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ABSTRACT. We look for a parallel to the notion of “proper forcing” among A-complete forc-
ing notions not collapsing A*. We suggest such a definition and prove that it is preserved
by suitable iterations.
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1. Introduction. This work follows [8, 10] (and see history there), but we do not
rely on those papers. Our goal in this and the previous papers is to develop a theory
parallel to “properness in CS iterations” for iterations with larger supports. In [8, 10]
we have presented parallels to [11, 13], whereas here we try to have parallels to [12],
[14, Chapters IIl and V, Sections 5 and 7] and hopefully [15, Chapters VI and XVIII].

It seems too much to hope for a notion fully parallel to “proper” among A-complete
forcing notions as even for “A*-c.c. A-complete,” there are problems. We should also
remember the ZFC limitations for possible iteration theorems. For example, if in the
definition of the forcing notion Q* in Section 4 we demand h? | es < hgs, then the
proof fails. This may seem a drawback, but one should look at [15, Appendix, page 985,
Theorem 3.6(2) and page 990, Theorem 3.9]. By those results, if $* = S/’f, As, hg are
as in Context 4.6, and we ask a success on a club, then for some (hs:0 € El’ﬁ\”) we fail.
Now, if we allow only hs : As — 2 and we ask for “success of the uniformization” on
an end segment of As (for all such (As:6 € 9’5\“ )), then we also fail as we may code
colourings with values in A.

In Section 2 we formulate our definitions (including properness over A, see Definition
2.3). We believe that our main Definition 2.3 is quite reasonable and applicable. One
may also define a version of it where the diamond is “spread out.” Section 3 is de-
voted to the proof of the preservation theorem, and Section 4 gives three (relatively
easy) examples of forcing notions fitting our scheme. We conclude the paper with the
discussion of applications and variants.

NOTATION 1.1. Our notation is rather standard and compatible with that of classi-
cal textbooks (see Jech [2]). In forcing we keep the older (Cohen’s) convention that a
stronger condition is the larger one.

(1) For afilter D on A, the family of all D-positive subsets of A is called D*.(So A € D*
ifandonlyif AcAand AnB =+ @ forall BeD.)

(2) Every forcing notion P under considerations is assumed to have the weakest
condition Qp, that is, (Vp € P)(Dp <p p). Also we assume * ¢ P is a fixed object
belonging to all the N’s we consider.
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(3) A tilde indicates that we are dealing with a name for an object in a forcing exten-
sion (like x). The canonical P-name for the P-generic filter over V is denoted by Gp.
In iterations, if Q = (P¢,Qg : € < C*) and p € lim(Q), then we keep the convention
that p(x) = Dq, for x € T* \Dom(p).

(4) Ordinal numbers will be denoted by the lower case initial letters of the Greek
alphabet (&, 8,y,...) and also by i, j (with possible sub- and superscripts).

(5) A bar above a letter denotes that the object considered is a sequence; usually
X will be (X;:i < T), where T denotes the length of X. Often our sequences will be
indexed by a set of ordinals, say ¥ < A, and then X will typically be (X5 : 6 € &).
Semi-diamond sequences will be called F (with possible superscripts).

In our definitions (and proofs) we will use somewhat special diamond-like sequences
(see Definition 2.1(2)). The difference between them and classical diamonds is quite
minor, so we remember the following.

DEFINITION 1.2. (1) Let D be a filter on A. We say that F = (Fs: § € &) is a D-
diamond sequence if ¥ € D*, F5 €96 for 6 € ¥, and

(VFfe*A)({6e¥:Fs<c f} eD"). (1.1)

We may also call such F a (D,¥)-diamond sequence.
(2) We say that (D,¥) has diamonds if there is a (D,¥)-diamond. We say that D has
diamonds if D is a normal filter on A and for every ¥ € D™ there is a (D,¥)-diamond.

DEFINITION 1.3. A forcing notion P is A-complete if every <p-increasing chain of
length less than A has an upper bound in P. It is A-lub-complete if every <p-increasing
chain of length less than A has a least upper bound in P.

PROPOSITION 1.4. (1) If D is a filter on A including all co-bounded subsets of A, then
the family of all diagonal intersections of members of D constitutes a normal filter (but
in general not necessarily proper). We call this family the normal filter generated by D.

(2) If P is a A-complete forcing notion and D is a normal filter on A, then in VP the
filter D generates a proper normal filter on A. (By abusing the notation, we will denote
this filter also by D or, if we want to stress that we work in the forcing extension, by
DV[G””].)

Moreover, by the A-completeness of P, if X e D* NV, thenirp X € D*, and if X €V,
pikp X €DV then X € D.

(3) If P is a A-complete forcing notion and F = (F5 : § € &) is a D-diamond sequence,
then

p “F is a D-diamond sequence”. (1.2)

Definition 1.5 and Proposition 1.6 below are not central for us, but they may be
used to get somewhat stronger results (see [9]).

DEFINITION 1.5. Let pr be a definable pairing function on A, for example pr(«, 8) =
w*P 1+ B and let F = (F5:6 € ¥) be a D-diamond sequence.
For an ordinal & < A we let Fle] = (ng] 18 € &), where each F(g“] is a function with
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domain 6 and such that

F*p) = (1.3)

Fs(pr(«x,B)) if well defined,
otherwise.
PROPOSITION 1.6. IfF is a D-diamond sequence, then for every « < A, FI*! is also a
D-diamond sequence.

Throughout we will assume the following.

CONTEXT 1.7. (a) A is an uncountable cardinal, A = A<?, and
(b) D is a normal filter on A (usually D is the club filter %, on A),
(c) ¥ € D' contains all successor ordinals below A, 0 ¢ &, and ¥’ = A\ & is un-
bounded in A,
(d) thereis a (D,¥)-diamond sequence.

2. The definitions. In this section, we define a special genericity game, properness
over (D,¥)-semi-diamonds and the class of forcing notions we are interested in.

DEFINITION 2.1. Let P be a forcing notion and let N < (¥#(x), €, <;§) be such that
IN|| =A, N<* < N and {A,P,D,¥} € N.Let h: A — N be such that the range Rang(h)
of the function h includes PN N.

(1) We say that F = (F5: 8 € &¥) is a (D,¥)-semi-diamond sequence if Fs € 95 for
6 €% and

(x) for every <p-increasing sequence p = (py: X <A) € PN N, we have

{6eF:(Va<6)(hoFs(xx) =py)} €D™. 2.1)

(2) Let F be a (D,¥)-semi-diamond. A sequence § = (gs: 6 € ¥) < NnP is called an
(N, h,P)-candidate over F (or (N, h, P, F)-candidate) whenever
() for every open dense subset $ € N of P

{6€¥:q5€9} =Y modD, (2.2)

(B) if 6 € Fisalimitordinal and (hoFs(x) : @ < §) is a <p-increasing sequence
of members of PN N, then g; is its upper bound in P.

(3) Let g be an (N, h, P, F)-candidate and € P. We define a game O(v,N,h,P,F,q)
of two players, the generic player and the anti-generic player, as follows. A play lasts
A moves, in the ith move conditions #;,7; € P and a set C; € D are chosen such that

e ¥ EN,¥; <1,V =71,

e (Vj<i)(rj<7r and v < ¥; ), and

 the generic player chooses 7;, 7, C; if i € ¥, and the anti-generic player
chooses v, 1, Ciifie &'

If at some moment during the play there is no legal move for one of the players,
then the anti-generic player wins. If the play lasted A moves, then the generic player
wins the play whenever
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(®) if 6 € $N(i<sCi is a limit ordinal, and (hoFs5(x) : @ < 8) = (r5 : ¥ < 6), then
ds =7s.

(4) Let g be an (N, h, P, F)-candidate, F a (D,¥)-semi-diamond. A condition v € P is
(N, h,P)-generic for G over F if the generic player has a winning strategy in the game
o(r,N,h,P,F,q).

OBSERVATION 2.2. (1) In the game D(7,N,h,P,F,q), for each of the players, if it
increases conditions 7;, 7;, its choice can only improve its situation. Making sets C;
(for i € &) smaller can only help the generic player.

(2) If forcing with P does not add new subsets to A, then the game in Definition 2.1(5)
degenerates as, without loss of generality, r forces a value to Gp N N; the condition
does not degenerate, in fact this condition (which implies adding no new A-sequences)
is preserved by (< A*)-support iterations (see [8]).

(3) Also if ¥1 € ¥ modD, ¥; € D*, then in Definition 2.1 we can replace ¥ by ¥.
(Again, the generic player can guarantee C;Nn¥; € &.)

(4) If P is A-complete and * is (N, P)-generic (in the usual sense, that is, v p
“N[Gp]NV = N"), then both players have always legal moves in the game O (v,N, h, P,
F,q).

Also if the forcing notion P is A-lub-complete, then both players have always legal
moves in the game D (r,N,h,P,F,3) (for any r).

DEFINITION 2.3. (1) Let ¥ € D*. We say that a forcing notion P is proper over
(D, &)-semi-diamonds whenever (there is a (D,¥)-diamond and):
(a) Pis A-complete, and
(b) if x is large enough, p € P and N < (¥(x),€,<3), INIl = A, N<* ¢ N and
{A,p,P,D,¥,...} € N,and h:A — N satisfies PN N < Rang(h), and F is a
(D,¥)-semi-diamond for (N,h,P), and § = {qs : 6 € &¥) is an (N,h,P,F)-
candidate, then there is ¥ € P stronger than p and such that v is (N, h, P)-
generic for g over F.

(2) P is said to be proper over D-semi-diamonds if it is proper over (D,¥)-semi-
diamonds for every ¥ € D* (so D has diamonds). The family of forcing notions proper
over D-semi-diamonds is denoted K},.

(3) A forcing notion P is proper over A if it is proper over D-semi-diamonds for
every normal filter D on A which has diamonds.

REMARK 2.4. Does D matter? Yes, as we may use some “large D” and be interested
in preserving its largeness properties.

PROPOSITION 2.5. If P is a AT -complete forcing notion, then P is proper over A.
PROOF. The proof is straightforward. O

PROPOSITION 2.6. (1) If N, P, h are as in Definition 2.1, P is A-complete, and F is a
(D, 9)-semi-diamond, then there is an (N, h, P, F)-candidate. Furthermore,
(+) if$ € N is an open dense subset of P, then qs € $ for every large enough é.
(2) Let v be (N, h,P)-generic over F for some (N, h,P,F)-candidate q. Then
(@ if (r;,ri,Ci i < A) is a result of a play of O(r,N,h,P,F,q) in which the
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generic player uses its winning strategy, then
G ={pePnN:(Fi<A)(p=<ri)} (2.3)

is a subset of PN N generic over N, and
(b) 7 is (N, P)-generic (in the usual sense).
(3) If P is proper over (D,¥)-semi-diamonds, p = A, Y < [u]=}, Y €V, then:
(a) forcing with P does not collapse A+,
(b) forcing with P preserves the following two properties:
(i) Y is a cofinal subset of [u]=* (under inclusion),
(ii) for every large enough x and x € #(x), thereis N < (¥(x), €) such that
INIl=A, NnA* € A*, N* < N, Nnu €Y (ie., the stationarity of Y
under the relevant filter).

PROOF. (1) The proof is immediate (by the A-completeness of P).

(2) Clause (a) should be clear (remember Definition 2.1(2)(x)). For clause (b) note
that 0 € ¢’, so in the game D(v,N,h,P,F,3) the condition 7y is chosen by the anti-
generic player. So if the conclusion fails, then for some P-name « € N for an ordinal
we have v It “a € N”. Thus the anti-generic player can choose 7, so that 1y IF “& = xo”
for some ordinal &g ¢ N, what guarantees it to win the play.

(3) The proof is straightforward from (2). O

Very often checking properness over D-semi-diamonds (for particular examples of
forcing notions) we get somewhat stronger properties that motivate the following
definition.

DEFINITION 2.7. We say that a condition v € P is N-generic for D-semi-diamonds if
it is (N, h,P)-generic for g over F whenever h, 4, F are as in Definition 2.1. Omitting
D we mean “for every normal filter D with diamonds.”

The following notion is not of main interest in this paper, but surely it is interesting
from the point of view of general theory.

DEFINITION 2.8. Let 0 < &x < A*.
(1) Let ¥ € D*. We say that a forcing notion P is «-proper over (D,¥)-semi-diamonds
whenever
(a) Pis A-complete, and
(b) if x is large enough, p € P and
e N =(Ng:B < &) is an increasing sequence of elementary submodels of
(#(x),€) such that [|[Ngll = A, NE’\ S Ng, {A,p,P,N|B} e Ng, and
o FB—(F§:5€9), Ff c9s (for B < ),
e hg:A— Ng, PnNg = Rang(hg) and (h,,FY 1y < B) € Ng, and
e FPisa (D,¥)-semi-diamond sequence for (Ng,hg,P), and
o gf= (qg : 5 € ¥)isan (Ng, hg,P)-candidate over F#,and (g7 : y < B) € Ng,
then there is » € P above p which is (Ng, hg, P)-generic for g over F# for
each B < «.
(2) We define “P is x-proper over D-semi-diamonds” (and KJ}) and “P is x-proper
over A” in a way parallel to Definition 2.3(2), (3).
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REMARK 2.9. Note that for & = 1 (in Definition 2.8) we get the same notions as in
Definition 2.3.

3. The preservation theorem. In Theorem 3.7 below we prove a preservation theo-
rem for our forcing notions. It immediately gives the consistency of the suitable
forcing axiom (see Section 5.1). Also the proof actually specifies which semi-diamond
sequences F are used.

First, recall the following result.

PROPOSITION 3.1. Suppose that (Po, Qu: & <T*) is a (< A*)-support iteration such
that for each x < C*
Fp, “Qu is A-complete”. (3.1)

Then the forcing P¢= is A-complete.

Before we engage in the proof of the preservation theorem, we prove some facts of
more general nature than the one of our main context. If, for example, all iterands are
A-lub-complete, then Proposition 3.3 below is obvious.

TEMPORARY CONTEXT 3.2. Let Q = ([P’(x,Qa 1 < C*)bea (< A")-support iteration
of A-complete forcing notions. We also suppose that N is a model as in Definition 2.1,
Q,...eN.

PROPOSITION 3.3. Suppose that T € (C* + 1) NN is a limit ordinal of cofinality
cf(C) < A and r € P¢ is such that

(Vee TnN)(r | € is (N,P¢)-generic). (3.2)
Assume that conditions sg € N NP (for B <6, 6 < A) are such that
(VB <B<8)(spr <sg=7). (3.3)

Then there are conditions s € NN P¢g and v* € P¢ such that s <v*, r <r* and
(VB <9d)(sg=<s).

PROOF. Let (i) :y < cf(C)) =€ NN be a strictly increasing continuous sequence
cofinal in €. By induction on y choose 7, 7, such that

(x) 7, € P;, NN is above (in P;,) of all sg iy for B <,

(B) ryePy, vy <py, Ty and v [ iy <7y,

(y) if y < e <cf(C) then vy <17 and ry < 7;.

(The choice is clearly possible as 7 | i, is (N, P;, )-generic.)

Let r* € P¢ be an upper bound of (7, : y < cf(Z)) (remember clause (y) above);
then also ¥ < r*. Now we are going to define a condition s € Py N N. We let Dom(s) =
U{Dom(r};l) Nliy,iy+1) 1y <cf(0)}, and for § € Dom(s), iy < & < iy.1, we let s(&)
be a Pg-name for the following object in V[Gpg] (for a generic filter G””E c Pg over V):

i I1f 1’}7+1(§)[G|p§] is an upper bound of {Sﬁ(E)[GPE] :B<6}in @E[Gﬂ’g]a then
S(E)Gpe] =151 (B G .

(ii) Ifnot (i), but {sg(&) [G[pg] : B <6} has anupper bound in Qg[G[PE], then s (&) [G[pg]
is the <3 -first such upper bound.
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(iii) If neither (i) nor (i), then s(&)[Gp, ] = 50(E) [Gp, .

It should be clear that s € P N N. Now,

es<vrt,

Why? By induction on &€ € £ NN we show that s | E <™ | &. Steps “€ = 0” and “&
limit” are clear, so suppose that we have proved s [E <r* [ &,i), <& < iy (and we are
interested in the restrictions to £ + 1). Assume that pr ¢ Pg is a generic filter over V
suchthatr* [ & € G[Pg. Since sg [ iy+1 < ¥y, <¥y+1 <¥¥,wealsohave {sg [ §: B <5}
Gpg and Tyer | e G[pg. Hence r}jﬂ(‘g')[Gu»g] is an upper bound of {Sﬁ(E)[G[p:E] B <6}
Therefore, s(§)[Gp, | =71 (E)[Gp,] < 7y:1(E)[Gr, ] <77 (8)[Gpg] (see (i) above) and
we are done.

The proof of the proposition will be finished once we show

e (VB <d)(sg=5).

Why does this hold? By induction on & € £ NN we show that sg [ § < s | & for all
B < 6. Steps “E€ = 0” and “& limit” are as usual clear, so suppose that we have proved
sgl & =<s1&(for B <6) iy <& <iys (and we are interested in the restrictions to
& +1). Assume that G”"_E ¢ Pg is a generic filter over V such that s [ & € G[p_f. Then also
(by the inductive hypothesis) {sg [ E: B < 6} < G””E and therefore (sB(E)[GU»E] :B<O)
is an increasing sequence of conditions from the (A-complete) forcing Qg [G[pg]. Thus
this sequence has an upper bound, and s(&) [Gpg] is such an upper bound (see (i) and
(ii) above), as required. O

In the proof of the preservation theorem we will (like in the proof of the preservation
of properness [15, Chapter III, Section 3.3]) have to deal with names for conditions in
the iteration. This motivates the following definition (which is in the spirit of [15,
Chapter X], so this is why “RS”).

DEFINITION 3.4. (1) An RS-condition in Pz« is a pair (p,w) such that w € [(T* +
1)1<* is a closed set, 0,C* € w, p is a function with domain Dom(p) < C*, and
(®); for every two successive members & < ¢’ of the set w, p | [¢/,€") is a
P, -name of an element of P.» whose domain is included in the interval
[e,¢&).
The family of all RS-conditions in Pz+ is denoted by P§S.
@ If (p,w) P‘éﬁ and Gp,, < Pg+ is a generic filter over V, then we write (p,w) €
sz* whenever
(®)2 for every two successive members &’ < &’ of the set w,

(p F [S,sgn)) [G[Pg* N [P)E'] € G[P’g* N [P)E”- (34)

3 If (p1,w1), (p2,wo) € IP’%E, then we write (p;,w;) <’ (p2,w>) whenever
(®)3 for every generic Gp:* < Pg¢x over V, if (po,w») € G“”:* then (p1,w;) €
Gpg* and for each two successive members &’ < &€’ of the set w; Uw, we
have

(P11, €))[Gpp NPer] <p., (P2 [ [€',€7))[Gppu NPer]. (3.5)

REMARK 3.5. If (p,w) € IP%E, & <&<e’, ¢, € are successive members of w, then
p (&) is a P-name for a Pg-name of a member of Qg. One may look at this name as a
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Ps-name. However, note that if we apply this approach to each &, we may not end up
with a condition in Pz« because of the support!

PROPOSITION 3.6. (1) For each (p,w) € [P’%i there is q € P¢+ such that (p,w) <’
(q,{0,C*}).

@) If (p,w) € [P’%‘i and q € P¢x, then there is q* € P¢+ stronger than q and such
that for each successive members &' < &’ of w the condition q* | €' decides p | [€',&")
(e, ql e+ p|[e,e") =pee " for somepgy ¢ € Prx).

(3) Let (pi,w;) € IP%S* NN (fori< 8 <A),and s € Pex NN, ¥ € Pex be such that

s<r, (Vj<i<é) ((pj,w;)) < (pi,wi) < (r,{0,C*})). (3.6)

Assume that either v is (N, P¢=)-generic, or T* is a limit ordinal of cofinality cf(T*) < A
and for every T < T* the condition v | C is (N,P¢)-generic. Then there are conditions
s € NNP¢+ and v’ € Pgx such that s < s <v', v <v' and (Vi < ) ((p;,w;) <’

(s",{0,2%1)).

PROOF. (1), (2) The proof is straightforward (use the A-completeness of P¢x).

(3) If r is (N, P¢+)-generic, then our assertion is clear (remember clause (2)). So
suppose that we are in the second case (so Rg < cf(C*) < A). Let (i, : y < cf(T*)) ¢
N N T be a strictly increasing continuous sequence cofinal in *. For y < cf(C*) and
i<8letp! =piliy, w = (winiy) u{iy} (clearly (p;,w)) € PY). Since » [ iy is
(N,P;,)-generic, we may inductively pick conditions sy, 7y (for y < cf(L*)) such that

e sliy<sy €Pi, NN, 7r <7y € Prx,

o (Vi< ((p],w)) <" (s4,{0,iy})), sy <7y [ iy,

o if <y <cf(T*) then s [ig <spg<s,and rg <7,.

Let r* € P¢+ be stronger than all r,’s. Now apply Proposition 3.3. O

Now we may state and prove our main result.

THEOREM 3.7. Let D, ¥, &' be as in Context 1.7. Assume that Q = (Py, Qo : 0t < T*)
is a (< A™)-support iteration such that for each x < C*

I-p, “Qu is proper for D-semi-diamonds”. 3.7)

Then P¢x = lim(Q) is proper for D-semi-diamonds.

PROOF. By Proposition 3.1, the forcing notion P¢+ is A-complete, so we have to
concentrate on showing clause Definition 2.3(1)(b) for it.

So suppose that x is large enough, p € Pr« and N < (#(x), €, <;§), IN|=A,NAc N
and {A,p,Q,P¢+,D,¥,...} € N, and h: A — N satisfies Pz NN < Rang(h). Further-
more, suppose that F = (Fs: 6 € &) is a (D,¥)-semi-diamond and § = {(q5: 5 € &) is
an (N, h,P¢+,F)-candidate. We may assume that for each § € ¥

(@) if (hoFs(x): x < 6)isnota Spex -increasing sequence of members of Pz« NN,
then hoFs(x) = * for all @ < §.

(Just suitably modify Fs whenever the assumption of (©) holds—note that the mod-
ification does not change the notion of a candidate, the game from Definition 2.1(3),
etc.)
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Before we define a generic condition € P¢« for g over F, we introduce the notation
used later and give two important facts.
Letie€ NN (C* +1) and let Gp, < P; be generic over V. We define
o hW'[Gp,]1: A — N[Gp,] is such that if h(y) is a function, i € Dom(h(y)) and
(h(y)) (i) is a P;-name, then (h‘?[Gp,])(y) = (h(y))(i)[Gp,], otherwise it is *;
e hlil:A — N is defined by h!(y) = (h(y)) | i provided h(y) is a function, and *
otherwise;
o SV [Gp,]={5 € :if § is limit, then g5 | i € Gp, };
o GV [Gp,1is (a5(1)[Gp,1:6 € SV [Gp,1);
e gll=(qsi:6€9);
. F<i>[Gpi] is(Fs:6 € SP“)[GPL.]).
Observe that hll: A — N is such that P; " N < Rang(h!"!) and h‘?[Gp,] is such that
N[Gp,1nQi[Gp,] = Rang(h{V[Gp,]).
The following claim is an immediate consequence of (®).

CrAIM 3.8. Assume thati € Nn(£*+1). Then Fis a (D,¥)-semi-diamond sequence
for (N, k[l P;) and G is an (N, h!", P;, F)-candidate.

CLAIM 3.9. Assume that i € NN (C* +1) and r € P; is (N, h!!l, P;)-generic for g!*
over F. Let Gp, < P; be a generic filter over V, v € Gp,. Then in V[Gp, I:

(1) $9[Gp,] €D,

(2) FO[Gp,1is a (D,9"[Gp,])-semi-diamond for (N[Gp,],h"[Gp,],Qi[Gp,]), and

(3) q'?[Gp,]is an (N[Gp,],h'"[Gp,],Qi[Gp,], F"[Gp,])-candidate.

PROOF OF CLAIM 3.9. (1) Follows from (2).

(2) Assume that this fails. Then we can find a condition r* € P;, a P;-name g’ =
(@ : ¢ <A) € N for an increasing sequence of conditions from Q;, and [P’i—nameé Ag
for members of D NV such that <p, ¥* € Gp, and

r*ip, “(V6 € 0N AgaAg) ((RP o Fs () : x < 8) + ' | 6)”. (3.8)

Consider a play (r;,7;,C;:i<A) < P; of the game D(r,N,hld p; F 3l") in which the
generic player uses its winning strategy and the anti-generic player plays as follows.
In addition to keeping the rules of the game, it makes sure that at stage j € ¥":

e 7; = 7* (so vy = v*; remember the anti-generic player plays at 0),

¢ 7; decides the values of all Ag for § < j.
Let A € DNV be such that v; - “Ag = Ag” for sufficiently large j € &'.

Note that the sequence (rj‘" (g;) :J < 8)1is <p,, ,-increasing. So, as D is normal and
Ag,C;j € D and F is a semi-diamond for (N, hl"*11P;,;) (by Claim 3.8), we may find a
limit ordinal 6§ € ¥ N Ag<aAg N AjaCj such that (ke F5(j) : j < 6) = (v (q) :
j < 6). Then also (h1oF5(j):j < &) = (rj :j < &), and since the play is won by the
generic player, we conclude that gs | i < 7s. But then taking sufficiently large j € &’
we have

riF“seFVnhgads, (WP oFs():ax<6)=q"16" (3.9)

a contradiction.
(3) Should be clear. O
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Fix a bijection Y: T* NN — y* < A. Also let ((74,C;) : i < A) list all pairs (7,8) € N
such that € < C*, cf(Z) = A and T is a Pz-name for an ordinal.
Next, by induction, we choose a sequence ((p;,w;) :i <A) < IP‘;S* NN such that
@) (p,10,C*}) <" (pi,wy) <" (pj,wj), fori<j <A,
(i) if i < j <A and Y(¢) <1, then € € Dom(p;) and p;(¢) = p;(¢),
(iii) if i < A is a limit ordinal, then w; is the closure of |J i<iwj, and if, additionally,
e € Dom(q;) is such that Y(¢) > i (and i € ¥, of course), then € € Dom(p;) and
pi(¢g) is such that
(®) for every generic Gpg* < P¢+ over V such that (p;, w;) €’ G[pg* , and two suc-
cessive members &', €’ of the set w; such that & < ¢ < ¢ we have that if
P () [Gp . NP 1[Gp . NPe]:j < i3ULGi(€)[Gp . NPe]} has anupper bound
in Q. [G”"c* NP¢], then p;(¢) [Gpg* NP ] [G[}»g* NP.]is such an upper bound,
(iv) for eachi <A, for some § € NNC; and a Pg-name T € N we have that sup({¢ <
Ci:Y (&) <itu(winGy)) <& wiry =wiU{E}, piv1 [ € =pi | Eandif Gp,, < P+
is generic over V and (p;.1,w;s1) €' Gpxs then Ti[G[P’E* NPgl= T[G[PC* NPg]
(It should be clear that there are no problems in the induction and it is possible to pick
(pi,w;) as above.) From now on we will treat each p;(&) as a Pg-name for a member
of QE'
Now we are going to define an (N, h,P¢x)-generic condition v € P for g over F in
the most natural way. Its domain is Dom(r) = C* NN and for eachi € T*nN

r ik “r(i) = pyq (i) is (N[Gp,],h'?,Q;)-generic for ' over F{V”, (3.10)

MAIN CrLAIM 3.10. For every C € (C* + 1) N N, the generic player has a winning
strategy in the game D(r | C,N,h[%! P¢,F, %)),

PROOF OF CLAIM 3.10. We prove the claim by induction on € € (C* +1) nN. For
C € C* NN this implies that ¥ (T) is well defined (remember Claim 3.9). Of course for
C = C* we finish the proof of the theorem.

Suppose that € (C* +1) NN and we know that v | T’ is (N,h!%), P)-generic for
g% over F for all £’ € NN C. We are going to describe a winning strategy for the
generic player in the game D(r | ,N,h!%), P¢, F, %), The inductive hypothesis is not
used in the full strength in the definition of the strategy, but we need it in several
places, for example, to know that » is well defined as well as that we have the st;’s
below. Also note that it implies that (pf,wf) <" (r 1 €,{0,C}) for all i < A, where
pf =p; | € and wf = (w; N C) U {C}. Moreover, during the play, both players will
always have legal moves. Why? By the inductive hypothesis we know that v | T’ is
(N, P¢)-generic for all ' € TN N. Therefore, if € is a successor or a limit ordinal of
cofinality > A, then we immediately get that v | T is (N, P¢)-generic (remember clause
(iv) of the choice of the p;’s!), and thus Observation 2.2(4) applies. If T is a limit ordinal
of cofinality cf(C) < A, then we may use Proposition 3.3.

Let st; be a P;-name for the winning strategy of the generic player in O (v (i),N[Gp,],
h,Q;, F¥,q("), and let

Eo def {6 < A: 6 is a limit of points from ¥'}. (3.11)

Plainly, Eq is a club of A.
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Let the generic player play as follows. As an aside, it will construct sequences
(1;?3(5),1;3’%(5) :j <A, e€CnN)and (Qf,(s) :j,E <A, e€CNN) so that
. 1;5%(5) is a P.-name for a member of Q. N N[Gp,], 1’?(6) is a P.-name for a
member of Q., Cf (¢) is a P.-name for a member of DNV, and
e if je¥, j <j,and Y(¢) < j, then after the jth move (which is a move of the
generic player) the terms ((;f-, (e) :E<A), 1;?, (¢), and 1;3‘3 (&) are defined.
So suppose that j* € ¥ and (rj’,rj,Cj 1 j < j*) is the result of the play so far. To
clearly describe the answer of the generic player we will consider two (only slightly
different) cases in the order in which they appear in the game. (Remember (7, Cp) is
chosen by the anti-generic player and that all successor moves are done by the generic
player.)

CASE 3.11. Consider ordinals j’ such that for some jy, j; € ¥ we have
jo <j’<nﬂn(9’\(j0+1)):j1. (3.12)

First the generic player picks conditions s7,s € P¢, s~ € N such thatr; <5~ <,
7j, < s and for each £ € TN we have

STTER (Vi< jo)(pi(€) <s ()" (3.13)

(Why possible? By Proposition 3.6(3).)
Now the generic player looks at &, < T such that Y(&y) = y < j;. It picks P, -names
5 (ey), 15 (gy), ng-r(éy) so that s | &, forces that

(r (ey),75% (ey), AgaaCo (gy) 1’ < jn) (3.14)

is a play according to st in which the moves of the anti-generic player are determined
as follows. First, it keeps the convention that if j* € ¥\ %', then (1’?, (sy),r;'i (gy),
Agar gf, (ey)) is (a name for) the <§<‘-ﬁrst legal answer to the play so far. Now, if y < jo,
then we have already the play up to jj (it easily follows from the inductive construction
that s | €, indeed forces that it is a “legal” play). The joth move of the anti-generic
player is stipulated as rj’o(ey) =5 (&), r?o(ey) =s(gy), C?O(sy) =(1j<j, Cj, and next
we continue up to j; keeping our convention. If j, < y < j;, then the generic player
lets 75 (g,) = s7(g,),78(gy) = s(g,), C5(gy) = Nj<j, Cj and then it “plays” the game
according to st;, up to j1 keeping our convention for all j' ¢ ¥,

Next, the generic player picks a condition ** € P¢ and P, -names T (&) € N (for
Y <J1, & < T, jo < j' < j1) such that

e v*>g5, and for every y, j' < j; we have

¥ gy pe,, “l’? (&y) =7*(gy), l’?’ (ey) =T (&), (3.15)

o for every j', € < ji and y < j; with ¢, < T, the condition r* | &, decides the
value of ~C§, (gy), and

Y ey I “C (ey) \(E+1) = Ch (g)", (3.16)

where Cf, (ey) €DNV.
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Then it lets ry € NNP¢ (for j" € (jo,j1)) be conditions such that
Dom (r}) =Dom (s™) U{ey 1y < ji & < T}, (3.17)
and for & € Dom(rji)

vy & “if Y(8) < jiand (T;(§):jo <j <ji1) is an increasing
sequence of conditions stronger than s~ (§), (3.18)
then v} (&) = 77 (&), otherwise 7, (§) = s~ ()”.

Finally, for j" € (jo,j1) it plays Tj’,,r*,ﬂ{Cfr(sy) :JLY, € < Jj1, & <T}NEy.
CASE 3.12. Consider ordinals j* such that for some jo € ¥ and j; € ¥’ we have
sup{ie ¥ i< j'} =jo<j <min (¥ \jo) = ji1. (3.19)
The generic player proceeds as above, the difference is that now jy “belongs to” the
generic player, and that it is a limit of moves of the anti-generic player. Again, we look

at e, <G such that Y(g)) =y < j1.
If y < jo, then every condition in P,, stronger than all 7; | &, (for j < jo) forces that
(r%(8),7% (&), Aga LS (8)) ' < jo) (3.20)
is a legal play in which the generic player uses st - The generic player determines
{J@,(sy), rj’i(sy), and C§,(sy) for j' € [Jjo,j1) “playing the game” as earlier (with the
same convention that if j/ € ¥\ ‘&, then the j'th move of the anti-generic player is
stipulated as the <¥-first legal move).

If jo <y < ji, then (any condition stronger than all v; | &, for j < jo forces that)
(ri (&) 1 j < Jjo), (rj(€) 1 j < jo) are increasing, and r; (&) < 7j(&y) and 7 (gy) is
(N[G[PSY ],ny)-generic. So, by Observation 2.2(4), the generic player may let (7§ (¢,),
7§ (€y)) be the <}-first such that for all j < jo we have r; (¢) < 77 (&) € N[Gp,, ],
ri(gy) <75 (gy). It alsolets Cg(fy) = j<j, Cj- Then the generic player chooses 7, (¢y),
1;?, (&y),and ~C§, (gy) for 0 < j' < ji “playing the game” with the strategy st (and keep-
ing the old convention for j' ¢ ¥¢&r?).

Next the generic player picks a condition ¥* € P¢ (stronger than all 7; for j < jo),
P, -names T; (¢y) € N and sets Cf,(sy) e DnV (for j',y,& < j1) as in the previous
case. Then it chooses conditions s~ € NN P¢ and v+ € P¢ such that v* < v* and
(Vj < Jjo)(r; < s <r"). (Why possible? If C is limit of cofinality cf(§) < A, use
Proposition 3.3; otherwise we know that r is (N, P¢)-generic.) Next it defines condi-
tions v € NnPg (for jo < j' < j1) so that

Dom (r;) =Dom(s~) U {&, 1y < j1 and &, < C}, (3.21)
and for € € Dom(r])

vy & “if Y(E) < jiand (T;(8):jo <j <j1) is an increasing
sequence of conditions above all rj’(E) for j < jo, (3.22)
then TJT(E) =T,;/(&), otherwise T](E) =s5s(&)".

Finally, for j, < j’ < j; it plays r],r*,ﬂ{Cfr(sy) 1LY, €< ji, & <T}.
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Why does the strategy described above work? Suppose that (r;,7;,C; : j < A) is
a play of the game D(r | C,N,h!%),P¢,F,g!%) in which the generic player used this
strategy and let (1;;-,(5) :j <A, e€CnN)and (g‘?(e) :j,E <A, e € CNN) be the
sequences it constructed aside. (As we said earlier, the game surely lasted A steps and
thus the sequences described above have length A.)

We argue that condition Definition 2.1(3)(®) holds.

Assume that a limit ordinal 6 € ¥n) <5 Cj (so in particular 6 € Eo) is such that

(k)s (W oFs(0) :x < 8) = (rg 1 x < §).

We are going to show that g5 < 75 and for this we prove by induction on ¢ €
(C+1)NN thatgs [ € <7s | €. For € = C this is the desired conclusion.

For € = 0 this is trivial, and for a limit ¢ it follows from the definition of the order
(and the inductive hypothesis).

So assume that we have proved g5 [ e < ¥s | €, € < C, and consider the restrictions
to e+ 1.If Y(¢) = 6 then by the choice of conditions s, s~ in Case 3.11, we know that

rs e “(Vi<6)(3j <6)(pile) <7 (e))”. (3.23)

Now look at the clause (iii) of the choice of the ps at the beginning: what we have just
stated (and (x)s) implies that

¥s | € “ps(e) is an upper bound to {gs(&)} U {pi(e) :i < 5} (3.24)

Thus, ¥5 [ € IF “gs(e) < ps(e) <¥s(g)”, so we are done. Suppose now that Y(¢) < 6 and
let j; = min(¥’\ 6). Look at what the generic player has written aside: ¥ | € forces that
(rp(e),ri(e), A§<AC§(E) :j < 1) is aplay according to st, and 6 € ;g5 C?(s) nler
so we are clearly done in this case too (remember the choice of ¥*), and the proof of
Claim 3.10 is completed. O

Applying Main Claim 3.10 to € = C* we may conclude the proof of Theorem 3.7.
O

REMARK 3.13. Note that if the iterands Qg are (forced to be) A-lub-closed, then the
proof of Theorem 3.7 substantially simplifies.

4. Examples. Our first example of a proper over A forcing notion is a relative of
the forcing introduced by Baumgartner for adding a club to x;. Its variants were also
studied in Abraham and Shelah [1]; (see also [15, Chapter III]).

The forcing notion P* is defined as follows:

a condition in P* is a function p such that
(@) Dom(p) < A*, Rang(p) < A*, |Dom(p)| < A, and
(b) if 1 < oxp are both from Dom(p), then p (&) < &o;
the order < of P* is the inclusion <.
Clearly, we have the following result.

PROPOSITION 4.1. The forcing notion P* is A-lub-complete and |P*| = A*.
But also, the following holds true.

PROPOSITION 4.2. The forcing notion P* is proper over A.
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PROOF. Assume that N < (¥(x),€,<3) is as in Definition 2.1, and p € P*NN.
Put j* =NnAt and r = p U {{j*,j*)}.

Ctam 4.3. )Ifr ' eP,r <v',thenv' | j* e NNP* and v’ | j* <7'.

@QIfr eP,r<v,and 7’ | j* <¥” € NnP* then v Ur” € P* is stronger than
both ' and r"'.

3)If p = (pe:& <T*) c P* is <-increasing and CT* < A, then p has a least upper
bound g € P*, and q | j* is a least upper bound of (pg [ j*:& < T*).

PROOF OF CLAIM 4.3. (1) By the definition of P*,
xeDom(r')nj* =7 (x) < j* = r'(x) €N. 4.1)
(2), (3) should be clear. O

CLAIM 4.4. The condition » is N-generic for semi-diamonds (see Definition 2.7).

PROOF OF CLAIM 4.4. Suppose that D is anormal filteron A, ¥ e D*.Let h: A - N
be such that NnP* c Rang(h), F = (Fs: 6 € ¥) be a (D,¥)-semi-diamond, and let
d=1{qs:6 €¥) be an (N, h,P* F)-candidate.

We have to show that the condition * is (N,h,P*)-generic for G over F, and for
this we have to show that the generic player has a winning strategy in the game
O(r,N,h,P* F,q). Note that the set

def

Eo = {6 < A:§ is alimit of members of ¥} (4.2)

is a club of A (so Ey € D). Now, the strategy that works for the generic player is the
following one:

At stage 6 € ¥ of the play, when a sequence (¥;,7;,C; : i < §) has been already
constructed, the generic player lets Cs = Ep\ (0 + 1) and it asks:

() Is there a common upper bound to {r;:i <d} U {gs}?

If the answer to (%) is “yes,” then the generic player puts Y = {r;:i < 6} U {gs};
otherwise it lets Y = {7; : i < 6}. Now it chooses 7 to be the <;<‘-ﬁrst element of P*
stronger than all members of Y and vy =5 [ j* € N.

Why the strategy described above is the winning one? Let (¥, ,7;,C; : i < A) be a play
according to this strategy. Suppose that 6 € ¥ N A<, C; is a limit ordinal such that
(hoFs(x): x < 0) =(ry : & < 0). So, g5 is stronger than all 7, (for & < 9), and for
cofinally many & < 6 we have vy =7 | j*. Therefore, g5 = ¥« | j* and (by Claim 4.3)
{ra:ox <6} U{qs} has an upper bound. Now look at the choice of 7. O

The proposition follows immediately from Claim 4.4. O

PROPOSITION 4.5. (1) P* is x-proper over A if and only if «x < A.
(2) If D is a normal filter on A, ¥ € D*, and F is a (D,¥)-diamond, 0 < & < A*, then
P* € K [F] if and only if « < A.

PROOF. (1) Follows from (2).

(2) Assume x < A.

Let N = (Ng:B < «), hg:A — Ng and ¢# be as in Definition 2.8(1)(b), p € P* N Np.
Let jg = NgnA* (for f < ) and put v = p U {(j;,j;‘) : B < «}. Clearly, » € P* and
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7 | ji € Ng for each B < o (remember N | B € Np). By the proof of Proposition 4.2, the
condition 7 | jg,, is (Ng,hg,P*)-generic for dP over F.

To show that P* ¢ K)*[F] for « = A, it is enough to do this for & = A. So, pick any
N = (Ng:B <A), hg:A — Ng and G* as in Definition 2.8(1)(b), and let Ny = Jy<a Na.

Let be a P*-name for the generic partial function from A* to A*, that is, I-p* Q=
U Gp*. We claim that

(®) Ikpx “(3B < A)(3i € Dom(p) NNp) (P (i) ¢ Np)”.

Why? Let p € P*. Take By < A such that Dom(p) NNy € Ng, (remember |p| < A). If
for some i € Dom(p) N Ng, we have p(i) ¢ Ng,, then

p I+ “(3i € Dom () N Ng,) (@ (i) & Ng,)". (4.3)

Otherwise, we let 6* = Ng, NA* and 6** = Ng,.1 NA*, and we put g = puU {(6*,6**)}.
Then clearly g € P* is a condition stronger than p and

q - “(3i € Dom (@) N Npy+1) (P (i) & Npy11). (4.4)

It should be clear that (®) implies that there is no condition » € P* which is
(Ng, hg,P*)-generic for g* for all B < & (remember Proposition 2.6(2)). O

For the second example we assume the following.

CONTEXT 4.6. (a) Assume A, D, &, ¥’ are as in Context 1.7,

b) 9* P L5 <A+ :ef(5) = A},

(c) (As,hs:06 € ¥*) is such that for each 6 € ¥* we have:

(d) As <6, otp(As) = A and As is a club of §, and

(e) hs:As — A.

The forcing notion Q* is defined as follows:

a condition in Q* is a tuple p = (u?,v?,é?,h?) such that

(@) u? € [AT]<A, vP e [9*]<A,

(b) é” = (ef : 5 € vP), where each e} is a closed bounded subset of As, and ef < u?,
(c) if 61 < 6> are from v?, then

sup (es,) > 01, sup (es,) > sup (As, N61), (4.5)
(d) h?:u? — Ais such that for each 6 € v¥ we have
h? | {xe€es:otp(anes) €S} € hs; (4.6)

the order < of Q* is such that p < g if and only if u” < u4, h? < h4, v¥ < v14, and for
each § € v” the set e? is an end-extension of e.
A tuple p = (u?,v?,é%,h?) satisfying clauses (a), (b), and (d) above will be called a
pre-condition. Note that every pre-condition can be extended to a condition in Q*.
One easily verifies the following proposition.

PROPOSITION 4.7. The forcing notion Q* is A-lub-complete. Also Q* satisfies the
At-chain condition.
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PROPOSITION 4.8. The forcing notion Q* is proper over A.

PROOF. Assume that N < (#(x), €, <;§) is as in Definition 2.1, (As,hs:0 € $*) e N
and p € Q* N N. We are going to show that the condition p is N-generic for semi-
diamonds.

So suppose that h, g and F are as in Definition 2.1. For » € Q*, let v | N be such
that u"™W =unN,v"W =vnN,eé"W =¢" | N, "IN = h” | N. Note that v | N € N.
We describe the winning strategy of the generic player in the game D(p,N, h,P*,F,3).
For this we first fix a list {j; :i < A} of Nn¥*, and we let Eg = {6 < A: ¢ is a limit of
members of ¥}.

Suppose that we arrive to a stage 6 € ¥ and (r; ,7;,C; : i < 0) is the sequence played
so far. The generic player first picks a condition 7 stronger than all #;’s played so far
and, if possible, stronger than gq;. Then it plays a condition 5 above 1 such that

e if y € v"s, then otp(ey’) > 8, and

o {jiti<d} v,
and vy = v5 | N.The set Cs played at this stage is [, A) N Ep, where « is the first ordinal
such that v NN < {j; :i < &} and otp(A, N (max(e;ﬁ) +1)) <oxforall y e v's.

Why is this a winning strategy? Let (¥;,7;,C; : i < A) be a play according to this
strategy, and suppose that 6 € ¥ N A;.AC; is a limit ordinal such that

(hoFs(x):x<8) = (ry:x<5). 4.7)

Note that then

() if y e Ujesv" then U, .5 e;i is an unbounded subset of {e € A, :otp(enA,) <

o0}, and

(i) Uics v NN = {j;:1 <3},
We want to show that there is a common upper bound to {r;:i < 6} U{gs} (which, by
the definition of our strategy, will finish the proof). First we choose a pre-condition
r=(u",v",eé",h") such that

o V' =vB Ul s,

o if y € v%, then we let e}, = ey’ if y € U;5 " \ v%, then

el =|J{ey :i< 6, y €v"i} U {the Sth member of Ay}, 4.8)

e u" =utulJ;.su"u {the 6th member of A, :y € v"\ v},

e W 2 hisul; sh"i.
Why is the choice possible? As § ¢ ¥’'! Now we may extend r to a condition in Q*
picking for each y € v" large enough B, € Ay and adding B, to e}, (and extending u",
h" suitably). O

Our last example is a natural generalization of the forcing notion D, from Newelski
and Rostanowski [3]. We work in the context of Context 1.7.

DEFINITION 4.9. (1) A set T < <*A is a complete A-tree if
(@ (VneT)(3FveT)(n<v),and T has the <-smallest element called root(T),
b) (Vn,ve <) (root(T)sn<veT=>neT),
(c) if (n;:i < ) =T is a «-increasing chain, § < A, then there is n € T such
that n; <n forall i <.
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Let T < <*A be a complete A-tree.
(2) For n € T we let succr(n) = {x<A:n"(x) € T}.
(3) We let split(T) = {n € T : |succr(n)| > 1}.
(4) A sequence p € *A is a A-branch through T if

(V< A)(lh(root(T)) <cx=p |x € T). (4.9)

The set of all A-branches through T is called lim, (T).
(5) A subset F of the A-tree T is a front in T if no two distinct members of F are
<-comparable and

(Vn elimy(T))(Jax<A)(n | x €F). (4.10)

(6)Forne Twelet (TN ={veT:nav}.

Now we define a forcing notion Dj:
A condition in D, is a complete A-tree T such that
(a) root(T) € split(T) and (Vn € split(T)) (succr(n) = A),
(b) (VneT)(IveT)(n<vesplit(T)),
(c) if 6 < A is limit and a sequence (n; : i < 8) < split(T) is <-increasing, then
n = Ui<s i € split(T).
The order of D, is the reverse inclusion.

PROPOSITION 4.10. The forcing notion D, is proper over A.

PROOF. First we argue that D, is A-lub-complete. So suppose that T, € D, are such
that (Vax < B < 8)(Tg € Ty), 6 < A. We claim that T def Na<s T is @ condition in Dj.
Clearly T is a tree, and root(T) = Uy<sT00t(Ty). By clause (c) (for Ty’s) we see that
succr(root(T)) = A, and in a similar way we justify that T satisfies other demands as
well.

Now suppose that D, &, N, h, F and g are as in Definition 2.1, T € Dy nN. Choose
inductively complete A-trees Ty € Dy NN and fronts Fy < Ty (of Ty) such that

(i) root(Ty) =root(T),
(i) if x < B <A, then Tg < Ty < T and F, < split(7p), and
(iii) if n € Fy then otp({i <1h(n) :n i€ split(Ty)}) = «,
(iv) if o is limit, then Ts = Nx<s T
(v) if 6 € & is limit and (ho Fs(x) : @ < 6) is an increasing sequence of conditions
from Dy NN and Ng<sh o Fs(x) € Ts, and n = Uy<sroot(ho Fs(x)) € Fs, then
for some v € Ts we have

n<aveFs, a5 < (Ts)™. 4.11)

Now we let ¥ = (y<a Tx- It should be clear that v € D,.
CLAIM 4.11. The condition 7 is (N, h, D, )-generic for g over F.

PROOF OF CLAIM 4.11. We have to describe a winning strategy of the generic player
in the game D(v,N,h,D,,F,q). Let Eg be the club of limits of members of ¢’. Let the
generic player play as follows.
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Assume we have arrived to stage i € & of the play when (r;,vj,Cj:j <1i) has been
already constructed. If i ¢ Eo then the generic player chooses #;, ¥; € D, such that

(A) ri = Nj<iriy i <Njeity NNj<iTj,and vy €N, 7y <7,

(B) root(r; ) =root(r;) € Fy(;) for some (i) > i,
and lets C; = Eg\ (x(i) +1).If i € E( then the generic player picks 7;, 7;” satisfying (A)
and (B) and such that

(C) if possible, then g5 < ¥; and it takes C; as earlier.
Why is this a winning strategy? First, as D, is A-lub-complete, the play really lasts A
moves. Suppose that § € ¥N();.5C; is such that

(hoFs(a):x < &) = (rg: < 8). (4.12)

Let n = Uq<sroot(ry). Note that (as 6 € Ey and by (B)) we have n € Fs and (by (A))
Na<s7% is included in Ts. Therefore, by clause (v) of the choice of the Ts, for some
v € Ts we have n < v € Fs;1 and gs < (Ts41)!v). But this immediately implies that it
was possible to choose 7, stronger than gs in (C) (remember ¥ = (y<s Ta)- O

This complete the proof of Proposition 4.10. O

5. Discussion

5.1. The axiom. We can derive forcing axioms as usual, see [15, Chapter VII and
VIII]. For example, if k is a supercompact cardinal larger than A, then we can find a
k-cc A-complete, proper over D-semi-diamonds forcing notion P of cardinality k such
that

o IFp2h =k
e P collapses every u € (A", k), no other cardinal is collapsed,
« in VP: if Q is a forcing notion proper over D-semi-diamonds, $ are open dense
subsets of Q for x < A™, then there is a directed set G < Q intersecting every $
(for x < A™).
If we restrict ourselves to |Q| = k, it is enough that « is indescribable enough.
In ZFC, we have to be more careful concerning Q.

5.2. Future applications. Real applications of the technology developed here will
be given in a forthcoming paper [4], where we will present more examples of proper
for A forcing notions (concentrating on the case of inaccessible A). We start there
developing a theory parallel to that of [5, 6, 7] aiming at generalizing many of the
cardinal characteristics of the continuum to larger cardinals.

5.3. Why our definitions? The main reason why our definitions are (perhaps) some-
what complicated is that, in addition to ZFC limitations, we wanted to cover some
examples with “large creatures” (to be presented in [4]). We also wanted to have a real
preservation theorem: the (limit of the) iteration is of the same type as the iterands
(though for many applications the existence of (N, P¢)-generic conditions could be
enough).

Why do we have the sets C; in the game, and not just say that “the set of good §’sis in
D"? It is caused by the fact that already if we want to deal with the composition of two
forcing notions (the successor step), the respective set from D would have appeared
only after the play, and there would be simply too many possible sets to consider.
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With the current definition the generic player discovers during the play which 6 € &
are active.

Why semi-diamonds (and not just diamonds)? As we want that g, F(¥ are as
claimed in Claim 3.9 (for the respective parameters).

5.4. Strategic completeness. We may replace “A-complete” by (a variant of) “strate-
gically A-complete.” This requires some changes in our definitions (and proofs) and it
will be treated in [9].

5.5. Relation to [8]. There is a drawback in the approach presented in this paper:
we do not include the one from [8], say when & < Eff is stationary and 9’;” \ & is also
stationary.

One of the possible modifications of the present definitions for the case of inacces-
sible A, can be sketched as follows. We have (As:5 € &), As = (As5)9; G =(qs:6 € F)
is replaced by g = (gs: 6 € ¥, t € Pars+ 5) (Where §* = NN A*), and Par = (Pars+ s :
0 € &) € Vis constant for the iteration (like D).

In the forcing P: for p = (p; : j < 8), 6 € ¥, t € Pars= 5, there is an upper bound
qlp,t] of p (this is a part of P).

For each 8, each Pars« n;ny, [ [ien, Pars+,s has cardinality As = (As)!?! (N5 is of car-
dinality |6[; y is the length of the iteration). Having (p;: j < 6) < Ns we can find
(@f :t € Pars ngny) as in [8].

Several (more complex) variants of properness over semi-diamonds will be pre-
sented in [9] and Rostanowski and Shelah [4].
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