2.5. So far, the center of mass is not assumed to be the origin, so the above
“congruence” notion may not be a natural one. However, after this subsection this will
be assumed (cf. Section 2.2). Anyhow, (2.36) is a well-defined decomposition, with a
possible translational component X! being “absorbed” into the other components.

In (2.36), X” is the radial velocity component, which by definition is parallel with X
itself, whereas the transversal component X* is perpendicular to X. The latter further
decomposes into X? and X®, representing the change of “shape” and “position” (or
orientation), respectively. It follows that X? = (p/p)X, and consequently

JCE|

(Y
T 5 = 2P (2.38)
which combined with (2.23) gives
14 = LA = & 3 0P + L0 (2.39)
21 21 & 21

Next, we turn to the more awkward problem of splitting off the rotational energy
T® from T+. The velocity X% is the component tangential to the SO(3)-orbit through
X, whose tangent space is spanned by the (Killing) vector fields

X —(nxay,...,nxa,) =nxX (2.40)

generated by all n € R3 ~ so(3). Therefore

XY =wxX (2.41)
for some w € R3, and moreover, for any n
n-(XxX®) = @mxX)-X® = (mxX)-X=n-(XxX)=n-Q. (2.42)

It follows that
Q=XXx(wxX) (2.43)

and for fixed X this identity defines a linear transformation w — Q which is easily seen
to be invertible if X is not collinear. Anyhow, Q vanishes if and only if w x X vanishes.
Although in the collinear case, w is only determined up to a summand in the direction
of the vectors a;, I, adjusts correspondingly in the general formula for the rotational
kinetic energy

1 . 1 ’
T = §|Iw><XHZ = Elw\lwllz. (2.44)
In general, we have inequalities

2
T _ jeopz < 2T

I 1o = I’ (2.45)

where equality on the right side means purely rotational motion, thatis, T = T®, and
equality on the left side (cf. (2.33)) is equivalent to the vanishing of the Sundman
residue ‘R, namely (2.29) holds. Furthermore, assuming X is not collinear, one can
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show that Q and w are collinear vectors if and only if X is a coplanar configuration
and Q is perpendicular to its plane, namely

_1 _ o 1lQl°
a)—IQ, Iy =1, T = i

. (2.46)

N

For example, (2.46) holds for a planar motion, whereas the expression for T® in (2.46)
is a lower bound in the general case.

It is now clear that for a planar motion X(t), (2.37) coincides with the Sundman
identity (2.25), and for a general motion the “change of shape” kinetic energy term is
given by

1 .
g __
T = ZI‘R (2.47)

so that (2.37) coincides with the general kinematic identity (2.32). The motion is said
to be shape invariant if the term T vanishes. In particular, for planar motions its
expression becomes

1 1 2
T"=2I‘R=21<\|Qmixl| —2ZQi-Qj). (2.48)

i<j
In retrospect, we recall the inequalities
0<R<R (2.49)

and the following interpretations:
e R =R says X is perpendicular to Q (and hence coplanar if Q = 0),
o R =0 says the motion is shape invariant,
¢ R =0 says the motion is shape invariant, and is also coplanar if Q = 0,
e R =0 if and only if ® = 0 holds in dynamics governed by a “typical” potential
function, for example, for Newtonian n-body motions.
We have seen that the inequality T® + TP < T, or its equivalent form

I, llwl? + %1‘2 <?2IT (2.50)

is generally stronger than the Sundman inequality (2.26). For any motion the inequality
in (2.50) is strict, unless the motion is shape invariant, whereas equality holds in the
Sundman inequality if the shape invariant motion is also homothetic or coplanar. The
inequality R < R also expresses that, in an appropriate sense, the change of shape is
(locally) maximal when the motion passes through a coplanar n-configuration.

2.2. Dynamics and basic asymptotic analysis. In this subsection, we assume that
the n-configuration motion is due to a force acting on the mass points, derived from
a potential function U (X), namely

1 oU 1 oU 1 oU

is the differential equation of the motion.
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2.2.1. The potential function and invariance properties. We will make the follow-
ing two basic assumptions on the potential function:
« U is invariant with respect to Euclidean motions in R3;
e U is homogeneous of degree —e, that is, U(kX) = k¢U(X) for all k > 0.
These properties are typical for a system with only mutual interaction between
particles and no external forces acting on the system. As a direct consequence of the
translational, respectively O (3)-invariance of U, we infer respectively

" U : oU
> myd; = 3, = Q—Zaixa—ai—o, (2.52)

and moreover, U depends only on the mutual distances
71, = [la; —ay| (2.53)

since these numbers constitute a complete set (but not functionally independent if
n > 4) of congruence invariants for n-configurations. In particular, the vector Q is an
invariant of the motion.

Recall that p = /T is the distance from X to the origin in R3", whereas the actual
“size” of an n-configuration is more naturally measured by

1 _
J= - Zmimjrfj, m=3Im,, (2.54)

i<j

namely the moment of inertia with respect to the center of mass, (1/m)> m;a;. It
follows that I = J if and only if the center of mass coincides with the origin, and
thanks to (2.52) we can, indeed, choose origin in this way.

REMARK 2.6. In classical mechanics, it is the invariance of linear momentum, namely
> m,;a, is constant, which enables one to choose the origin at the center of mass, with-
out sacrificing the “inertial” property of the reference frame, needed for the validity
of the force law (2.51).

Henceforth, we assume the center of mass lies at the origin, and consequently we
will restrict our configuration space to the following linear subspace of R3":

M =R 3 :mia +moas+---+mMpan =0 (2.55)

with the induced kinematic metric (2.2). We also use the notation

U*
UX) =p U X)) = —,
1 1 (2.56)
XIZ*XZ(UI;UZ;---;un)s u; = —a,
p p

where U* denotes the restriction of U to the unit sphere (p = 1) = M; =~ §3"4 of M.
Clearly, U is uniquely determined by its restriction U*.
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In addition to the above two assumptions on U we will also add one more assump-
tion:

e The singular set of U* is the collision variety, that is, a; = a; for some i # j.
Moreover, assume that U* > 0 and U* — o« as X; approaches the singular set.

The standard example is, of course, the classical gravitational field, where e = 1.
The energy integral of the motion is written as

h=T-U (2.57)

whence —U is the potential energy. Recall that the classical n-body motions have the
Newtonian potential function (in appropriate units)
m;m;

U= Z (2.58)
i<j
and its gradient vector field (in M, with respect to the Jacobi metric (2.2)) has
components
LU _ 5oy, (=) (2.59)
mioai i [fa -l
In general, combining (2.51) with the following crucial property of a homogeneous
function U of degree —e with respect to the vectors a;,

U _ —eU.

Pa (2.60)

n
X- X = z a;
i=1
The associated Lagrange-Jacobi differential equation is the result of differentiating
I = ||X||? twice and making the obvious substitutions from (2.57) and (2.60), namely
the following three equivalent equations:

[=2(2T -eU) = (4—2e)T +2¢h, (2.61)

. op? 1

p+2 _2[(2-e)U+2h] =0, (2.62)
P p

(2—e)(T" +T®) = jpp + %pZ —eh, (2.63)

are valid for motions on a given energy level h. Thus, (2.61) is merely a differential con-
sequence of the energy integral (2.57), and conversely, the latter integral is recovered
from (2.61) by integration, with h appearing as an integration constant.

SYMMETRIES OF THE EQUATION OF MOTION. The differential equation (2.51) is
invariant under Euclidean motions as well as time translation and reversion. It is also
easy to check that the equation has a 1-parameter group {gs} of time-space scaling
symmetries. In effect, if t — X(t) is a solution at energy level h and angular momentum
Q, then for each fixed real number s

t— Y(t) = eVX(e"t), (2.64)

v 2
2+e’
is a solution with energy and angular momentum

h® =e ®h, QW =e(2-0/2vsq, (2.65)
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respectively. (The exceptional case e = —2 is simpler; the space homotheties X — e*X
are symmetries.)

2.2.2. Asymptotic estimates of general collisions. This subsection is devoted to
the basic asymptotic behavior of motions leading to a total collapse (also called general
collision). This event is simply characterized by the condition I — 0. The main results
are stated in Theorems 2.7 and 2.8, but completion of the proofs is postponed until
Section 6.

Results in this direction date back to Sundman’s work around 1910 on n-body mo-
tions, mostly with n = 3. They were substantially improved by Siegel three decades
later. Among the classical results are, for example, the vanishing of the angular mo-
mentum vector Q and asymptotic formulas of the physical quantities T and I = pZ.
Sundman also found asymptotic formulas for [ and I and, moreover, he showed that
U* has a limit as I — 0. These results are also contained in our Theorem 2.7.

For functions f(t) and g (t) recall the following notion of asymptotic equivalence

f~g ifg—»last—»to. (2.66)

THEOREM 2.7. Assume U > 0 is homogeneous of degree —e, 0 < e < 2, and the
motion leads to a general collision at t = t,. Then

tlir{l U*(t)=u>0 (2.67)
—lo
exists, and for all i = 0
dt dt N
E(P) ~ E(Kt ),
. ) ) (2.68)
a .. d(u ﬂ(l 2,2 2v—2)
it dti(pe> ari 2V T )

where E denotes T, T, or U, and the constants e and u determine the constants v and
K by
2 V2 2+e

V==—, = —K"° 2.69

2ve’ M7 (2.69)

THEOREM 2.8. Under the assumptions of Theorem 2.7, the total angular momentum

Q is identically zero. Furthermore, each individual angular momentum Q; as well as
the “mixed angular momentum” Qumix, (see (2.24)) must tend to zero.

We turn to the proofs of the theorems, using ideas adapted from the work of Siegel
and Wintner (cf. [18, 19, 24]).

As in the early investigations, a principal tool is the Lagrange-Jacobi equation (see
(2.61)) which in the standard case e = 1 reads

I=2T+2h. (2.70)

Another crucial property of the potential function (2.58) is U(X) — o as X — 0, hence
also I — o by the above equation. Consequently, I — 0 in finite time, and I > 0 holds
near collision time.
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We first clarify our conditions on U. The condition e > 0 is needed since there is
no a priori reason for X; € M; to approach the singular set (where U* — o) as I — 0.
However, the additional condition e < 2 will be needed later, see (2.96).

From (2.61) it follows that I — o0, so again the collision must occur at finite time. By
translating and (eventually) reversing time we will assume collision occurs at t = 0,
and henceforth the motion is studied during a small time interval (0,t,), where we
may also assume I > 0.

We start by showing that the constant vector Q) = > Q; must be zero. To this end, put

K = X AXI| = [|Cumx ]+ D [l 2.71)
i=1

and deduce the inequality
II'> (2-e)KIT™' +2nhi (2.72)

by combining (2.23) and (2.61). Define K = inf(; 1) K and integrate the inequality from
t to ty to obtain

%1‘5 > %(ig —i?) = (2—e)K01n(170) 2h(lo—T),
2hI —2hlg+2713
(2—e)In(Iy/I)

(2.73)

0 < — 0 ast—0.

This proves that Q = 0.
Recall the splitting (2.37) of kinetic energy; here T® = 0 since Q = 0. Thus, the
identity T = T? + T? = U + h gives the asymptotic formula

U* ~A(t)+B(t) ast— 0", (2.74)

where
A(t) = p°T?, B(t) = p°T®°. (2.75)

LEMMA 2.9. The term A(t) has a limit, namely lim;_o+ A(t) = u > 0 exists.
PROOF. By combining formulas (2.38) and (2.62),
A=pp 1t ((2—e)T? +eh). (2.76)

Hence, fort <ty <¢
to
Alty) - A(t) = j 2—e)p- 1 pTodt +h(p(to)° — p(t)°) 2.77)
t
and since both A and the integrand are nonnegative, lim A(t) = y must exist. It remains
to show that p > 0.

Suppose we have py = 0. Since min(U*) > 0, (2.62) implies

pplte=(2-e)U*+2hp®-2A=(2-e)U*+0(1)>C>0 (ast—0") (2.78)
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and therefore

p p

pﬁ=pl+e((2—e)U*+o(1))szHe. (2.79)
Consequently, by integration
. 2 . 2 to d .2 fo .. to p
p(to)" —p(t)° = L E(" )dt = ZL (pp)dt = ZCL Sire dt
>C 1 1 (2.80)
_ == _ . _ +
=5 (p(t)e p(to)e) o ast—0
and this is clearly contradictory. O

From Lemma 2.9 we have now A(t) = u + o(1), hence by definition of A, p =
J2up~¢? +0(p~¢’?) and consequently

P t t
W= p¢2d =J ; eﬂdt:J 2u+o(l))dt = 2ut+o(t 2.81
vol = | p2ap = po C(euro))dr=\2ut+ony @81

which gives p ~ kt¥ and k = (v~1,/2u)”. Moreover, p ~ 2up=¢? ~ vkt'~1, and then
the asymptotic expression we seek for T# follows from T? ~ up~¢ or (1/2)pZ?.

Next, we turn to the asymptotic formula for g. Implicit in the work of Siegel [17, 18]
is a special property of the potential function U which, in our interpretation, leads
to an upper bound estimate of U on time intervals where U* and its gradient (or the
gradient of U evaluated on M;) have a given bound. The next lemma explains this.

LEMMA 2.10. Let0 < t; < t; < € and assume thatU (X;) < Cy and ||[VU(Xy)|| < C; for
t € [to,t1] = J. Then there is a constant C > 0, depending on &, such that |U| < Ct?¥~3
forallt € 3.

PROOF. Since U = VU -X,
1

Ul < ||[VUX)|IXI = FHVU(Xl)H\/ﬁ. (2.82)
On the other hand, for small t
T:U+h=#(U*+hpe)sC2p*‘*, (2.83)
and consequently
Ul < C1:2C2 - c C

< = . (2.84)
pe+1+e/2 t(e+1+e/2)v t3—2v O

LEMMA 2.11. The term B(t) tends to zero, thatis, B(t) - 0 ast — 0*.
PROOF. Since B is nonnegative, the claim is limsup B(t) = 0. We first establish
liminfB(t) =0 ast — 0. (2.85)

Using the asymptotic formulas for p and g, consider (2.77), from which it follows that
the integral

to
J p 1 pTY dt (2.86)
0+
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is convergent. However, the integrand is
pltepTY = (%Jro(t*l))B(t) (2.87)

and the integral of 1/t is divergent, so this is not possible unless liminf B(t) = 0.

It remains to show thatlimsup B(t) = 0. Assume to the contrary, that limsupB(t) >
0. Consequently, for given € > 0, there is a sequence € > t; > tp > --- >t > - - - with
limt; = 0, such that for some 6§ > 0

6 <B(t) =36, forte [ty tri1]=1J; B(t2i-1) = 36, B(tz)) =6.  (2.88)
Therefore, for t € J; and each i, by Lemma 2.9 there is a constant C; such that
U*=A+B-p*h<u+365+o0(1) <(, (2.89)

where 0(1) — 0 as t; — 0. In particular, the curve X; (t) will stay in a compact region
on the sphere M; and disjoint from the singular set of U*. In this region the norm of
the gradient is also bounded, say, by C;. Hence, we may apply Lemma 2.10, and for
some constant C

|T|=|U| <Ct> 3 fortel]. (2.90)

Consequently, by (2.83), (2.90), and the asymptotic formulas for p and p already found,
there is a constant C» such that

’%(peT)‘ = |p*T+ep®1pT| < Cz% for t € J;. (2.91)

Since A ~ u, we may also assume t; is so small that
|A(t2i,1)—A(t2i)| <94. (292)
Then, by (2.75), (2.89), and (2.91)

26 = B(t2i-1) —B(t21)

= (PeT—A)t:tZH - (PeT_A)t:tZi (2.93)
t2i-1
< J ﬂ +0
to; t
from which we infer
t2i-1 t2i-1 2
J B(t) dat > 5J dt > o for each i. (2.94)
t2i t Lo t C

On the other hand, the integral (2.86) is convergent and consequently also

t
J IM6ilf< 0, (2.95)
0 t
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Clearly, (2.94) and (2.95) are not compatible, and this completes the proof that
limsupB(t) = 0. O

From Lemma 2.11 we infer TP ~ T, and evidently T ~ U. Then the asymptotic ex-
pression for p follows from (2.62). Returning to K defined in (2.23) or (2.71),
2
1<:21T—Z =2[(T-TF)=2IT" =2p>°*B—0 ast— 0" (2.96)
and this completes the proof of Theorem 2.8.
Finally, the asymptotic formulas for the time derivatives of E = T?,T, or U in
Theorem 2.7 rest upon the asymptotic formulas for all
a3 da* dt
——= 0y PP, 1>2, 2.97
a? ag P g ! (2.97)
whose proof will be delayed until Section 6. Assuming these formulas for the mo-
ment, we use (2.62) to find successively U,U,U,...,(d!/dt!)U, as a polynomial in
0,p,...,(d*2]dt*?) p. Similar polynomial expressions are easily derived for the deriva-
tives of TP = (1/2)p?, of course. Now, the asymptotic expressions for the derivatives
of E follows by inserting the asymptotic expressions of p, p,... into the corresponding
polynomial. However, for a fixed i > 0, the three cases of E will have the same mono-
mial as its asymptotic expression, say (d?/dt?)(E) ~ p;t%i, since the three cases agree
for i = 0, and the common monomial is

potdo = %Vszth—Z, (2.98)

We leave this topic here by stating the following problem concerning the asymptotic
behavior in the remaining “directions,” namely with regard to shape and position (or
orientation). In Section 6.2 we will return to this problem.

PROBLEM 2.12. In the case of a general collision, what is the asymptotic behavior
of the curve X;(t) = p~1X(¢) on the unit sphere M;? Must X; (¢) converge, that is, is
there a limiting shape and orientation?

3. The moduli space of size and shape. In this section, we will focus attention on
the kinematics of motions in the congruence moduli space M, whose points represent
the size and shape of n-configurations. As a mathematical object, M is the quotient
space

MEZM=M/0Q3) (3.1)

consisting of the congruence classes 1m(X) = X. Namely, M is the orbit space of the
natural orthogonal O (3)-representation on M =~ R3"~1 by n — 1 copies of the stan-
dard representation on R3. The above quotient construction is well understood in the
framework of equivariant Riemannian geometry, by which M becomes a (stratified)
Riemannian space and 71 a Riemannian submersion. As will be seen below, this de-
scription of the metric is, in fact, consistent with the decomposition of kinetic energy
in Section 2.1.4. We refer to [2] for basic results on equivariant differential geometry.
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3.1. The kinematic metric on M. Recall that one can define kinetic energy on M
and M as functions T and T on the respective tangent bundles of M and M

™ ———~R
\Ldrr (3.2)
_ T

TM — R

such that their restriction to each tangent space (fibre) is a positive definite quadratic
form. The associated Riemannian metrics are customarily written as

ds? =2Tdt?, ds? =2Tdt>. (3.3)

On M we want this, of course, to be the kinematic metric defined by the Jacobi inner
product (2.2), that is, ds? = Zmidsiz where dsf is the standard metric on the ith
summand of R3",

On the other hand, the natural choice of T is suggested by the decomposition (2.37)
of T, namely

T=T+T®, T=TF+T°. (3.4)

We claim that T is, indeed, a function defined on TM with the appropriate properties.
This will be seen in the next subsection, where d52 = 2T dt? is recognized as the orbital
distance metric on M. Consequently, we will also refer to d35? as the kinematic metric
on M.

By inserting the expression for T® found in Section 2 into (3.4), we have by (3.3)

ds? =d32+2Tdt? = ds? + 1, || w|2dt? (3.5)

which expresses the rotational kinetic energy as the “lost” term in the passage from
M to M, cf. (3.2). In the special case of planary motion, or if Q vanishes, the above

formula reads

Q%
2

ds® =ds* + dt?. (3.6)

3.2. The orbital geometry of M. We first describe the Euclidean space M as the
Riemannian cone

M =C(M):ds® =dp®+p°d¢? (3.7)

over M;, where (M;,d¢?) is the unit sphere (p = 1) of M with its spherical metric
d¢?. As usual, p is the norm function

pX) =I=|X]| (3.8)

which together with coordinates on M; constitute polar coordinates on M. Clearly p is
also a function on the O (3)-orbit space, which can be described as the Riemannian cone

M =C(M*):ds? =dp®+p°do? (3.9)
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over its “unit sphere” (p =1)
(M*,do?) = (M1,d$?)/O(3). (3.10)

Here d3? (and its restriction do? to M*) denotes the orbital distance metric, and as
will be seen below, the notation in (3.9) is consistent with (3.3).

As a cone, M (resp., M) is a union of rays emanating from its vertex 0 (resp., 0).
These curves are also the geodesics reaching the vertex, and p measures the distance
from X (resp., X) to the vertex. Note that scalar multiplication in M induces a “mul-
tiplication” by positive scalars k in M, namely kX =7 (kX), and a ray consists of all
positive multiples of a unique point on M*. The unit vector field in the (outward) ray
direction (in M or M) is denoted by 9/0p.

We will also refer to the subspace M* of M as the moduli space of similarity classes
(or shapes), or briefly the shape space. Clearly, the crucial data of the geometry of M
is encoded into (M*,do?), see Section 3.3. The simplest but important case n = 3 has
been thoroughly investigated in [6].

Finally, we show that the kinetic energy as defined by the orbital distance metric
is, after all, the function T defined by (3.4). To this end, let X # 0 be a given point in
M and X its image in M. Consider the following tangent spaces and their orthogonal
decompositions:

TxM=M=MPeoM’®M®, (3.11)
TxM = M* @ M°. (3.12)

Here MP? is the radial line (in the direction of d/9dp) through X, mapped by dr to the
tangent line M? through X generated by 0/0p, and M® = kerdrr is the tangent space
of the SO(3)-orbit (cf. Section 2.1.4). Moreover, M¢ is mapped isomorphically to the
other summand M?. Now, the inner product on TxM, by definition of Riemannian
submersion, is determined by the condition that d : M? @ M? — TxM is an isometry.

In particular, we have
0

0
drn(X) =Xl =p5-,
. ~ o " op (3.13)
;d'IT:MU — MU = Tx*M*,

where X* = (1/p)X is the image of X in M*, the map M? = M? is an isometry, and
MC = Tx=M* if p = 1.

Let X(t) be a motion in M and X(t) the induced motion in M. Let X = X° + X7 +
X® be the splitting of the velocity in accordance with (3.11). By definition, (d/dt)X
= dm(XP +X7), and consequently the kinetic energy of X(t) will be (as promised)

LIl ~ Lol + ey - 7077 - 7 o
21ldt 2

REMARK 3.1. Geodesics in M and M* are the locus T and I'* of moduli curves
X(t) and X*(t) of “linear” motions of n-configurations with Q = 0, where by “linear”
motion we mean a motion in 3-space with constant velocity (i.e., the potential function
U is constant). For example, in the case n = 3, I'* is an arc of a great circle on the 2-
sphere M*.
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3.3. A brief description of M*. Observe that (M*,do?) is a compact (3n — 7)-
dimensional stratified Riemannian manifold

M* > II* D E*, (3.15)

where the three strata (M* —IT*), (IT* — E*), and E* correspond to the O (3)-orbit types
1 CcO(1) C O(2), respectively. Here IT* and E* represent the shapes of coplanar and
collinear n-configurations, respectively.

The orbital stratification of M* involves projective spaces as explained by the fol-
lowing diagram where the horizontal maps are inclusions and the vertical ones are
orbit space projections:

gn-2 §2n-3 §3n-4 = M,
RP"2 =8""2/0(1) —= CP" 2 =8§2"-3/50(2)
l (3.16)
E* cpr2/7, — > M;/SO(3)

S2n=3/0(2) =T1* —— M* = M;/0(3).

The group Z, =~ O(1) acts on CP"~2 by complex conjugation, with E* = RP""2 as
fixed point set and IT* as orbit space. Similarly, M* is the quotient of M;/SO(3) by
the induced action of O(3)/SO(3) ~ Z,, with IT* as fixed point set.

Note that the two sets E* C IT* will not change if we work with congruence modulo
SO(3) rather than O(3). However,

M,/SO(3)-IT* — M;/0(3) -1IT* (3.17)

is a 2-fold covering if n > 3. On the other hand, in M;/SO(3) there are only two
orbital strata, namely E* and its complement. This is due to the fact that the action
of SO(3) has only two isotropy types, namely 1 ¢ SO(2). In particular, M;/SO(3) — E*
is a smooth manifold.

We also mention that M = M/O(3) (resp., M*) can be naturally identified with the
set of real, positive semidefinite symmetric (n — 1) X (n — 1)-matrices of rank < 3
(and with Euclidean norm 1, resp.). We refer to [5, 7] for further analysis of the above
equivariant geometry.

3.3.1. The special case n = 3. Any 3-body system (called mass triangle) is, of
course, a coplanar 3-configuration. Therefore, in (3.16) we have IT* = M* = S3/0(2);
this is a 2-disk D? which geometrically is a closed hemisphere of the 2-sphere CP! =
S§2(1/2) of radius 1/2. The boundary of the hemisphere is the (equator) circle E* =
RP! = S1(1/2) which represents the degenerate triangles, namely the collinear con-
figurations.
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On the other hand, the non-degenerate triangle X = (a;,a»,a3) in 3-space can be
oriented, say, by the frame {a;,a»,a; X ay}. Hence, it is natural to consider oriented
congruence classes of mass triangles, in which case M* will be the base space of the
usual Hopf fibration S3 — $2, namely

M* = §3/50(2) = CP! :52(1) — MFUM¥,
2 (3.18)
M} =8°/S0(3)=5°/0(3), M}nM*=E*,

where the two hemispheres M* =~ D? represent triangles of opposite orientation. This
modified definition of M* is consistent with the “observation” that the normal vector
of a triangle in motion should change continuously; the triangle degenerates when the
motion crosses E*, and as the motion enters the other hemisphere the triangle has,
indeed, the opposite orientation. We refer to [6].

3.4. The gradient fields of U and U*. Let U be the potential function on M, as in
Section 2.2. By O(3)-invariance, U may also be regarded as a function on M, and then
its restriction to M* is given by the restriction of U to the unit sphere M;, namely

U* =U*(X*) =U(X,) = p°UX), (3.19)

where X* = (1/p)X =1 (X;) and X; = (1/p)X lies on the unit sphere M;.
The gradient vector field of U in M is homogeneous of degree —(e + 1), namely

1 1

VUX) = el vU(X;) = WW, (3.20)
where W = W(X;) is the restriction of VU to M; and
W=WF+W=WF+W7 +W® (3.21)

is the orthogonal decomposition according to (2.36). However, the O(3)-invariance of
U implies that W® vanishes. Moreover, W? = kX; (= k(d/0p)) for some k, and using
the formula

VU-X=—-eU, (cf.(2.60)) (3.22)

we find that k = —eU*.
The bundle map dm: TM — TM of (3.2) identifies VU (X) with VU (X), and further-
more, it identifies WY at X; with the gradient of U* at X*. Consequently, we may write

w :—(eU*)%+VU* (3.23)

and the gradient of U in M is given by

eU*(X*) 0 1
- pe+1 % pe+1

vVUX) = VU* (X*). (3.24)

REMARK 3.2. Note that VU +epU(0/0p) is a global vector field on M, away from
origin, whose restriction to the sphere M, is tangential to M; and may be identified
with VU*. In fact, the restriction is just W°.
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3.5. Motions in the moduli space M. Consider a smooth curve I' in M, away from
the collision subvariety, and let I'* be its image in M*. Then I'* is smooth whenever T
is transversal to the vector field 0/0p; we assume this is the case, with the possible ex-
ception of some isolated points. Let 6 be the arc-length parameter along I'* measured
from a chosen starting point.

By a construction due to Hsiang [4], define the cone surface C(I'*) to be the surface
sweeped out by the rays passing through a point moving along I'*. It is a flat surface
immersed in M, with induced Riemannian metric

ds?|cqx) = dp® + p?d6? (3.25)

which describes (locally, for € ranging over an interval of length < 271r) a Euclidean
sector with (p, 0) as polar coordinates centered at the cone vertex 0. The surface con-
tains the curves I and I'*, or more precisely, a “stretched out” version of them, and
here I'* is the circular (or equidistant) curve of distance p = 1 from 0.

Let the surface C(I'*) be positively oriented by the orthonormal frame {0/0p,
(1/p)0/00}. Define the parameter « (along I') to be the angle between the ray di-
rection d/0p and the tangent vector direction. More precisely, for a given orientation
of T, the unit tangent vector t and the angle « are related as follows:

t=%=cosa%+sin¢x%%, COSO(=%, sintx=pi—§. (3.26)

Consider a smooth n-configuration motion X(¢) and the induced motions X(t) and
X*(t) in M and M* along the curves I and I'* (as above) with arc-length functions 3
and 0, respectively. The kinetic energy of X(t) is, by definition,

1

202
P 0-. (3.27)

T=T°+T%, whereT’ = %p% T =
Recall that T is the ray-transversal component explaining the change of shape; in
particular, @ is the speed of the shape curve X*(t). The dependence of 6 on T can
also be expressed by

" oF

__2r dp
C p2+(dpldo)?’

10 (3.28)

where p =0
with special attention to the event 0 = 0 (or lim 6 = 0), which is conceivable in both
cases T=0and T = 0.
On the other hand, on a time interval where T does not vanish, the angle « between
the curve and the ray direction is well defined and we have by (3.25) and (3.26)
g

sinza*T—*
" T ~ A+B

(cf. (2.75)). (3.29)

The event sin = 0 means that X(t) is tangent to a ray, provided T # 0, and « may
possibly be defined by a limit procedure whenever T vanishes. In any case, assuming
0 and « are defined (or have limits)

dp

Sin0(=0<:>9.=0<:>@=100. (3.30)
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3.5.1. Dynamics in M. Consider a motion X(t) in M induced from a solution X(t)
of the equation of motion X = VU (X) in M (cf. (2.51)) with potential function U (as in
Section 2.2, with 0 < e < 2). We will also assume Q = 0, consequently T = T and the
Lagrange-Jacobi equation (2.63) reads

T”zzg%g[ﬁp4—§p2—eh]. (3.31)
It follows that the kinetic energy T¢ due to change of shape is, in fact, a second-order
differential consequence of the radial motion, for a fixed total energy level h. As func-
tions of t > 0, p and T are differentiable (in fact, analytic), and so is the nonnegative
function T9 = T —(1/2)p%.

Of particular interest is the case of a general collision, say, at t = 0*. Then, we
consider such a motion for small t € (0,t;]; in particular, p ~ kt¥ and p ~ kvt¥V~!
as t — 0%, by Theorem 2.7. Moreover, we know (by Theorem 2.7) there is a limit,
U*(t) = U*(X*(t)) — u, although it is unclear whether the shape curve X*(t) itself
must (necessarily) converge. This is certainly true if the level set U* = u is known to
be discrete. But this open problem is subsumed by the following and more general
challenge.

PROBLEM 3.3. If TY is not identically zero, what can be said about its asymptotic
behavior as p — 0? For example, can we have T ~ Tt" for some constants T and v?
Must T? > 0 hold for t sufficiently small?

Here is some preliminary information relevant for the above problem. The case
where TY vanishes identically is just the shape invariant case (see Section 4), namely
the motion in M is confined to a single ray; in particular U* = u is constant. In general,
however, we note that T = 0 implies 7% = 0, and T = 0 for arbitrarily small t
would imply, for each k > 0, the existence of a decreasing sequence t; — 0 such that
(d*/dt*)T° = 0 at t = t;. At any time ¢ where T° vanishes, (3.31) reduces to the
identity

*

5+ 87— (3.32)

pe+l

which for t — 0 “approaches” the ODE

" eu
p+ pe+1

=0 (3.33)

of the shape invariant case. In the latter case a series expansion of p(t) is easily derived
(see Section 4.3). We make some additional observations:
e The shape curve X*(t) converges to a point p € M* if it is rectifiable (as t — 0).
In fact, the curve must have limit points in the compact space M*, but two distinct
limit points would certainly lead to an unbounded arc-length function

5] )
0(t) = L I1X* (1) dt
(3.34)

ty
=— o)dt, 0<t<ty,
t
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where length is measured from some initial time t; > 0 and

. / o
0=—- 2T <0 (by(3.27)),
X p (3.35)
0~ ? ast — 0, (by(3.31)).
e There is the following convergent integral:
t1 A t1 1
J t-0(t)%dt = constj —p®T? dt < oo (cf. (2.95)). (3.36)
0+ 0+ t

However, this does not imply convergence of the integral in (3.34); a case like 0(t) ~
1/tInt provides a counterexample.

oIf T ~ ct" ast — 0., for some exponent 7, then 0(t) ~ ¢'t, withs =v/2—-v > —1,
and consequently the shape curve has finite length and hence converges.

PROPOSITION 3.4. Consider an n-body motion X(t) leading to a general collision at
t = 0+. Then the following hold:
(i) x~(2+e)/2t0=0(1) ast — 0.
(i) dp/ds — 1 ast — 0. In particular, the moduli curve T in M has finite length L(t)
measured from the vertex 0, and moreover, L(t) ~ p(t) ast — 0.
(iii) If there is a limiting shape

p =limX*(t) e M* ast— 0, (3.37)

thenT is tangent to the ray through p at the cone vertex.

For the proof of the above statements, we first combine Lemmas 2.9, 2.11, and (3.29)
to obtain sinx — 0 as t — 0. Moreover, by (3.26),

2+e

dp p Iy
2

P _ _P Py Lis_ ;
dg—e.—pcota o’ or 16 pQ vt@ to (3.38)
and this proves (i). (ii) is an immediate consequence of (i) and (3.26), and (iii) is due to

the fact & — 0.

4. The shape invariant motions. If the induced shape curve X*(t) in M* is a sin-
gle point p, or equivalently the moduli curve X(t) stays on a fixed ray in M, the
n-configuration motion X(t) is called shape invariant. In terms of kinetic energy the
condition is that the term TY vanishes. Then we will write explicitly

X(t) = (ar(£),ax(t),...,an(t)) € M,

4.1)
a;(t) = p(HHA(t)u,,

where p(t) > 0, A(t) € SO(3), and the constant vectors u; € R? are distinct. We may
also normalize so that > m;|lu;||2 = 1, and moreover, A(ty) = Id for some initial
time .

Our aim is to describe all shape invariant solutions of the equation of motion
X =VU(X), where U is the given potential function, as in Section 2.2. For a fixed shape
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p € M* we will write
u=U*(p) =U(uy,...,un) (4.2)

and then the total energy integral reads

h:%p2+T‘”—%. 4.3)
The procedure leading to all shape invariant solutions consists of two steps:

(i) Determination of the central shapes p € M*, namely the critical points of the
function U*. We remark that n-configurations X € M having central shape are often
referred to as central configurations in the literature (see Definition 4.3 in Section 4.2).
Planar solutions are also referred to as relative equilibria (cf. Smale [20]).

(ii) Integration of a central force problem, involving the inverse (1 + e)-force law.
We refer to this as the Kepler problem, see Section 4.3.

REMARK 4.1. Clearly, all motions are necessarily shape invariant when n = 2; in
fact, M* is a single point. On the other hand, step (ii) is independent of n > 2. Namely,
for a given central configuration, the integration problem is just the “2-body problem.”

The two steps are discussed separately in separate subsections, combined to the
final description in Section 4.4. But firstly, in Section 4.1 we will focus attention on
the special case of vanishing angular momentum.

4.1. Homothetic motions. The subclass of shape invariant motions with constant
A(t) in (4.1), that is,

X(t) = p(t) (ug,uz,...,uy), 4.4)

will be referred to as homothetic motions. There are various equivalent characteriza-
tions, in purely kinematic terms.

PROPOSITION 4.2. Homothetic motions X (t) are characterized by the following equiv-
alent conditions:
(i) X(t) is proportional to X(t);
(ii) the motion is shape invariant with vanishing angular momentum (Q = 0);
(iii) the motion is shape invariant with vanishing individual angular momenta
(Q; =0).

The proof is easy. For example, we see why condition (ii) leads to an expression like
(4.4). For the motion X(t) in (4.1)
Q= zmiai Xaj = pzA(Zmiui ><S(ui)>
(4.5)
- p2A<Zmiui x (sxui)) = pZA(s—Zmi(ui . s)ui>,

where s = s(t) is the vector in R3 representing the skew-symmetric matrix § = AL A
in the sense that Sv = s xv for v € R3. Hence, Q vanishes if and only if

S = Zmi(ui . s)ui. (4.6)
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Unless the vectors u; are collinear, this identity can only hold for s = 0, and hence A
is constant. On the other hand, if all u; are collinear, then the identity implies Su; = 0
and again A(t)u; is independent of t.

4.2. The central configurations. Recall from Section 3.4, the gradient field of U on
M can be written as

1

VUR) = oW = ot

* a *
[—eU (p)g,+VU (p)]. 4.7)

Here p € M* is the shape of X, W = (W, wa,...,Wy), with

wi = ia—U(Xl), 4.8)

m; aai
is the value of VU at the point X; = p~'X, and VU* is the component of W tangential
to the unit sphere M;. Moreover, as the notation indicates, the latter component has
been identified with the gradient of U* in M* at the point p = X*. Thus, the condition
of vanishing VU* (p) in (4.7) is equivalent to the following definition.

DEFINITION 4.3. For a given potential U, X = (a,...,a;,) is a central n-configuration

(and X* is a central shape) if VU (X) = AX for some constant A, that is,

1
Aa; = —a—U(X) Vi. (4.9)
la l

Note that A is determined by (4.7), namely A = —ep2U(X). In particular, since U
is homogeneous it suffices to determine configurations of size p = 1, namely X =
(ay,...,uy) is a unit vector and hence by (4.2) and (4.7), condition (4.9) is equivalent

to
ou

—(ep)u; = 11 2a, (ay,...,up), Vi. (4.10)
In the special case of the Newtonian potential function U, (4.10) reads
= 3 B T EY (“f‘“;) Vi, (4.11)
=i oy =]
where —
p=U*(p) =2 s~ qu (4.12)

i<j

Thus the determination of central configurations appears as a nontrivial problem in
vector algebra. For a given n and mass distribution, the cardinality of the set of critical
points of U* is the number of central shapes. We state the following basic and still
unsolved problem for the Newtonian potential.

PROBLEM 4.4 (see Wintner [24]). Is the number of central shapes finite for all mass
distributions?

REMARK 4.5. The less precise and more common saying “the number of central
configurations” actually means “the number of central shapes.” Anyhow, one counts
the number of solutions X up to scaling and congruence (modulo O(3), or rather
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SO(3) which doubles the number of non-coplanar solutions). By definition of mass
distribution, the masses are positive numbers. Indeed, there are examples showing
that the number of solutions can be infinite if negative masses are allowed.

4.2.1. Lagrange’s multiplier method. In his study of 3-body motions along a fixed
line, Euler [3] discovered the collinear central configurations and found the three dif-
ferent shapes by solving a specific algebraic equation of degree 5 (cf. also Siegel [18]).
Five years later, in 1772, Lagrange found the remaining central shape of three bod-
ies, namely the shape of the regular triangle. In doing so Lagrange used his socalled
multiplier method, well known in elementary calculus today. His proof is very simple
and works equally well for n = 3 and 4 (and more generally for n-configurations in
(n—1)-space).

Crucial to the proof is his use of the “correct” coordinates for the purpose, namely
the mutual distances 7;; = |la; —a;ll, i < j. These constitute a complete set of invari-
ants for n-configurations X = (aj,...,a,) in R""! up to congruence, that is, modulo
O(n—1). For the regular part of the congruence moduli space

M=R™ VD /0n-1), (4.13)

namely those points such that aj,...,a, spanR”~!, the functions ¥ij can be used as co-
ordinates since they are functionally independent and restricted only by inequalities.
Clearly, the Newtonian potential U achieves an optimally simple form

mim;

U= ZT (4.14)

and moreover, Lagrange’s quadric formula for the moment of inertia

I=3mm;r} (here we assume > m; = 1) (4.15)

i<j

makes the constraint I = 1 which restricts X to the shape space M* almost trivial. The
resulting equation
VU=A-VI (4.16)

yields immediately 2A = —1’1.;3, and consequently all 7;; are equal (for any mass distri-
bution). In particular, for n = 4 the only central shape which is not in a plane is the
regular tetrahedron.

Indeed, the above standard definition of central configurations may itself be viewed
as an application of Lagrange’s method, since condition (4.9) is precisely (4.16) when
we replace the multiplier A by (1/2)A. However, whereas (4.9) takes place in the high
dimensional space M, Lagrange utilized the fact that U and I are actually functions
on the quotient space M, and here they have simple algebraic expressions.

4.2.2. Old and recent results on central configurations (for the gravitational
potential). Around 1900, Moulton [9] generalized Euler’s result on collinear central
configurations for all n by showing that the total number is always (1/2)n!. Simpler
and more geometric proofs have appeared since then. For example, in 1970 Smale
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[20] proved this result in terms of elementary Morse theory, and during the following
years Smale and his student Palmore, among others, continued the study of coplanar
central configurations along the same lines using topological methods such as Morse
theory. However, so far (anno 1998) Problem 4.4 is still unsettled for each n > 3.

The problem with the Morse theoretic approach is that critical points of U* may be
degenerate (cf. Palmore [10]), so the critical set may possibly be infinite. In fact, it is
either finite or contains a continuum (cf. Palmore [11]). There are examples showing
that for n > 3 the cardinality depends on the mass distribution. The cardinality is, in
fact, known (by Palmore, Moeckel) to be finite for almost all masses, but the problem
still remains to tell more constructively, for a given mass distribution, what is the
cardinality.

Finally, we describe what is known about the case n = 4. First of all, there are
(1/2)4! = 12 noncongruent collinear configurations and one nondegenerate tetrahe-
dron, namely the regular one. However, the planar solutions are not known for general
mass distributions, but we mention that Albouy [1] has recently completed the special
case of four equal masses. Indeed, there are only three (proper) planar shapes mod-
ulo a permutation of masses; namely, the square, the regular triangle with the fourth
mass at the center, and a special isosceles triangle with the fourth mass at the axis
of symmetry. To describe the latter solution, consider an isosceles triangle with base
edge of length 2 and height ~ 1.82. The fourth mass point (resp., center of mass) has
approx. height 0.65 (resp., 0.62) above the base. In summary, in the equal mass case
there are (12+19+1) = 32 solutionsin M* = SM/O(3), or 33 solutions modulo SO(3)
since the regular tetrahedron configuration amounts to two classes modulo SO(3).

4.3. The Kepler problem. By definition, the Kepler problem (for fixed e > 0,u > 0)
is given by the following (integrable) differential equation:
ey

X+ |‘X”Hex:O (4.17)

in 3-space. Clearly, the angular momentum vector w = X X X is an integral of the
motion, and either
(i) w =0 and the motion is rectilinear (i.e., along a fixed line), or
(ii) the motion takes place in the plane perpendicular to w = 0.
In the second case, write w = wk and let (p, 0) be polar coordinates in the plane of
motion. Then (4.17) translates to the following ODE

pltep—p2ted2reu =0, 2p0+p0=0, (4.18)

where the second equation expresses the invariance of w = p20.
By introducing the integration constant w we eliminate 6 in the first equation of

(4.18) and obtain
ey w?

p1+e F

P+ =0 (4.19)

which has the energy expression

1, 1w’ p
h=2p 297 e (4.20)
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as a first integral. This implies solvability by quadrature of the above Kepler problem.
The motion is rectilinear (or 1-dimensional) if and only if w = 0.
Recall the classical case (e = 1) where the solutions with w # 0 are conic sections
(ellipses, parabolas, or hyperbolas)
w?p! u?

_ _ — 2 _
p_p(e)_lﬂfcose’ h sz(e b, @21

with eccentricity €. Thus, explicit and elementary expressions for the solution curves
exist if we eliminate time t and regard p as a function of 9, but for this purpose the
above approach is not the simplest one. However, starting from (4.20) and using the
identity
. dp
P=a0

it is easy to verify that the above expression for p(0) is, indeed, a solution.

0, 4.22)

4.3.1. The 1-dimensional Kepler problem revisited. Here the Kepler problem is
the ODE (4.19) with w = 0, or its integrated form (4.20). Namely, one can start from
any of the three equivalent equations:

pltep+eu=0, (4.23a)
pp’+§p2—eh=0, (4.23b)
pep? —2hpe—2u =0, (4.23c)

where p = p(t) may be regarded as the coordinate of a real line. On each side of the
“collapse” singularity p = 0, p(t) is found by quadrature, implicitly defined by an
equation H(p) = t which involves the integration constants h and py = p(0). Then
one is left with the inversion procedure, which is rather an algebraic problem. The
latter can be solved, for example, by assuming a series expansion of p(t) and define
its coefficients recursively by substituting the series into a series expansion of H(p).
However, the coefficients are derived more efficiently from the ODE itself.

As an illustration, we determine the solution p(t) > 0 for t > 0, with the singular
initial condition pg = 0. To simplify notation, let & = u~1/2+® p and let

e

§1+e

be the corresponding “normalized” version of (4.23a), whose energy integral is

£+

=0 (4.24)

1. 2
— 7V — —x¥2_x-e — i
h=u"'h= > E°—&7°, wherev i’ (cf. Section 2.2). 4.25)

It follows that Hn (&) = t, where

1 (& xe?

()= 7 Jo Time

(4.26)

and we seek the solution as a series E(t) = tY(co +c1tV + cot?V +c3t3V 4+ - - -).
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The function in (4.26) can be expanded as

~§2e

1+e/2 1 h hZ
) -S| ;

A 0120 2073/20°% T80 6/e)

5h3 Ny
16+ (700 +]

(4.27)

In the classical case e = 1, v = 2/3, the explicit expression for the function is

%753/2, h=0,

Hn(8) = | —h 32| g1+ hE-In (ynE+ 1 +hE) |, h>o0, (4.28)

%(mrw) [arcsin\/—h§—\/—h§\/1 +h§], h <0.
Note that, in addition to being invertible as a function of &, Hy, is also continuous with
respect to i1, namely limp_.o H,(E) = Ho(&). For h < 0, it follows from (4.28) that &
reaches its maximal value &, = (—h)~! at time t; = Tr(—2h)3/2,

We obtain the series solution

p(t) = YHE(L) =t*3 (ko + k1 t?3 + kot*3 + kgt?+- - +), (4.29)
where s ) s
= (2 __3k L= 23k

ko—K—(Zu) y kz— 7k0’ k3—63k0,.... (430)

Here k; is arbitrary and is a factor of each k; for i > 1. But this series can also be
derived directly, and perhaps more easily, from (4.23a). From (4.23b) or (4.23c) we
deduce that the energy constant h is related to k; by k1 = (9/10) (h/ko). The value of
ko is, of course, in agreement with the general asymptotic formula for p in Section 2.2.

Finally, note that replacement of the series (kg +k1t%/3 +kot4/3+...)in (4.29) by a
power series (ko +kit+k>t?+ - --) leads only to the solution with k; =0 for all i > 1,
namely the solution p(t) = kt?/3 corresponding to h = 0.

4.4. Description of the shape invariant solutions. Let X(t) denote a solution of
the differential equation X =V U (X). Then, by the identity (4.7), the following two con-
ditions on the motion (for a given time interval) are equivalent:

(i) VU(X(t)) is a multiple of X(t);
(i) the motion has central shape, that is, each X* (t) € M* is a critical point of the
function U*.

REMARK 4.6. We do not claim that central shape implies shape invariance (i.e., con-
stant shape), as would be the case, for example, if the critical set of U* is finite. How-
ever, a constant shape must necessarily be central, according to the following lemma.

LEMMA 4.7. If the motion is shape invariant, then its shape must be central.

PROOF. Consider the orthogonal decomposition of the acceleration vector

X=VU=kX+X° (4.31)
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of X(t) (cf. (3.20), (3.21)). In general, the shape curve X*(t) has a “horizontal” lifting
H(t) in M;, namely 7t : M; — M* takes H(t) to X*(t) and dm maps the velocity H = H®
isometrically to (d/dt)X*(t).

Now, if X7 = 0 at t = to, then also H” = 0 at t = t;, and consequently H cannot
vanish identically near t = t,. This argument shows that X must vanish identically if
X(t) is a curve of constant shape X* (t) = X*(ty), namely VU is a multiple of X. O

We turn to the uniform description of all shape invariant solutions, for n > 2.

THEOREM 4.8. A shape invariant motion is a solution of the differential equation
X = VU (X) if and only if the following two conditions hold (cf. notation in (4.1)):
(i) the constant vectors u; constitute a central n-configuration, namely a solution
of equation system (4.10);
(ii) p and A satisfy the differential equation

d2
dt?
when both sides are regarded as linear operators restricted to the subspace
V c R3 spanned by the vectors u;.

p! AT == (pA) = —(ep) - 1d (4.32)

PROOF. The motion X(t) is a solution of the differential equation if and only if

d? 1 oU —(1+e) ,
PTe (pA) = s a; X)=p Aw;, Vi, (4.33)
where 13U
= — — . 4.34
Wit (up,uz,...,uy) (4.34)
By Lemma 4.7, the shape of the motion is central, and hence w; = —(eu)u; by (4.10).
Therefore (4.33) can be written as in (4.32). O

COROLLARY 4.9. Each solution (p,A) of the differential equation (4.32) must satisfy
A(t) € SO(2) for some fixed subgroup SO(2) C SO(3). Furthermore, if

Ay = €080 SInOY g, (4.35)
—sin@ cos@

then (p,A) is a solution of (4.32) if and only if (p, 0) is a solution of the Kepler problem
(4.18).

PROOF. The last statement is easily checked once we know that A(t) belongs to
the rotation group of a fixed plane.

Suppose to the contrary, that there is a solution where the rotations A(t) do not
belong to a single subgroup SO(2). We consider the “2-body problem” with potential
function

niny

U= —1"2
|lby —bs||°

(4.36)

and choose the numbers n; > 0 together with two vectors v; satisfying the conditions

Znivi =0, zni||vi\|2 =1, U(vi,v2) = U (4.37)
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Then Y = (by,by), with b;(t) = p(t)A(t)v;, is a non-planar solution of the differen-
tial equation Y =VU(Y). However, this equation is really a Kepler problem (4.17) for
x = by, say. This is a contradiction since a solution of a Kepler problem is always
planar. O

COROLLARY 4.10. A shape invariant solution of the equation X =V U (X) with angu-
lar momentum Q + 0 must be planar.

PROOF. Consider a solution X(t), as in (4.1). By Corollary 4.9, A(t) belongs to a
group SO(2), say, the rotation group of the xy-plane as in Corollary 4.9.

We claim that (uy,...,u;) in (4.1) is an n-configuration in the xy-plane. This is a
consequence of Theorem 4.8, according to which the space V ¢ R? spanned by the
vectors u; lies in the kernel of the linear operator

22 a b O
p”eA‘lE(pA)+(eu)-Id= -b a 0f, (4.38)
0 0 ¢

where a = c—p2t02, b = plte(2p0 + p0d), c = p*ep +ep.
Suppose some u; is outside the xy-plane, hence ¢ = 0. However, a? + b? > 0 since
0 + 0, and this will force V to be the z-axis and hence also Q = 0. O

A simple calculation shows that Q in the above corollary is the normal vector wk
where w = p20.

COROLLARY 4.11. A homothetic motion X(t), (4.4), is a solution of the equation X =
VU (X) if and only if (uy,...,uy) is a central configuration and p (t) is a solution of the
1-dimensional Kepler problem (4.23).

REMARK 4.12. The first (and exact) solutions of the 3-body problem, dating back to
Euler and Lagrange, are the shape invariant motions where the bodies rotate rigidly
about the center of mass with constant angular velocity. They calculated the possible
shapes for such motions, namely the collinear central configurations and the shape of
aregular triangle. From the terminology due to Smale [20], central configurations in a
plane are also referred to as relative equilibria since those shape invariant solutions
of the n-body problem where the bodies rotate rigidly and uniformly around origin
become fixed points in a rotating coordinate system.

For example, let X = (aj,ap,...,a,) be a fixed central configuration in the plane and
consider the solution X(t) of the classical n-body problem obtained by uniformly
rotating the mass points around the origin (= center of mass) with a specific angular
speed w. What must be the value of +w? This problem is easily solved by regarding
the vectors as complex numbers and writing a; (t) = e!*!a;. Then from the Newtonian
equation and the definition of a central configuration

X(t) = V(X(1)) = AX(1), (4.39)

it follows a
_ U(X) _ Sicjmim;lla; —aj]|

2
w"=-A
p? Zmi||ai||2

(4.40)
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5. The induced equation of motion at moduli space level. We will study the equa-
tions of motion in the congruence moduli space M, induced from the equation X =
VU (X) in M. However, we will only consider planar motions or motions with vanishing
angular momentum. As will be seen, the resulting differential equations in M depend
on h=T-U and w = ||Q] as parameters with fixed values. For n = 3 the equations
are worked out explicitly in terms of (global) coordinates of M as a cone over the
sphere M*, and the associated Hamiltonian formulation is also given for the sake of
completeness.

5.1. Variational principles and the dynamical metric. To achieve the reduced
equations on M we shall first replace the above Newtonian type equation by any of
its equivalent systems derived from an action principle involving either the Lagrange
function L = T + U or kinetic energy T. Namely, recall from classical mechanics the
two action integrals

N :JL at, J. :ﬁJTdt, (5.1)
corresponding to Hamilton’s principle and the least action principle, respectively. In

the second case, Jacobi's “geometrization trick” amounts to the reformulation of J»
as the integral

Jzzjﬁda:JMda:Jdah, (5.2)
where the Euclidean metric
da® =2T dt? = | X||?dt? (5.3)
is the kinematic metric on M, and its conformal modification by the function U + h
daj = (U+h) da* (5.4)

may be called the dynamical metric on M at energy level h. Thus, by (5.2) the solution
curves in M, for a given value of h, are geodesics of the modified metric (5.4).

Now, we turn to the induced equation of motion in the moduli space M, for pla-
nar motions ¢ — X(t) or motions with vanishing angular momentum (w = 0). The
action principles in (5.2) can be pushed down to M, expressed in terms of the reduced
versions of kinetic energy, potential energy and Lagrangian function, namely

2 2
T:T_%%, UZU‘%%' L=T+0,
p p (5.5)
h=[Lan,  R=va[tac-[ds.,
where
A5}, = (U+h) ds? (>.6)

is the induced dynamical metric on M at level (h,w), namely the conformal modifi-
cation of the kinematic metric ds? by the function (U + h).
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It follows that the moduli curves X(t) of the solutions X(t) in M, for given values
of h and w, are the solutions of each of the following two equivalent systems:
(i) the Euler-Lagrange equations of the Lagrangian L = T + U, regarded as a func-
tion on the tangent bundle of M;
(ii) the geodesic equations of the dynamical metric ds'ﬁ,w on M (cf. (5.6)).
Note that the solutions in case (i) are curves parameterized by time t, whereas in case
(ii) the connection between t and the arc-length parameter 5y, (, is given by the relation

c 2 a\ 2
(S5 r{e) ot

5.2. Geodesic curvature and critical rays in M. By Theorem 4.8, we already know
that the critical rays in M, that is, rays passing through critical points of U* on M*,
are the only rays which are also geodesics of the dynamical metric. Another proof of
this fact will be demonstrated here, as follows. Being a conformal modification of the
kinematic metric d§2, the geodesics of the metric in (5.6) are characterized by

K(n) = -—1In(U +h), (5.8)

where K (n) is the geodesic curvature in the normal direction n, with respect to d32.
However, all rays are geodesics of d352, so the ray through p € M* is a geodesic of the
modified metric if and only if

iln(U+h) =0 (5.9)
dn

holds along the ray, for any normal vector n. This condition is, in fact, independent of

the coordinate p, so we choose p = 1 and hence the vectors n span the tangent space

of M* at p. It follows that (5.9) holds if and only if p is a critical point of U*.

5.3. The induced ODE in M for the case n = 3. In the simplest case n = 3, global
coordinates for M are readily available and we shall do explicit calculations to derive
the equation of motion in M, either as the Euler-Lagrange equations for the Lagrangian
L, or equivalently as the geodesic equations of the metric ds'ﬁ’w, expressed in terms
of t as the independent variable.

Recall from Section 3, the subspace (M*,do?) C (M,ds?) is the 2-sphere of radius
1/2 in the kinematic metric. Here we shall, however, find it convenient to represent M *
by the standard sphere S2(1) of radius 1, and consequently we must use the modified
expression

2 2
ds® = dp®+ % ds® =dp®+ % (dr? +sin’r de?) (5.10)

for the kinematic metric in M, where ds? = 4do? is the metric of $2(1) and (7, @) are
spherical polar coordinates centered at any chosen point py on the sphere, 0 < v < 1,
0 < @ < 27. In particular, ¥ = 0 at the point py. Note that M, as a cone over S?, is
homeomorphic to R3 and away from the cone vertex M is, in fact, diffeomorphic to
R3 - {0}.
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THEOREM 5.1. For planar 3-body motions of total energy h, the corresponding con-
gruence moduli curves X(t) are the solutions of the following ODE:

" B
O:ﬁ+%—%(2p—eeU*(r,cp)+2h>, (5.11a)
IV L, 4 oU*
0=r+2%rf§sm(2r)(pzfp2+e 5 (5.11b)
. *
P 4 1 U (5.110)

0=+ 2E(p +2cot(r)vQ — P sty g
We make the following remarks concerning the above theorem:
¢ Asusual, the potential function U is homogeneous of degree —e, 0 < e < 2, namely

U=U*(r,p)/p® where U* is the restriction of U to the 2-sphere M* = (p = 1).

« By combining the energy conservation law h = T — U with the expression for 2T
given by the kinematic metric, we obtain the 1-order equation

%U*+2h—(;)—22:p2+%2(1*2+sin2(r)qb2) (5.12)
as a first step of the integration of the system (5.11). Conversely, solving (5.12) for
w? leads to an expression which is easily seen to be a first integral of the system
(5.11). This procedure actually introduces w? = [|Q||? as a nonnegative constant of
integration, and in the remaining integration problem we may replace (5.11b) or (5.11c¢)
by (5.12).

e Equation (5.11a) is just the Lagrange-Jacobi equation, see (2.62).

e The system of equations (5.11a), (5.11b), (5.11c), and (5.12) is symmetric with
respect to the choice of spherical coordinates (centered at any point) on M* = §2. For
example, the center may lie on the eclipse circle E* which represents the collinear
3-configurations.

e For n > 3, (5.11b) and (5.11c) will be replaced by 3n — 7 “similar” equations of
order 2, defined by the dynamical metric of M and in a 1-1 correspondence with the
chosen coordinates of M*.

e The above ODE system in M is of order 4 when (5.12) is included and time ¢ is
eliminated.

We will derive the ODE of the theorem via the Riemannian viewpoint, starting
with the calculation of the Christoffel symbols {Fi’fj} in the coordinates (p,7,p) =
(x1,x2,x3). The following three vector fields:

10 120 1 2 0

“fop T fpor VT Fpsinrog’

Vi (5.13)

where f2 = U + h, constitute an orthonormal frame in (M,dsj, .) whenever defined.
Define
1 1
1 =r% 22 =~ f2p?, 33 =~ f2p°sinr,
e (5.14)
9" =g, gij=9" =0 fori=+j,
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and hence by a standard procedure of Riemannian geometry

k1 {agj,m 0Gm,i agi,j} ek
Lij = 2% axi * axj OXm g (.15)
duzx”Z le xj=0, k=1,2,3, (5.16)

where u = 3, is the arc-length parameter. As an example, choose k =1 in (5.16) and
obtain the first geodesic equation

"o 1 eU* wZ 2 p2 eU* (,UZ
Sy ebr (Rl P+2Tz ~ et 3

1
4

() sinr (@) |+ = (U701 + Ugp' @]

(5.17)

ef2
using the notation x’ = (d/du)x, U} = oU*/0r and so forth. By (5.7) and (5.10), we
have the identities

2
22 =2f%,  2f?=pP+ 2o (P +sin?rgp?),
. o (5.18)
x =X,y UXTUX where x = p,r or @
";L’ u3 y ’ ’
by means of which the above equation for p’’ transforms to
| eU*  w?] .,
0 P+sz[—p1+e F]P
2 _ 52 2 * 2 T 7 (.19)
_2f ;p [p+p—<— eU +w7>]+< ur (d/a_lt)T)f_)
P 2f2 p1+e p3 f2pe T

Now it is straightforward to verify that the last equation further simplifies to the
Lagrange-Jacobi equation, namely (5.11a). Similarly, the cases k = 2,3 vyield (5.11b)
and (5.11c¢), respectively.

5.3.1. Shape invariant motions as solutions of the reduced ODE. At thelevel of M,
the shape invariant solutions of the dynamical equation X =VU (X) are the solutions
of the system (5.11) with 7 = @ = 0. Let py = (v9, Qo) € M* be the shape of a solution.
By equation (5.11b) and (5.11c) it follows that

BU*( )= oU*
or Po aq?

(po) =0, (5.20)

namely py is a critical point of U*, and when the constant u = U* (py) is substituted
into equation (5.11a), p(t) will be a solution of the resulting Lagrange-Jacobi equation

- B
p‘+%—%(2peeu+2h> = 0. (5.21)

Furthermore, one checks that the expression

w? :p2(2h+ifl:f[)2) (5.22)
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is a first integral of (5.21), which in turn simplifies to the Kepler equation (4.19)

2
ey w
ive =7 =0 (5.23)

p+
when p? is eliminated in (5.21) by means of w?.

5.3.2. Collinear 3-body motions. By definition, a collinear motion has its shape
curve X*(t) confined to the equator circle E* ¢ M* = S2. The equations of motion for
this special case are obtained from the system (5.11), as follows. For example, choose
polar coordinates (v,@) centered at a point po € E*, say E* is given by ¢ =0 and r
is the arc length along E*. Then ODE (5.11) is reduced to the system

p2 1 <2 —e

prt =
p p\ p°

U*+2h) =0, 1'f'+251'f - =0, (5.24)
since equation (5.11c) vanishes identically. In fact, Ug,’; (r,0) vanishes since it is the nor-
mal derivative of U* along the equator circle E* and moreover, U* (v, @) = U*(r,— @)
holds. Finally, the energy conservation equation (5.12) reduces to

2 ok w? o PP

peU +2h pE =p +41f. (5.25)

Alternatively, by choosing the (north) pole as the center of polar coordinates, E* is

given by v = 71/2 and @ is the arc length along E*. The resulting system of equations
is again given by (5.24), with » replaced by .

5.3.3. The Hamiltonian formulation. We will give a Hamiltonian version of the ODE
of Theorem 5.1, in terms of the variables (p,, @) and their conjugates (P,R,®). Start-
ing from the Lagrangian and Hamiltonian functions on M

s a s Loy pto o o UML) w?
L—T+U—2p + 8(7 +sin rcp)+7pe o7 (5.26)
o Fopgo L PP oy UN(@)
H=T-U= STt (7 +sin“r@*) be (5.27)
we define P, R, and ® by
oL oL 1 oL 1
P=—=p, R==— =>p% d=——=—p’sin’ro. 2
op p, or 40 r, 2P 4P sm-re (5.28)
It follows that 1 5 5 U |
A=-P*+ SR+ PRI AVAL 5.29
2 p? p2sin’®r pe (>-29)
and the equations of motion are
4 4
) =P, ¥ = =R, p=——"5—
p p? p2sin®r
5_ 4 0 4 2 € rrx
P= SR iy o U e, (5.30)
4cotr _, 1 0U* .1 o0U*
=0+ = , = — .
p?sin“r pe or pe 0
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5.4. The scaling symmetry. Recall from Section 2.2.1, for any n there is the 1-
parameter group of space-time scaling symmetries of the equation of motion X =
VU (X) in M. This group survives as an induced 1-parameter group {g;} defined on
the space R x M, and it is a symmetry group of the induced equation of motion on M.
The action is trivial on the coordinates of M* and is otherwise given by

Js: (t,p) — (e°t,e¥*p), v=i. (5.31)
2+e
In particular,if t — (p(t),7(t),@(t)) is a solution of the ODE described in Theorem 5.1,
then the curve

t— (e”p(et),r(e*t),p(e"t)) (5.32)

is also a solution.
The infinitesimal generator Y of the group {gs = e*'}, prolonged up to order 1, is
0o v_20 0 0

0
Vot v Pt Rag T 505 633

6. Asymptotic behavior at a general collision. In the first subsection we continue
the asymptotic analysis of the derivatives of the size function p(t), needed to complete
the proof of Theorem 2.7. In the second subsection we recall the history and discuss
the present state of Problem 2.12 stated at the end of Section 2.

The results in this section should be valid for potential functions U as in the as-
ymptotic analysis in Section 2.2. However, for simplicity and explicit calculations we
will choose the “standard model”

mim;
U= ZHml h“ 0<e<?2, (6.1)

i<j
where in the proofs below we may as well choose exponent e = 1. But the letter e also
appears in e* with the usual meaning.

6.1. Asymptotic estimates and completion of the proof of Theorem 2.7. Let
X(t) = (ai(t),...,an(t)) be an n-body motion leading to a general collision at t = 0.
The normalized motion X; (t) = p(¢)~'X(t) is a curve on the unit sphere M;. However,
since we know p(t) ~ ktY as t — 0, it is natural to study the following approximate
normalized motion (where the scaling factor k is omitted for simplicity)

X(t) = t7VX(t) = (ay(t),...,au(t)), wherea;= tlv a;. (6.2)

By expressing the equation of motion and its energy conservation, namely
VvU=X, T-U=h, (6.3)

in terms of the motion )N((t), we will extend the results from Section 2.2 as rather
simple consequences. To this end, we modify appropriately the approach of Wintner
(cf. [24, Sections 363-364] ), where related “normalized” functions are used. First we
need some new notation.



ON THE GEOMETRY AND BEHAVIOR OF n-BODY MOTIONS 727

It is convenient to replace time t by the variable
u=—logt(ort=e") (6.4)

hence t — 0 means u — oo. Then there is the following identity for differential
operators:

k

tk% = (fl)k(nm% 4o +nk,km), Nk =1, N, €Z*. (6.5)
In particular, for a function f(t) and its “transform”
fau) = ft)=f(e™) (6.6)
it is easy to verify the following equivalence
tkg(—t{zo, 1sksm<:>dd—:kfz0, 1<k=<m, (6.7)
where we have used the notation
fi=fo iff fi—fo=0(1)ast— 0 (or u — o). (6.8)

However, following the standard convention we simply write f instead of f when the
choice of independent variable is clear, confer (6.6).

For any function f of X, write f for the same function applied to X. Both functions
will also be regarded as functions of t, namely

FR =&, fo=rxe),  For=r(Exo). 6.9)

For example, we have p(t) = tVp(t) and
&) =S 18 f(t) = U (D). (6.10)

i<j ||a; - a;]|

Suppose f(t) is a function with the property that
t74f(t) — fo+0 ast— 0, for some constants g and fj. (6.11)

Such a constant g is unique if it exists; we will refer to g as the order of f (near t = 0)
and write

f)=t79f(t) ~ fo. (6.12)
It is easy to check that (6.12) is consistent with (6.9).

LEMMA 6.1. Suppose f(t) =t79f(t) = fy is a function of order q neart =0, and q
is not an integer > 0. Then there is the following equivalence:

dk

tkﬁf(t) ~0, 1<k<m, (6.13a)
§
k k
%f(t%%(fotq), l1<k<m. (6.13b)
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PROOF. We will make use of the Leibniz formula

m m dmfi
A" Fw = dtm(t 1f(t)) = lzo(l)dtm‘( )dtlf(t) (6.14)

dtm
and use induction on m to prove the equivalence. We start by dividing each term of

the identity
d a

f—f(t)f(tq) tqaf(t) (6.15)
by (d/dt)(fot?). Then the right-hand side is ~ 1, that is, its limit is 1 as t — 0, if and
only if t(d/dt)f = 0. This proves (6.13) for m = 1. Next, by induction, assume the
equivalence holds for all k < m — 1, and we will establish the equivalence for k = m
as a consequence.

(i) Assume (6.13a)holds (for all k < m). By the induction assumption, (6.13b) holds
for all k < m -1, namely

f fo (tq)+o(tq*’<), 1<k<m-1 (6.16)

dt" dtk

and we need to establish this identity for k = m as well. Now, by (6.14) and the as-
sumptions,

mm m) dmt dt »
O~t dtimf(t)it %(i)dtm—i(t q)[ﬁ(fotq)Jro(tq )]

somea( A0 p o S (for) o (e

m am-i di m am-i .

-3 (1) g 0 g o+ e 3 (1) S ot
=0 =0 (6.17)
mea( A am

+t q(ﬁf—m(fotq))+0(l)

anm am

an
=t fort™ lz()Cmqlt Mo (L) 41 q(ﬂf W(fotq)>+0(1)

~tma (;t—n:n dtm (fotq)> (all ¢ q,i are constants!).
Therefore, since the last expression is ~ 0 we conclude

am

Jpm dtm (fotq) (6.18)

(ii) Conversely, assume (6.13b) holds, that is, (6.16) holds in the range 1 < k < m.
Then by (6.14)

m mm m dm*i - d i _ mL
t Wf t go(i)dtm—i(t q)[dtl(fotq)+o(t“ )] t" e foro( =0 (6.19)

and thus (6.13a) also holds for k = m. O
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Now, we reformulate the two basic equations of (6.3) in terms of the motion X(t).
Straightforward calculations give

dz? d2 v v ~ dZ ~
1 o0 1 o0 ~ v vod
_4v-2(_=- Y¥ - ¥ — p2v-2 Yo~ Yy N
VU =t (m1 B aﬁn)' T =t [Tu+ > p 2pd p], (6.21)
where N ,

1 oU my (g —a;)
-2 RELL A\ L m; (6.22)
mi 0d: T A - [ 7 2

By substituting the above equations into (6.3) we obtain equation (6.23a) and (6.23b)
below, and (6.23c¢) is merely a reformulation of asymptotic estimates already obtained
in Section 2.2.2:

~ N ~ ~ 2 ~
tz"’-VU:VU:v(vfl)XJr(lev)iXer—X, (6.23a)
du du?
T L2~2 ved oo —(2-2v)u
T, = 2p +2pdup+U+he , (6.23b)
~ N~ a . 2
P =K, U= prE du duZp 0. (6.23¢)

The term involving h in (6.23b) vanishes when u — o, since 2 —2v > 0. So, by
inserting the expressions of (6.23c¢) into (6.23b) it follows that the left side of (6.23b)
is =~ 0, or equivalently each (d/du)a; =~ 0. On the other hand, H)N(II ~ k and hence each
a; is bounded, and moreover, by (6.23c¢) it follows that U is bounded and therefore all
la; —ak || have a lower bound. Then we deduce from (6.21) that all partial derivatives of
U, with respect to the components of @; and of any order, are also bounded, regarded
as functions of u. In particular, in (6.23a) VU is bounded, hence also (dz/duz))N( is
bounded. Now, the idea is to apply the operator d/du successively to (6.23a), and then
it follows that (d*/du*)V U and hence also (d**1/du*+1)X is bounded, for all k > 1.

In fact, we can deduce from the boundedness that (d"/duk))N( ~ 0 for each k > 1,
thanks to the following lemma of “Tauberian type.”

LEMMA 6.2 (see [24, Section 363]). Let f(u) be a function defined for u > 0, and
assume f(u) has a limit and (4% /du?) f (u) is bounded, asu — «. Then (d/du) f(u) —
0 asu — .

Finally, by applying the operator d/du successively to (6.23b) we deduce that the
highest derivative of p is always bounded. Again from the above lemma we conclude
that (d¥/du*)p ~ 0 for all k = 1.

COROLLARY 6.3. If the n-body motion X(t) leads to a general collision att = 0, then
the following asymptotic formulas hold:

dk dk
dtkp(t) ik (ktY), k=0, (6.24)
d —X;=0(1), k=1. (6.25)

dtk
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PROOEF. Property (6.24) follows by combining (d*/du*)p ~ 0 with the statements
in (6.7) and (6.13). This also completes the proof of Theorem 2.7 in Section 2.2.
To establish (6.25), first observe that
% - Lx- 1
p P

X, (6.26)

and then apply the operator d/du successively to the rightmost expression. Since all
derivatives of p and X are ~ 0 and p ~ k # 0, it is easily seen that (d*/du*)X; =~ 0 for
all k > 1. Now property (6.25) of the corollary follows from (6.7). O

6.2. Convergence of shape and the Painlevé-Wintner spin problem. In the 3-body
problem, Euler and Lagrange found that if the bodies started initially at rest, with the
shape of a central configuration, then the motion would lead to a triple collision. These
solutions are the archetypical examples of homothetic motions (cf. Section 4.1), that
is, shape invariant motions with vanishing angular momentum. They also motivated
Sundman to determine the possible limiting shapes of triple collision motions in the
general 3-body problem. He proved that there is always a limiting shape and, more-
over, it coincides with the shape of one of those simple solutions discovered by Euler
and Lagrange. Thus, Euler, Lagrange and Sundman partially answered the initial case
n = 3 of Problem 2.12. Namely, in our terminology, the shape curve X*(t) in M* has
a limit as X(t) — 0. The remaining problem is concerned with the actual convergence
of the position (or orientation) of the limiting configuration, or equivalently whether
the unit vector X; (t¢) has a limit. This problem, which (at least) dates back to Painlevé
in the 19th century and was revived and extended to all n > 3 by Wintner [24], is
described as the Painlevé-Wintner spin problem in [14, 16]. Loosely speaking, can the
collision orbit “spin” about its limiting collision point?

We first recall the case n = 3, where Siegel’s analytical work on triple collisions
around 1940 is tantamount to proving that X; () has a limit, cf. [18, 19]. Crucial to
Siegel’s proof are two characteristics of the motion, namely (i) the shape has a limit,
and (ii) there is no rotational contribution to the motion. For the same reasons, Siegel’s
conclusion should hold for all n > 3 as well, in view of the statements in [14, 16]. What
we can say more precisely is expressed by the following lemma.

LEMMA 6.4. If the n-body motion X(t) leads to a general collision at t = 0, then
its unit vector curve X, (t) converges as t — 0 if and only if the shape curve X*(t)
converges.

For the proof we will invoke differential geometric ideas. Recall from Section 2.1.4
and Theorem 2.8 in Section 2.2.2 that X(f) has zero angular momentum and hence a
vanishing rotational velocity component X®, namely

X=X"+X7 =X° + pX;. (6.27)
We consider the (stratified) Riemannian submersion
M, = 8§34 — M+ (6.28)

and the connection on M; whose “horizontal” tangent vectors are those perpendicular
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to the SO(3)-orbits, cf. Section 3.2. Note that the velocity X; = (1/p)X? is “horizontal”
and is identified with the velocity X*, so X (t) is a “horizontal” lifting of the shape
curve. It is a standard fact that a lifting is uniquely determined by its initial position
X (t1). By continuity of the lifting construction, it also follows that X; (t) has a limit
(as t — 0) if and only if X* (t) has a limit.

Unfortunately, up to now we cannot claim that the shape curve always has a limit; it
is only proved that the curve approaches the critical set of the function U*. However,
although it is an open problem whether there are mass distributions for which the
“number” of central configurations is infinite, it is difficult to imagine a total collapse
motion for which the shape does not converge. The following argument may, perhaps,
be useful for the complete proof of the convergence. It follows from property (6.25)
of the last corollary that the motion X(t) and its velocity, acceleration etc. all tend
to align (that is, approaching collinearity as vectors in the configuration space M)
towards a general collision. For example, if  is the angle between X and X, then from
the asymptotic estimates of p and kinetic energy T we deduce

X-X 1)

o N | (6.29)
XX 1l

cosy =
Therefore, the motion is “resembling” a homothetic motion in the limit, namely the
type of motions characterized by the collinearity of X(t) and its velocity, see Section
4.1. This suggests that X(t) is approaching a specific line in M whatsoever.

Finally, we mention the following property of total collapse motions. In their book,
Siegel and Moser [19] showed that for 3-body motions leading to a triple collision, the
motion must be rectilinear if the limiting shape is of collinear type. This result has been
generalized to n-body motions by Hulkower and Saari by considering the dimensions
of stable and unstable manifolds associated with the dynamical equations.

THEOREM 6.5 (see [16]). If the limiting shape of a total collapse n-body motion is a
collinear (resp., coplanar) n-configuration, then the motion itself is confined to a straight
line (resp., a plane).
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