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ABSTRACT. We consider the relationship between ideals of a BCI-algebra and order ideals of
its adjoint semigroup. We show that (1) if I is anideal, then I = M~1 (M (1)), Q) M(M~1(J))
is the order ideal generated by J N R(X), (3) if X is a BCK-algebra, then J = M(M~1(J)) for
any order ideal J of X, thus, for each BCK-algebra X there is a one-to-one correspondence
between the set $(X) of all ideals of X and the set 6(X) of all order ideals of it, and (4) the
order M(M~1(J)) is an order ideal if and only if M—1(J) is an ideal. These results are the
generalization of those denoted by Huang and Wang (1995) and Li (1999). We can answer
the open problem of Li affirmatively.

2000 Mathematics Subject Classification. 06F35, 03G25.

1. Introduction. In [1, 2, 4], the relationship between filters of a BCK-algebra and
order ideals of its adjoint semigroup is considered. There is a gap in the proofs of the
results obtained there. For example, [2, Theorem 2.8] and [4, Theorem 2.3], where it
is proved for a map I — M (I) to be onto, is not correct. They only show that if I is a
filter then M(I) is an order ideal and that if J is an order ideal then M~!(J) is a filter.
In order to fill the gap of the proof and to develop the theory of adjoint semigroups of
BCl-algebras, we consider ideals instead of filters and show more results about order
ideals. As a particular case, we give an affirmative solution to the problem left open
in [4].

First of all, we define BCI-algebras.

Let (X;*,0) be an algebraic structure of type (2,0). We call it a BCI-algebra when it
satisfies the conditions: for any x,y,z € X,

(1) (x*xy)x(x*xz)<zxy,

(2) x*x(x*xy) <y,

3) xxx=0,

4) ifxxy=y*xx=0thenx =y.

The relation “<” is defined as follows:

x<yex*ty=0. (1.1)

It is easy to show that (X; <) is a partially-ordered set and the following proposition
holds.

PROPOSITION 1.1. Let X be a BCI-algebra. For any x,y,z € X,
(@) xx0=x,
(b) Ox(x*xy)=(0%xx)*(0xy),
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(© (xxy)kz=(x*xz)*xy,
(d) (x*xz)*x(y*z)<x*xy,
(e) x <y impliesxxz<y*xz,
(f) x <y implieszxx <zxy.

Moreover, a BCI-algebra is called a BCK-algebra if it satisfies the condition

(5) O0%xx =0.

Any subset I of X is said to be an ideal if

(I1) 0 €1,

(I2) xxy,yel=>x¢el.
Let X be any BCI-algebra. For an element a € X, we define a map a~! from X into
itself by

1

(x)a " =x*a. (1.2)

The map a! is called a right map in [3]. We also define M (X) and R(X) for any
BCI-algebra X as follows:

MX)={aj'a;'---a,;' | ay,az,...,an€ X}, RX)={a'lacX}, (1.3)

1 1

where ajtas!---a;! is a map defined by

(x)aytay'---ay' = (- ((xxa)) xaz)---) *an. (1.4)

We call M(X) an adjoint semigroup of X. It follows from the properties of BCI-
algebras that M (X) is a commutative monoid with unit 0~!. We introduce a relation =
on M(X):

bi'by'---bleartay!---a!
H (1.5)

(- ((uxar)*az)---)xan=<(---((u*b1)*bz)---)*bm (ueX).

It is obvious that (M (X),c=) is a partially ordered set. We note that for any element
a,beX,
alch!'eacx<h. (1.6)

Infact,ifa ! = b~ thenu*b <uxa forevery u € X.If we take u =a, thenaxb =0
and thus a < b. Conversely, if we suppose a < b then, since (uxb) x (u*xa) <axb =0
for any u € X, we have u x b < u x a. This means thata ! £ b~1.

For any subset S of X, we define

M(S)={aila;'---a,' la;eS 1 <i<n)}l. (1.7)
A subsemigroup J of M(X) is called an order ideal if it satisfies the condition
Vx e Jand y € R(X), if y = x then y € J. (1.8)

PROPOSITION 1.2. Let X be a BCI-algebra. Then the following statements are equiv-
alent:
(a) X : BCK-algebra.
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(b) 07! is the smallest element in M (X).
(¢) For any element x 1,y 1 e R(X), x 1= x 1yl

PROOE. (a)=(b). For every element a;las!---a,' € M(X) (a; € X) and u € X, since
X is aBCK-algebra,we have ((- - - (uskay)*---)*ay)*x(u*x0)=((---(0ka)*x---)*
an) = 0. This implies (- - - (u*a;) *--+)*xa, <u*0 for any element u € X. Thus we
get 0'ca;!---a;! and 07! is the smallest element of M (X).

(b)=(c). Suppose that 0~! is the smallest element of M (X). Since 0~ = y~! and the
operation of M (X) preserves the order c, we have x 1 =x~10"1 = x~1y-1,

(0)=(a). If we take x~1 = 07! then we have 0! = y~! and hence 0 < y for any y € X.
This means that X is a BCK-algebra. O

2. Basic properties of ideals and order ideals. In this section, we consider the basic
properties of ideals and order ideals. Moreover, we investigate relations between ideals
and order ideals. First of all we have the following result.

PROPOSITION 2.1. If1 is an order ideal, then M (I) is an order ideal.

PROOF. Itis obvious that M (I) is a subsemigroup of M (X). Suppose x € M(I), vy €
R(X),and y = x. There are elements a;,...,a, € I and b € X such that x = al‘l coeay!
and v = b~L. Since y £ x, we have, for any u € X,

(---(ukay)*---)*xa, <uxb. (2.1)
Especially, if we take u = b, then
(+--(bxay)*---)*a,=0€l. (2.2)

Since I is the ideal and a; € I, we have b € I and hence vy =b~! € M(I). O

PROPOSITION 2.2. For any subsets S,S' < X, if S+ S’ then M(S) + M(S’), that is, M
is an injection.

PROOF. Suppose that S = S’ for subsets 5,5’ of X. There exists an element a € X
such thata € Sbuta ¢ S’. Sincea ! e M(S) and a1 ¢ M(S’), we get M(S) + M(S’).
Thus the map M is an injection. O

We define a map M~! by
MY T)={x|x1'eT} (2.3)

for every T < M(X). Itis clear that M~ 1(T) = M~ (T nR(X)).
PROPOSITION 2.3. If J is an order ideal, then M~1(J) is an ideal.

PROOF. Since J is an order ideal, it is of course a subsemigroup of M (X) and hence
0~1 e J, thatis, 0 e M~1(J).

We assume that x,y x x € M~(J) for x,y € X. It follows from the definition of M
that x 1 (y *x)~! € J. On the other hand, we have y~! = x~!(y * x)~! by the property
of BCI-algebras. This yields that ! € J and hence that y € M~1(J). O
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From the above we have the following relations about ideals and order ideals:

I:ideal = M(I) :order ideal = M~ (M(I)) :ideal,
(2.4)
J:order ideal = M~'(I):ideal = M(M~'(J)) : order ideal.

Itis natural to ask whether I is identical with M~' (M (I)) or sois J with M(M~1(J)).
By simple calculation, we see I € M1 (M (I)) and M(M~1(J)) < J. We answer the ques-
tion for the case of ideals.

In general, we have the following result.

THEOREM 2.4. If S is a subset of X with 0, then S = M1 (M (S)).

PROOF. Let x be any element of S. It follows from the definition of M that x~! €
M(S) and that x € M~1(M(S)), which implies that S € M~1(M(S)). Thus we have
M(S) s M(M~1(M(S))).

Suppose that S is a subset of X with 0. It follows that M (S) is a subsemigroup. In
fact, we get 07! € M(S) by 0 € S. For any element x =aj;!---a;' and B =b;!---b;,}
(ai,bjeS(1<i<n,1<j<m)),wehave x-B=a;'---a;'-by'---b,l € M(S).
This means that M (S) is the subsemigroup. If x € M(M~1(M(S))), then there exist
ai € M"Y (M(S)) (1 <i < mn) such that x = a;'---a;'. Since a;! € M(S) and M(S)
is the subsemigroup, it follows from x = aj;'---a;! € M(S) that M(M~1(M(S))) <
M(S). These imply that M(S) =M (M~ (M(S))) and S=M~1(M(S)) by Proposition 2.2.

O

COROLLARY 2.5. IfI is an ideal, thenI = M~1 (M (I)).

3. Relations between order ideals J and M(M~1(J)). We proceed to investigate
relations between order ideals J and M(M~1(J)). In general, we have M(M~1(J)) < J
for any order ideal J. Now the following question arises:

Are always J = M(M~1(J))? or Under what condition do we get J = M(M~1(J))?

THEOREM 3.1. For any order ideal J, M(M~'(J)) is the order ideal generated by
JNR(X).

PROOF. It is clear that M(M~1(J)) is an order ideal and JNR(X) € M(M~1(J)).
To establish a proof of the theorem, we only have to show that M(M~1(J)) € K
for any order ideal K containing J N R(X).If x € M(M~1(J)) then there are elements
a; € M~'(J) such that x = a;'---a;'. From a;! € J, we have a;! € JnR(X) < K.
Since K is an order ideal, we also have x = al‘l -+--a;' € K and hence M(M~'(J)) c K.
O

We denote by (T] the order ideal generated by T < M (X).

COROLLARY 3.2. For any BCI-algebra X, M (X) is the order ideal generated by R (X),
that is, M(X) = (R(X)].

To ask whether J = M(M~1(J)) is equivalent to do J = (J nR(X)] for every order
ideal J. As the next example shows, we cannot in general conclude J = M(M~1(])).
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EXAMPLE 3.3. Let X = {0,1,2,...,a} and let % be an operation defined as in the
following table:

0 0 1 2 3 a
0 0 0 0 0 a
1 1 0 0 0 a
2 2 1 0 0 a
3 3 2 1 0 a
a a a a a 0

It turns out that X is a BCI-algebra and both J = {0-!,171,271,...;a a1} and Jn
R(X)=1{0"1,1"1,2-1 ...} are order ideals. This means that the order ideal M(M~1(J))
generated by J N R(X) is identical with J N R(X) itself. Hence we have J = M(M~1(J)).

In spite of the above, in case of BCK-algebras, we can show J = M(M~1(])). It is
proved in [4] that M~! is an injection in case of X being a finite BCK-algebra. We can
prove the same result for any BCK-algebra without the assumption being finite.

THEOREM 3.4. Let X be a BCK-algebra and J an order ideal. Then J = M(M~1(]J)).

PROOF. It suffices to prove that J € M(M~1(J)). Suppose that x € J(c M(X)).
There exist a; € X such that x = a;'---ay'. Since X is a BCK-algebra, we have a;' =
ai'---ay' =x e J for each i. From a; ' € J and a; € M~'(J), we conclude that x =

ai’l- crapteM(M~1(J)). This implies that J M (M~ (J)), thatis, J=M(M~(J)). O

COROLLARY 3.5. For any BCK-algebra X, I is an ideal if and only if M (I) is an order
ideal.

PROOF. It follows from Proposition 2.2 that if I is an ideal then M(I) is an order
ideal. Conversely, let M (I) be any order ideal. Since X is a BCK-algebra, we have M (I) =
MM~ (M(I))) from Theorem 3.4. This implies I = M~1(M(I)) because the operator
M is injective. It follows that I is the ideal of X. O

THEOREM 3.6. Let X be a BCl-algebra. Then M(X) = R(X) implies ] = M(M~1(J))
for any order ideal J.

PROOF. We only show J € M(M~1(J)). If x € J then there exist a; € X such that
x =aj'---a;'. It follows from the assumption that x = a;!---a;! = b~! for some
b € X. Since x € J,we have b~! € J and hence x =b~1 e M(M~1(J)) by b € M~1(]).
This means that J € M(M~1(J)). O

REMARK 3.7. The converses of Theorems 3.4 and 3.6 do not hold as in the next
example.

ExXAMPLE 3.8. For X = {0,a,b,c}, we define an operation * as in the following table:

O T Q O
o T 8 OO0
a T o ol
o O 8 ol
[= I SN S N Ko
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It is clear that X is not a BCK-algebra but a BCI-algebra. In this case we also have
MX) ={01tal,b1lclclcl} and R(X) = {0°Y,al,b~1,c 1}, that is, M(X) =
R(X). But it turns out that J = M(M~1(J)) for every order ideal J of X.

4. Relations between I and M (I), J and M~1(J). Two maps M and M~! are both
monotone. While I = M~1(M(I)) for any ideal I, we have in general J + M(M~1(J)).
This means that M and M~! are not converse maps to each other. We also see that a
map M whose domain is restricted to the set of all ideals is an injection, but we do
not know about M ~! until now. Moreover there is a following problem left open in [4]:
let X be a BClI-algebra and M (X) be an adjoint semigroup.

(@) Isamap I — M(I) an injection?

(b) Is there a one-to-one correspondence between the set $(X) of all ideals and the
set 0(X) of all order ideals?

In the following, we give affirmative answers to the questions above.

PROPOSITION 4.1. ForeveryS c X, if M1 (M(S)) is an ideal then M~1(M(S)) is the
ideal generated by S.

PROOF. We only show that M~1 (M (S)) = I for any ideal I such that S < I. Suppose
that x € M~1(M(S)). Since x~! € M(S), there exist s; € S such that x ! = s;%- -5 1.
It follows that (- --(x*s1)*--+-)%$, =0€ I and hence x €I from s; € S < I. This
yields the desired result. O

PROPOSITION 4.2. If I is an ideal then M(I) is an order ideal generated by {a~! |
acl}.

PROOF. It is clear from Proposition 2.2 that M (I) is an order ideal and {a™! | a €
I} € M(I). Let J be an order ideal of M(X) and {a™! |a €I} c J. If x € M(I) then
there exist a; € I such that x = a;' - - -ay'. It follows from a; € I that a;' € {a™! |
a € I} < J. From supposition, J is the order ideal and of course it is a subsemigroup.
Since a;! € J, we get that x = a;'- - -a;' € J. This implies M(I) < J and hence M (I)
is the order ideal generated by {a~! | a € I}. O

PROPOSITION 4.3. For any subset S < X, M~ (M(S)) is an ideal if and only if M(S)
is an order ideal.

PROOF. Suppose that M~1(M(S)) is an ideal. It is obvious from the definition that
MM-Y(M(S))) € M(S). Since M~1(M(S)) is an ideal, it is generated by S from the
above, so we have S € M~1(M(S)). This means M(S) € M(M~1(M(S))) and conse-
quently M(S) = M(M~1(M(S))), that is, M(S) is the order ideal by Proposition 2.2.

If M(S) is an order ideal, then M~1 (M (S)) is an ideal from Proposition 2.3. O

THEOREM 4.4. If J is a subsemigroup of M (X), then
(1) MYMWM1()) =M1()),
(2) M(M~Y())) is an order ideal if and only if M~1(J) is an ideal.

PROOF. (1) It is clear from assumption of the theorem that M(M~1(J)) < J and
hence M~ Y(M(M~1(J))) < M~1(J). On the other hand, it follows from M~1(J) € X
that x € M~1(J) implies x ! e M(M~1(J)) and x € M~} (M(M~1(J))). Thus we have
M) eM (MM (J)) and ML (M (ML) = M~L()).
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(2) In case of M(M~1(J)) being an order ideal, since M~1(M(M~1(J))) is an ideal,
M~1(J) is the ideal by the above. The converse is clear. O

PROPOSITION 4.5. If 1 is an ideal, then x € I if and only if x~' € M(I).

PROOF. Suppose that x~' € M(I). There exist a; € I such that x ! =aj!---a;!.
Since (--- (x*ay) *---)*xay, =0 €I, we get x € I. The reverse case is clear. O

A subset S of X is called closed if S = M~1(M(S)). It is clear from the definition of
closedness that S is a closed set if and only if the condition holds: x~! € M(S) if and
only if x € S.

From the above we have a relationship between an ideal I and an order ideal M (I).

PROPOSITION 4.6. For any subset I, I is an ideal if and only if I is a closed set and
M (I) is an order ideal.

By Proposition 2.2, M is an injection. For M~!, we have the following proposition.

PROPOSITION 4.7. For any map M, M~ is an injection if and only if ] = M(M~1(J))
for any order ideal J.

PROOF. From Theorem 4.4, we have M~} (M (M~1(J))) = M~1(J) for any order ideal
J. Since M1 is injective, we have J = M(M~1(])).

Suppose that M~ (J) = M~1(K) for two order ideals J,K. We obtain J = M(M~1(J))
=M(M~1(K)) = K and hence M~! is injective. O

Thus, from Theorem 3.4, we have
X :BCK-algebra = M~ :injection. 4.1)
This generalizes the following result in [2] (which unfortunately has a gap in its proof):
X : finite BCK-algebra = M~ : injection. 4.2)

Also we have from Proposition 2.2 and Theorem 3.6 that for X being a BCI-algebra
and each ideal I,T’,

I+I'=MUI)+MI),

IR (4.3)
M(X) =R(X) = M~ :injection.

This gives affirmative answers to the Open Problem in [4] which says that: let X be
a BCI-algebra and M (X) an adjoint semigroup of it. Then

(a) Is amap I — M(I) injective?

(b) If M(X) = R(X), then is there a one-to-one correspondence from the set of all

ideals of X to the set of all order ideals of M (X)?

Because as to (b) if M(X) = R(X) then M~! is injective and it follows from Theorem
3.6 that J = M(M~1(J)) for every order ideal J. This implies that M and M~! are
converse maps to each other and hence there is a one-to-one correspondence from
$(X) to O(X).
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5. Characterization of some BCI-algebras by R(X) and M (X)

PROPOSITION 5.1. For any BCI-algebra X, R(X) satisfies the condition that for any
a ! € R(X) thereisb™! € R(X) suchthata b~ = 0! if and only if X is p-semisimple,
that is, 0% (O a) = a for every a € X.

PROOF. Suppose that R(X) satisfies the condition that for for each a~! there exists
b1 € R(X)(a'b~! =071). This implies (1 * a) * b = 0 for every u € X and hence
0xa = b by taking u = b. We thus have (uxa) *x (Oxa) =u and 0 (0 *xa) = a by
taking u = a. This means that X is a p-semisimple BCI-algebra.

It is easy to prove the converse by taking b = 0 * a. For, if we take b = 0 x a then it
suffices to show that (x *xa) x b = x for every x € X. It is clear from the following

(x*a)*(0*xa) *((x*a)*(0xa)))

(0% (x*xa))* (0% (0*a)))
((0kx)*x(0xa)) xa)
(

(0% (0%a)) xx)*a)

=0% (0
0 (
0 (
0 (
0% (
0% (
0 (
X.

= (a*x)*a) (5-)
= (axa)*x)

= 0% x)

= O

If R(X) satisfies the condition that for any a~! € R(X) there exists b~! € R(X) such
that a='b~! = 07!, then M (X) becomes an abelian group.

COROLLARY 5.2. For any BCI-algebra X, if X is p-semisimple then M (X) is an abelian
group.

In [2], positive implicative BCK-algebras are characterized by R(X). We also give a
characterization of those as follows.

PROPOSITION 5.3. The following conditions are equivalent to each other:

(1) for every BCl-algebra X, R(X) is idempotent (i.e, for alla ! € R(X) ala ! =
al)

(2) every BCl-algebra X is a positive implicative BCK-algebra (i.e, a BCK-algebra
satisfying the condition: for allu,a € X (u*a)*a =ux*a),

(3) {ueM(X)luca '} is an order ideal for any a € X.

PROOF. It is straightforward from the definition of positive implicativeness that
1)=(2).

()=@).Letl={ueMX)|luca'tandu=x7'---x;, v=y;'-- -y, beinl,.
Since uv = x;'---x,' -yrt---ylcalal =al, I, is a subsemigroup of M(X).
fu=x'---x;'€land b cu, thenwe have b-'ca ! fromb'cucal It
follows from b~! €T, that I}, is an order ideal.

(3)=(1).If I, is an order ideal, then it is also a subsemigroup. Thus, we have a la~! €
I, from a! €T,, thatis,a 'a ! = a~!. This yields uxa < (u*xa) x a for any u € X.
If we take u = a, then we have 0 < 0 *x a. It follows from 0% (O* a) < a that 0 < a.
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In this case we also have ((u*xa) *xa)*x(u*xa)=0%xa =0, (ukxa)*xa <uxa and
(u*a)*a=uxa. This means a~'a~! = a~! and hence R(X) is idempotent. O
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