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1. Introduction. The goal of the present paper is to demonstrate a new approach to
the construction of asymptotic solutions to nonlinear evolutionary equations, which
we call the weak asymptotics method.

Usually, by saying that a function is an asymptotic (approximate) solution of a dif-
ferential equation, we mean that this function satisfies the equation with a small dis-
crepancy. The smallness of the discrepancy is understood as the smallness in some
uniform metric under the assumption that a small parameter tends to zero.

A function is called a weak asymptotic solution if, after the substitution of this
function into the equation, there is a discrepancy that is small in the weak sense as a
small parameter tends to zero. In this case the functionals are assumed to depend on
time as on a parameter.

For example, under this approach, the C*-approximation of a generalized function
turns out to be its weak asymptotics and we can choose generalized functions to be
the initial conditions and use their approximations for constructing the solutions. In
this case, we obtain a small parameter, which is either the parameter of approximation
or the small parameter in the original equation. In the latter case, this original small
parameter is taken to be the parameter of approximation.

In fact, this approach is close to the ideas proposed by Colombeau and other authors
who constructed different algebras of generalized functions. The difference is that
in our approach the mollifier is chosen not from the consideration of the algebraic
construction but from the consideration of the original differential equation.

In some cases (shock waves), the solution is independent of the choice of the mol-
lifier, while in other cases (solitons, kinks) the solution depends on this choice.

If the original equation contains a small parameter, then we, in fact, deal with reg-
ularizations by small viscosity or small dispersion. In this case, to calculate a weak
asymptotics, we need to calculate the zero viscosity and zero dispersion limits. Hence
we arrive at the problem of constructing a definition of a weak solution which admits
this passage to the limit.
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It turned out that the approach developed here can be used for describing both the
propagation of nonlinear waves and, which is the most important, their interaction.
In what follows, we consider the main technical tools and some examples which allow
us to demonstrate the abilities of our approach.

2. Some weak asymptotic formulas

2.1. Let w(z) € S(R'), where S is the Schwartz space. We consider the function
(1/e)w((x—a)/e) and calculate its weak asymptotics. Treating (1/&)w ((x —a)/¢€) as
a generalized function, for any function n(x) € C5° we have

<lw<%>,n(>€)> = %Jw<¥>n(x)dx = Iw(z)n(a+sz)dz

£
(2.1)

k
= S Qi VMW e—a)n), e>0,
k=0 )

where the last relation is formal and means that the left-hand side can be represented
as the asymptotic series given on the right-hand side,

Qi = Jw(z)zkdz. (2.2)
We define by Ogy (¢%) an element of %’ such that

f(x,8) = 0g (£%) = (f(x,8),n(x)) = O(&%), (2.3)

where the last O-estimate (which must hold for any function n(x) € C7°) is understood
in the usual sense. Then for any N we can write

lw(x a) =S S (—1ksW (x —a) + g (V). (2.4)
. e & K

2.2. Let wi(z),w7(z) € S(R!). Consider the weak asymptotics of the product
wi((x—ay)/e)wr((x—az)/e). We have

o () () ) o 5o (2
= en(al)J‘wl(z)w2<zf %> dz+0/(€?%)

&

(2.5)
= En(ag)le <z+ %)wZ(z)dz+O(sz),
Aa=ar—a,.

Finally, we obtain the following formula that is uniform and symmetric in a,a:

where

&

B(ﬁ):Jwl(z)wz(z—%)dz:le(z+%>w2(z)dz. (2.7)
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2.3. Now let w;(z),w»>(z) € C®, dw;/dz € S(RY), lim,_._o w; =0, lim,_ w; = 1,
i=1,2.
Calculate the weak asymptotics of the derivative

d (x—on) (x—az) 1. (x—m) (x—a2>
—— W1 w? = —W1 w»?
dx £ £ £ £ £

(2.8)
1 (x—m). (x—az)
+ —Wwq W2 .
£ £ £
Just as previously, we have
1. (xfm) (X*&lg) 1 (xfal). (xfaz)
— W1 wW» + —w w?
5 £ £ 3 5 £
A A (2.9)
=5(X—a1)Bl<Ta)+5(X—a2)32<£>+0@'(€),
where
B (20 = [@r@wa(z-20)dz, B(8) = [wi(z+58)de(2rdz. 210)
£ £ £ £
We have
Bi(e0) =0, Bi(-00) =1, Bi(z) +B2(2) = 1. (2.11)

Calculating the primitive, we obtain

o [52)or55) - asm (32) ot ) st

2.4. Under the assumptions of item (b) and the condition that [ w;(z)dz = 1, the
functions w;((x —ai)/&) are approximations (weak asymptotics) of the functions
&6(x —ay),

w&%) =&0¢i(x—ay). (2.13)
Hence we can rewrite (2.6) as

E0e1(x—a1)edep(x—ap) = %[56()(—@1) +86(x—a2)]3<%> +04(€%). (2.14)

In a similar way, under the assumptions of Section 2.3, w;((x —a1)/¢) = 0¢i(x —a;)
are approximations of the Heaviside 0-function. Hence we can rewrite (2.12) as

O:1(x—a1)0ep(x—an) = Q(X—al)Bl(%> +9(x—a2)32<%) +0q/(8). (2.15)

3. Nonlinear structures. We show how the above formulas can be used to describe
interaction of nonlinear structures.
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3.1. Interaction of shock waves for the Hopf equation. Consider the Cauchy
problem

Llul=ui+u?), =0, ulioo=uo+u10(-x+a;)+u0(-x+ax), (3.1)

where u; are positive constants, a, < a;. We approximate the initial condition accord-
ing to the formulas from Section 2.3 and seek the weak asymptotics of the solution
in the form
Ue(X,t) =Uo+ U101 (=X +P1(L,8)) +U20e2(— X + @a(t,é)), (3.2)
®1(0) = ay, @2(0) = az. '
Calculating the weak asymptotics of the expression (u¢)? according to the formulas
from Section 2.3, we obtain

(e)® = ud+ (U2 +2uou1) 0(—x + Q1) +ud + (Ud +2uouz) 0(— x + P2)
+2u1u2[9(—x+q91)81 (Tcp) +9(—X+Q92)32(T(p)] +Og (&),

where
5 (22) - Janoas(e+52)

A A 3.4)
522 - [ 22)outrte, -0
and, in contrast to Section 2.3, we have B;(—) = 0, B; () = 1, but as before, By +
Bz = 1.

We substitute the approximation of u. (x,t) into the Hopf equation and require that
the relation L[u.] = Og (¢) must be satisfied (this is the definition of the weak asymp-
totics solution in this case). Moreover, the function L[u.] must be weakly piecewise
continuous with respect to t for each fixed . We obtain

Aok Ap

2
Lluel=> [ukf72u0uk7ui72u1u23k<T>]6(fx+<pk)+O@r(e). (3.5)
k=1

Hence, in view of the definition of the weak solution, we have

%:Zuﬁukwug,wk(%’?), k=1,2. (3.6)

For A < 0 (before the interaction) we have B; (A@ /&) =0 and B> (A /&) =1 up to
O (eN) and (3.6) describe the propagation of noninteracting shock waves. We write

(p10=(2u0+u1)t+a1, (p20=(2(u0+u1)+u2)t+a2, (3.7)

then Yo (t) = 20— P10 is the distance between the fronts of noninteracting waves. At
time t*, Wo(t*) = 0, the fronts merge. To construct a formula that is uniform in ¢ and
represents a weak asymptotic solution, we seek the phases @y (t, ) of shock waves in
the form

®i(t, &) = Pro(t) + YoPri (T), (3.8)
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where T = @ (t)/€ and it is assumed that

Pr1
art

Calculating the limit values of ¢y () = ¢;;, we obtain formulas that describe the
coordinates of the fronts of shock waves @ (t) after the interaction. Substituting
expressions (3.8) into (3.6), we obtain

=o(t7h). (3.9)

|T|—00

br1(T) |10 =0,

d d d A
;’l)tko + %E [T@r (T)] = 2uo + U1 +2u3_kBy (%”) k=1,2. (3.10)
We calculate the difference of these equation
dp _ _ A _ _
ar =F(p), p= c , F(p) =2B2(p) - 1. (3.11)

The boundary condition for this equation has the form p/T|+._» — 1. The equation
F(p) =0 has a single root py and B> (pg) = B1(po) = 1/2, which implies that after the
interaction (Yo > 0, T = Yo/ & — ) the wave fronts move with the same velocity

d +
ftk —Dup+uy +us, k=1,2. (3.12)
From (3.6) for the functions ¢; we obtain
_ 2”37’( T ’
=(=1)k 17J B —1]dr’. 3.13
Pr1 = (-1) (i, +u2) T 0[ 2(p)—1] ( )

The weak limit 1 (x,t) of the weak asymptotic solution 1, (x,t) satisfies the classical
definition of the generalized solution (in the form of integral identity) and the stability
condition.

3.2. Interaction of weak discontinuities. Generation and decay of shock waves.
We again consider the Hopf equation and pose the following initial condition:

uli—o =ud+ud(ar -x), —ul(ax-x),, (3.14)

where a1 > ap, z, = z0(z), u? = const > O (see Figure 3.1).
We seek the weak asymptotic solution in the form
Ue(x, 1) = uo+ur (P1(t, ) —x)0c1 (— X + @1 (L)) (3.15)
— U (@2(t, &) —x) 02 (—x +Pa(t,e)). '

In this case, the equations for the functions u; = u;(t,¢) and @; = @;(t, ) are derived
by using a somewhat different technique than that used for studying shock waves.
Substituting the approximation of u.(x,t) into the equation and taking into account
the definition, we obtain

(w1 (@1-x).), — (w2 (@2 %)), + (i (@1 -x)7) _+ (ud(@2-x)3)

+2[uour (@1 -x), ] —2[uouz (@2 —x), ]

(3.16)
—2[uruz (@1 —x) (P2—x)0 (@1 —x)] B ( )

& g

—2[uruz (@, —X)((Pz—X)Q(sz—X)]XBz< ) =0, Ap=Q2—@.
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Consider the domain @, < x < ;. We obtain

Ui (@1 —x) +ur @+ 2[uour (@1 —x) ],

2 2 (3.17)
—[u3 (@1 =x)7]_ +2urua (@1 - %) By + 211wz (@2 — X)Ba = 0.
We set x = @1. Since we have du;/0x = 0 in our example, we obtain
ULP1t— 21/L()7/L1 + 21/L11/L2A(P31 =0. (3.18)

Substituting (3.18) into (3.17), we arrive at the following equation for the function u,:
uye —2u? +4uuBy = 0. (3.19)
In a similar way, considering the domain —o < x < @, we obtain the other two

equations

A
Q92t—2uo+2u1A(PBz<—(p> —0,
Af (3.20)
Upp +2u5 —4u uzB, (T(p) =0, AQ=q@r—Q,.

Let A < 0, then, up to O(eN), we have B (Ap/¢e) = 0, B.(A@/¢) = 1 and obtain
the following system of equations describing the evolution of the broken line until it
turns over:

(P10); —2up = 0, (@20); — 2uo +2u10(P20 — P10) =0,

, 5 , ) (3.21)
(®10); —2(u10)” =0, (u20); +2u5y —4uiouzo = 0.
Solutions of this system have the form
0
u
Ui (t) = upo(t) = ——,
1-2tuf (3.22)
@10 = a; +2uot, @20 = az +2[u?(a1—a2)+uo]t.

We write Yo = @20 (t) — @i1o(t). At time t = t* such that @ (t*) = 0 the weak dis-
continuities merge and a shock wave is generated.
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To construct formulas that are uniform in ¢ and describe the confluence of weak
discontinuities and the generation of a shock wave, we seek the solution of (3.21) in
the form

@i (t,&) = Pro(t) +YoPri(T), T= %, (3.23)

where the functions ¢y (T) satisfy the same conditions as in Section 3.1.
We seek the functions u.(t, &) in the form

Wwo(0)u!l

Wo+egr(T)’ 3.24)

ug(t,e) =
Here we assume that the functions g (1) behave in the same way as the functions
¢11(T) and take into account the relation

uwo 1 wo(0)
ud 1-2tul  wo(t)’

(3.25)

follows from the equation yo: + 2u19y@o = 0. After simple calculations we see that
the function g = g, = g» satisfies the equation g +2(1 —B2(p)) = 0 and the function
p =p(T) =A@/ is a solution of the boundary problem

p=1-2B1(p), g 1. (3.26)

T——00
As before, the equation p = 1 —2B;(p) has a single root p = po such that B, (pg) =
Ba(po) =1/2and p — pg as T — oo. This allows us to calculate the solution for Ay > 0
(i.e., after the interaction) or as T — .
We introduce the function G(t) = T + g(T). Obviously, G = p, G/T|+—~_« — +1, and
we choose

G:—L (1-2B1(p))dt’ +po. (3.27)

On the other hand, we can express the functions u; via the function G

W WUl s po(0)uf

i G o (3.28)

We calculate the limit (py); as T — o of the velocities of the weak discontinuities

B 2yo(0)ul 1

(@2)) =2uo €po = 2uo + (a1 —az)ul,
EpPo 2
29o(0)uf 1 329
(@1); =2uo— "L —epo = 2up+ (a1 —az)ul,
EPo 2
which coincides with the velocity of the shock wave
U(x,t) =ug+(a;—a)ulo(—x+@* (1)), (3.30)

where @™ = (@7 )¢ = (@7 )¢ By using the explicit formula for the solution u.(x,t), we
can easily show that

w —lin&ug(x,t) =U(x,t), t>t*. (3.31)
P
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To this end, we rewrite the above-constructed solution u.(x,t) in the form

Ue (X, 1) = ug+ur (@1 - @2) 01 (@1 —x)

(3.32)
+ur (X = @2)[0c2 (P2 —Xx) = 01 (@1 —X) ]
Consider the second term. We have
0)u?
w (@1 —-@2) = W = Po(0)u? = (ar —a»)ul < v,. (3.33)

Since @ |ss¢x =~ @7, the first two terms pass into the shock wave U(x,t) for t > t*.
Consider the last term

Uy (X = @2)[0c2 (@2 —x) = 0:1 (91— x) ]

95,2(@2—36)—95,1(()91—)()} - (3.34)
P1—P2 (x = @2).

=u1((P1—CPz)[

As was already shown, the coefficient of the expression in front of braces is a con-
stant. The expression in square brackets is an approximation of the d-function at the
point @,. Hence the entire expression in braces is small (in a uniform metric) as € — 0.

We study the problem in which a shock wave is generated by a special (piecewise
linear) initial condition. The case of a general smooth initial functions can be treated
similarly. Here we need to consider a family of linear interpolations of this initial
condition and to use the above technique on segments of the broken line.

To study this problem in more detail, we note that we have considered only one
possibility of evolution of the broken line, namely, formation of a step. Another mech-
anism of evolution is as follows: segments of the broken line are added to the step
that has already been formed. This is the confluence of a weak discontinuity and a
shock wave.

Now we again consider the Hopf equation in order to study this mechanism. The
initial condition corresponding to this type of interaction has the form

uli—o =ud0(a? —x) +ulf(a; —x)0(a; —x) —ul(ar - x)0(az —x), (3.35)

where ug, u(l’ are positive constants and a; > a, (see Figure 3.2).

Just as before, we construct the approximation of the solution in the form
Ue (X, 1) = UOe1 (P1—X) + UL (@1 —X) O 1 (@1 —X) — U1 (P2 —X) O 2 (P2 —x), (3.36)

where u; = u;(t,¢), p; = @;(t, ). Substituting this expression into the Hopf equation,
we obtain the system of equations (cf. (3.18), (3.19), and (3.20))
@1 —uo+2u1YB; =0,  uy —2u?+4u?B, =0, (
3.37)
@2 —2uoB2+2u 1 YBr =0, um—uoul(l—ZBl) =0,

where B; = B;(A@/¢) are the functions derived above, AQp = @, — ;. Before the

interaction, we have @, < @1, AQp/e ~ —o, and B; = 0, B, = 1 with arbitrary accu-

racy in &. Denoting by @19, U410, P20, Uoo the solution of system (3.37) with B; = 0,

B> =1, we obtain the following system of equations for these functions:

2
@10t = Uoo, U0t = 2U7g, Ugot = UpoU10,

(3.38)
P20t = 2(Uoo—U10W0), Wo = P20—Pio-
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0 az ay X

FIGURE 3.2

It is easy to find the solution of this system
u Ll u ug
0= 75 0. 00= o i/
1-2ult (1-2ult)""?

t
@20 = a» +2Ut, P10 =111+J Ugo dt,
0

1
Wo = o | (whud —ul) (1 - 2ubt) ~ud1 -2ujt |,

1

(3.39)

U=ud+ul(a;—ay).

One can easily see that the function y(t) vanishes at the two points t; = 1/ 2u(1)
and t* such that
0

J1-2ubtr = % (3.40)

Obviously, t* < t; and the free singularities supports x = @19 and x = @y merge at

t = t*. In this case we have

%u? < o0, (3.41)

(ug)

Thus in this example the mechanism of formation of a new shock wave consists not

in turning over the inclined segment of the broken line, as in the preceding example,

but in the disappearance of this inclined segment due to increasing vertical segment.
Subtracting the first equation from the third equation in (3.37), we obtain the fol-

lowing equation for the function y:

oo (t*) =ug =U, Ui (t*) =

Y = (uo—2wu1)(1—ZBl(ATqD>) (3.42)

or, denoting p = A@ /e = (Yo + Yop1(T)) /€, T = Yo/é&,

wop = [uo—2pur](1-2B1(p)), 2

1. (3.43)
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Note that we can use the formula for y( (and for the functions 1o and u19) only for
t € [0,t* + 0], where 6 > 0 is any number such that § < t; —t*.

To obtain formulas that are global in t, we need to choose a number ¢ and continue
the functions ugg, U109, and o smoothly to the time t > t* + § so that the sign is
preserved. Calculating the coefficient of 1o —2¢pu,, one can easily see that p > 0 for
t < t*. Hence there exists a solution p — pg, where pg is a root of the equation

Bi(p) = % (3.44)

Consider the system of equations for the functions uy and u,. By the change 1 =
ugwlul/u?, this system can be reduced to the single equation for u:

uy—2u?(1-2B;) =0. (3.45)

Its solution has the form
uf

1-2uf [§[1-2Bi (p(T))]dt"

ui(t,e) = (3.46)

Clearly, we have uq (t*,¢€) < uyo(t*) (since f(f* (1-2B;y)dt’ <t*). On the other hand,
we have t > t* for p — po. Therefore, ¢1(T) - —1 as T — o and hence (A@p) — 0 as
T — o (i.e., for t > t*, € — 0). This implies that for t > t* we have

ui(t, &) =uip(t*) +o(1), &—0. (3.47)
We represent the above-constructed solution in the form

Ue (X, 1) = Ube 1 (1 —x) + (1o —U) [0c1 (1 —X) = Oc2 (P2 —x) | (P2 —X)

(3.48)
+[0e1 (@1 —x) = 02 (P2 —x) ] (P2 — x)us.
Obviously, for t > t*, € — 0, the first term approximates the shock wave
u=U0(a;+Ut—x) (3.49)

and in this case the second term vanishes since uy— U — 0 and the third term vanishes
since 1 — @2 = Ap — 0. Recall that @o; = Ugo—2@ouio fort < t*. Inview of (3.42), we
can continue the function @o; for t > t* in the form o, = U. In this case the function
Up — 2P u, is continuous uniformly in ¢ for ¢t = t* and we can show that the function
p is a solution of the boundary value problem

p=(1-2B1(p), 2 — 1. (3.50)

T——00
The system of equations determining the weak asymptotic solution in this case also
splits into separate equations.
Now we briefly consider the problem of decay of nonstable shock waves.
One can easily see that by setting vr(x,t) = us(x,T —t), T > t*, we obtain a
T-dependent family of weak asymptotic solutions of the equation v; — (v2), = 0.
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For t = 0 the solutions of this family are shock waves (unstable for this new equa-
tion). The weak limit of these solutions for 0 <t < T — t* is a shock wave, and for
t > T—t* is a broken line consisting of two moving weak discontinuities into which
the unstable shock wave splits at time t,(T) = T —t* (which is not unique).

3.3. Interaction of shock waves in the multidimensional case. Consider the two-
dimensional nonlinear equation arising in the reservoir problem

ou ou? ou?
Llul=—+A1—+A,— =0. 3.51
[u] 3t 19x 23% ( )
The above approach can be easily generalized to the case of an arbitrary dimension
if the codimension of the front of the nonlinear wave is 1. We assume that A; # A,
are positive constants.
We choose the initial conditions as

Ulp—o =Ug+U10(t+ Y1 (X)) +u20(t + Y1 (x)), (3.52)

where x = (x1,x2), u; are positive constants, and (; (x) are the desired functions. We
write I = {x,y;(x) = 0}.

Clearly, the curves T’ iO are given initial positions of the fronts of two shock waves
whose sum is just the initial condition. In addition, we assume that the curves Fio are
transversal to the vector field (A, V), A = (A;,A>) and on is the cross-section of the
(trivial) fibration over F10 whose fibers are straight lines parallel to the vector A. In
addition, we assume that the motion from the points of I} to the points of I} is in the
direction of the vector A. In this case the fact that uy,u, are positive constants is a
sufficient condition of stability.

If the functions y; (x) are known, then the curves (level surfaces) l"f {x,t+yi(x)=0}
determine the fronts of shock waves at time t.

Acting as before (see Section 3.1), we substitute the approximation

Ue(x,t) = Ug+ U101 (E+P1(x,8)) + U2 Ocp (L + P2(x,€)) (3.53)

into (3.51) and calculate the weak asymptotics of L[u.]. We obtain
- Allj
L[uf] = 5r1t [1 + (A,VIIM)(M] +2u0+2u2B1 (T))]
+0p [1 +(A, Vy2) <2u0 +uz +2u1B; (AT(V))] +O0q (), (3.54)

Ay =y2—-yn.

Here the functions B; and B, are the same as in Section 3.1. Formulas for the weak
asymptotics in the multidimensional case are carried out in the same way as in the
one-dimensional case.

Roughly speaking, the (two-dimensional) integral becomes an iterated integral over
the surface Fit and over the normal to this surface. The asymptotics of the integral
along the normal is calculated in the same way as in the one-dimensional case, see [2].
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It follows from our assumptions that the inequality Ay < 0 holds for sufficiently
small positive t. Hence, we have Ay /& ~ —o and for small t we obtain the following
equations describing the system of noninteracting fronts:

1+ (A, V) (U +2ug) =0, 1+ (A, Vo) (uz+2u; +2ug) = 0. (3.55)

Clearly, these equations determine the (limit) functions g if the curves l"iO on which
they vanish are given.

Dividing these equations by |V ;| and taking into account the fact that, in view of
our formulas, the waves travel in the direction of decreasing functions o (x), we can
rewrite the last system as

V,(lll) = <A,ﬁ1> (ul + 2u0), V,fé) = <A, ﬁz) (uz + 21/L1 + 2u0), (3.56)

where n; is the normal (at a point) to Fl-t, Vy(fi) is the normal velocity of this point.
Clearly, the velocities of the points of the curve I} are larger than the velocities of
the points of the curve th along the trajectories of the field (A, V), but the distance
between the curves l"it along the trajectory depends, in general, on the point.

Therefore, since the shape of these curves is rather arbitrary, there may be no com-
plete confluence of these curves at their contact. A new shock wave with summary
amplitude u; + u; is generated at the points of contact. This shock wave travels with
its new velocity, and the solution may be of arather complicated structure. To describe
this wave uniformly in time, we seek the solution of the system

1+ (A V) <u1 L 2uo + 2usB, (%”)) -0,

A (3.57)
1+ <A, V(,Uz) (uz +2Up+2u1 By (qu)) =0
in the form
Yr(x,e) = (I/ko(x)'f‘(l)o(X)Ll/kl(%), (3.58)

where ¢o = P20(x) —P19(x). Note that, in view of our assumptions on the geometry,
instead of the coordinates (x1,x2), we can introduce the coordinates (s, &), where s
are the coordinates on Fg and & is a parameter on the trajectories of the vector field
(A, V).

Hence we, in fact, “calculate the distance” between the curves I;" (i.e., the differences
Ay, ¢o) along the trajectories of the field (A, V).

Preserving, instead of d/d&, the notation (A, V), substituting (3.57) into (3.55), and
taking into account (3.58), we obtain

2(A, Vo) usBy + (Avv¢0>%(7'(l/11) [U0+2u2 <Bl - %)] =0,

(3.59)

)

N " . d
—2u1 (A, V20) +2(A, Vo) u1 B2+ (A, Vo) it (Twar) [U0+2u1 (BZ_E

Here Uy = U1 +uUp +2ug, T = ¢o/ €.
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The further is similar to that in the one-dimensional case. Its first stage is to obtain
an equation for the function p = Ay /e = (¢po/e) (1 + @2 (T) =11 (T)) def T(1+¢1(T)).
Next, we calculate the limits of the functions By (p) as T — o (after the interaction)
and find equations for the limit functions ; as well as equations for g (T).

Subtracting the first equation in (3.59) from the second one and carrying out several
calculations, we obtain the desired equation for p

pzl_l—Bz(P)[ 2u2U» 2u Uy )]’ 14 1. (3.60)

up +us U()*Z‘I/Lz(Bz*l/Z)+U1+21/L1(3271/2 T

T——00

One can show that the right-hand side of this equation (that differs, as one can see,
from that in the similar equation in the one-dimensional case) also has a single root
po and B2 (pg) = 1/2 (and hence B; (pg) = 1/2).

Hence it follows from (3.55) that, for the same values of s for which a point of the

curve I} “outruns” the curve I}", we have

1+ (A, Vi) (ur +u2 +2u0) =0, k=1,2. (3.61)

This implies that ¢ = @3 and for a given s, after the confluence of the curves,
a wave with summary amplitude u; + u> travels in the direction of A. Thus, for a
fixed s, the dynamics of interaction in the direction of A is similar to that in the one-
dimensional case.

Here we do not write out the equations for ;. They can be obtained in the same
way as the similar equations in the one-dimensional case.

4. Conclusion. The problem of shock wave interaction in the one-dimensional case
is presented in [3, 4, 5] not only for the Hopf equations but also for equations with
sufficiently general nonlinearity. The formulas from Section 2 are derived there in
more detail.

Similarly, in the multidimensional case one can easily generalize our construction
to the case of more general nonlinearities, variable coefficients and amplitudes.

For reasons of space, here we do not consider the problem of constructing defi-
nitions of weak solutions. This problem is discussed in [1, 2, 4]. In particular, in [4]
a definition of a weak solution is constructed for KdV type equations admitting the
zero dispersion limit for soliton type solutions.
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