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The scattering number of a graph G, denoted sc(G), is defined by sc(G) = max{c(G-S) —
[S]:S<V(G) and c(G—S) + 1} where c(G —S) denotes the number of components in G —
S. It is one measure of graph vulnerability. In this paper, general results on the scattering
number of a graph are considered. Firstly, some bounds on the scattering number are
given. Further, scattering number of a binomial tree is calculated. Also several results are
given about binomial trees and graph operations.
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1. Introduction. In a communication network, vulnerability measures the resis-
tance of the network to disruption of operation after the failure of certain stations
or communication links. To measure vulnerability we have some parameters that are
toughness, binding number, vertex integrity, and scattering number [5]. In this paper,
we discuss the scattering number of a graph.

The scattering number of a graph G, denoted sc(G), was introduced in [4]. Formally
the scattering number is defined by

sc(G) =max{c(G-S)—|S|:ScV(G), c(G-S) =1}, (1.1)

where c(G — S) denotes the number of components in G —S. A cutset S of a graph
G fulfilling sc(G) = c(G —S) — |S] is said to be a scattering set. The problem “given a
graph G, decide whether the scattering number is larger than zero” is NP-complete.

The scattering number of a graph is closely related to the toughness of a graph and
to the existence of Hamilton cycles and paths. The toughness of a graph G, denoted
t(G), was defined by Chvatal [1]: for the complete graph K;,, we have t (K, ) = o; if G
is not complete, then t(G) = min{|S|/c(G—-S):S < V(G),c(G—-S) > 1}. A graph G is
said to be t-though if t (G) > t, that is, |S| > tc (G —S) for any cutset S. It follows from
the definitions that t(G) > 1 if and only if sc(G) < 0 for any graph G [3]. Moreover,
Jung [4] calls the scattering number the “additive dual” of the toughness.

A Hamilton cycle in a graph G is a cycle containing every vertex of G. Similarly,
a Hamilton path in a graph G is a path that contains every vertex of G. If a graph
G has a Hamilton cycle, then sc(G) < 0; and if a graph G has a Hamilton path, then
sc(G) <1 [3].

The following theorem is given by Deogun et al. [3].

THEOREM 1.1. (a) The scattering number of a graph G sc(G) > sc(G—-V’') — V']
holds for every subset V' < V(G) in any graph G;
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(b) sc(G) =sc(G—v)—1 for every vertex v € V(G) in any graph G;
(c) let G be a connected graph. Then there is a vertex v € V(G) such that sc(G) <
sc(G-v)-1;
(d) for every connected graph G sc(G) = maXyey () SC(G—v) —1.
The path cover number of a graph G is the smallest number of disjoint paths cover-
ing the vertex set of G and is denoted by 17(G). For the next theorem a short proof is

given in [3] and this theorem was also proven by Lehel without using order-theoretic
tools [6].

THEOREM 1.2 (see [3]). If G is cocomparability graph, then 11(G) = max(1,sc(G)).
Now we give some definitions.

DEFINITION 1.3. The connectivity k = k(G) of a graph G is the minimum number
of vertices whose removal results in a disconnected or trivial graph.

DEFINITION 1.4. A subset X of V is called a covering of G if every edge of G has
at least one end in X. A covering X is a minimum covering if G has no covering X’
with | X’| < |X]. The covering number, x(G), is the number of vertices in a minimum
covering of G.

DEFINITION 1.5. A subset X of V is called an independent set of G if no two vertices
of X are adjacent in G. An independent set X is maximum if G has no independent
set X’ with |X"| > | X|. The independence number of G, f(G), is the number of vertices
in a maximum independent set of G.

In Section 2, some bounds on the scattering number are given. Section 3 gives sev-
eral results about the scattering number and graph operations.

2. Bounds. Firstly, we give two theorems showing the relation between the tough-
ness and the scattering number.

THEOREM 2.1. Ift(G) <0, then sc(G) < (x(G)/t(G))(1-t(G)).

PROOF. For any cutset S, we have

t(G) =min{L} =min{l—w} = l—max«iw}, (2.1)

c(G-95) c(G-S) c(G=5)
and so
c(G=85)-1IS11 _.
Sees |1t @2
Hence,
LG5 IS 1 1(6) = ¢(G-9) 15 < (1-1(G))c(G-S$). (2.3)

c(G-S5)
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On the other hand,

IS] IS] IS1
o) = e 2O (G- = s 24)

HG) = min{

for every cutset S. Since S is a cutset, we have |S| < «(G) and ¢(G-S) < x(G)/t(G).
If t(G) <0, then

x(G)

(1-t(G))c(G-5) < m(l—t(G)). (2.5)
By (2.3) and (2.5),
c(G-S)—|5|s%(1—t(G)), £(G) <0, (2.6)
and so
sc(G):max{c(GfS)fISI}sw(lft(G)). (2.7)
s t(G)
The proof is completed. O

THEOREM 2.2. Ift(G) > 0, then sc(G) < x(G)/t(G) —k(G).

PROOF. Consider any cutset S. Then k(G) < |S| < «x(G), obviously. Since t(G) =
min{|S|/c(G—-S)}, we have c(G-S) < |S|/t(G) and so

|S| x(G)
C(G—S)—‘S|Sm—|5|$m—K(G). (2.8)
Hence
_ oy x(G)
sc(G) = msax{c(G S) -S|} < G K(G). (2.9)
The proof is completed. |

Next, we give two theorems containing the relation between some graph parameters
and the scattering number.

THEOREM 2.3. If a graph G does not contain graph 2K, as an induced subgraph,
then

(2.10)

{B(G)—(X(G), if K(G) = «(G),
sc(G) =
B(G)—ax(G)+1, ifx(G)=k(G)+1.

PROOF. If a graph G does not contain graph 2K» as an induced subgraph, then we

have x(G) = k(G) or x(G) = k(G) + 1. That is, |S| must be x(G) or x(G) — 1.
If |S| =x(G), thenc(G-S)=p(G),
(2.11)
If |S|=o0(G)—1, thenc(G-S)=pB(G).

By (2.11) the proof is completed. a
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THEOREM 2.4. For any graph G, sc(G) < B(G) — k(G).

PROOF. For every S C V(G), we have c(G-S) < B(G). If S is a cutset, then |S| >
k(G) and c(G—S) -S| < B(G) —k(G). So

msgx{c(G—S)— IS} < B(G)—k(G). (2.12)
The proof is completed. a

3. Binomial trees and scattering number. In this section, we consider the binomial
tree B, (Figure 3.1) (see [2]). The binomial tree B,, is an ordered tree defined recursively.
The binomial tree By consists of a single vertex. The binomial tree B, consists of two
binomial trees B,,_; that are linked together: the root of one is the leftmost child of
the root of the other.

Now we give the scattering number of a binomial tree.

THEOREM 3.1. Let n =3 be a positive integer. Then sc(B,,) = 2" 2,

PROOF. In Figure 3.1, we call the vertex u top vertex of B,. Let v be the number
of removing vertices of B,. If we remove top vertex u of By, then B,,_1,By,,_2,...,B1,By
are components. Hence the number of components is n. Now if we remove top vertex
of B,,_1, then we obtain the components B;,_»,B;_3,...,B1,Bo. Then we have 2(n—1)
components. If we continue to remove the top vertex of each component, then we
have two cases.

CASE 1. If » = 2 where 0 < i < n— 1, then the number of remaining components is
exactly (n—1)2¢ where 0 <i <n— 1. Hence

sc(By) = maxl{(n—i)Zi—Zi}. (3.1)

O<i<n-

CASE 2. If 21! < < 2 where 2 <i < n -1, then the number of remaining compo-
nents is exactly (n—(i—1))2""! + (r = 2i-1)(n— (i+1)). Hence

sc(By) = max {(n—(i—-1))2" '+ (r-2")(n—-(i+1))-r}. (3.2)

2<i=n-1

Now we can show that

max {(n_(i_l))zifl+(,’,._2i*1)(n_(i+l))—1"}Soma)il{(n—i)zi_zi}. (3.3)

2<i<n-1
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Then
sc(By) = max {(n—1)2! -2} (3.4)

O<i<n
The function (n—1)2%— 2! takes its maximum value ati = [n—1/In2 —1]. It is obvious
that [n—1/In2-1] = n—2 for every n > 3. Hence if we substitute this value in the
function (n—i)2¢— 2%, then the proof is completed. O

DEFINITION 3.2. The tensor product of two graphs G = (V(G),E(G)) and H =
(V(H),E(H)),denoted by G® H, has the vertex set V(G) XV (H), the Cartesian product
of V(G) and V(H), and an edge between vertices (x,y) and (u,v), if and only if
{x,u} € E(G) and {y,v} € E(H).

THEOREM 3.3. Let m >4 and n > 4 be positive integers. Then
sC (By ® By) = max {271, 2m-1], (3.5)

PROOF. The graph B,, ® B, has the graphs B, and B,, as subgraphs. We consider
these graphs, respectively. Let v be the number of removing vertices from B;, ® B,.
Then we have two cases, depending on By, or B;,.

CASE 1. Let uy,up,...,u»m be the vertices of By, and let v be the top vertex of B;,.
If we remove the vertices u;v (i = 1,2,...,2™), then the remaining components are
B ®By_1, By ® By _2,...,B,y ® By, and 2™ By. Now let the top vertex of B, 1 be v'. If
we remove the vertices u;v’ (i = 1,2,...,2™), then we obtain the components B,, ®
B, _»,...,B;,, ® B; and 2™ B,. If we continue to remove the vertices as mentioned above,
then we obtain the following cases for r.

(@) Ifr = 2Mm2iwhere 0 < i < n—2, then the number of components is (n—i)2{+2m2!¢
and

sC (B, ® By) = max 2in-1)}. (3.6)

<i<n-2

(b) If r = k2™ where 27! < k <2t and 2 < i < n— 2, then the number of components
is(m—(i—-1)2 + (k=21 (n—-(i+1)) +2™k and

SC(Bm ®By) = max Ritkn-i-1)}. (3.7)

2i-1ck<2i 2<i<n—2

(©Ifr =k2™ and 2" 2+1 < k < 2"! then the number of components is k2™ +
221 —k) and

sc (B ®By) = max  {2(2""!'-k)}. (3.8)

2n-241<k<pn-1
But we can show that

max 2i+k(n-i-1)} < max {2'(n-1)},
2i-1ck<2t 2<i<n—2 O<i<n-2

max  {22"'-k)} = max {2'(n-1i)}.

2n-24]<k<2n-1 O<i<n-2

(3.9)
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Consequently, sc(By, ® By) = maXg<i<n_»{2¢(n—i)}. The function 2{(n —1i) takes its
maximum value at i = [n—1/In2]. It is obvious that [n—1/In2] = n -1 for every
n >4 and so

sc (B ®By) = 2", (3.10)

CASE 2. Let v1,V»,...,V2n be the vertices of By, and let u be the top vertex of By,.
If we remove the vertices uv; (i = 1,2,...,2"), then the remaining components are
By-1®By,, Bjn_2» ®By,...,B1 ® By, and 2"B,. Now let the top vertex of B,,_; be u'. If
we remove the vertices u'v; (i =1,2,...,2"), then we obtain the components B, _» ®
B,,...,B; ® B,, and 2"B,. If we continue to remove the vertices as mentioned above,
then we obtain the following cases for 7.

(@) If ¥ = 22t where 0 < i < m — 2, then the number of components is (m —1i)2! +
2n2% and

sC (By ® By) =, max 2im—1)}. (3.11)

<ism-2
(b) If r = k2™ where 21! < k < 2! and 2 < i < m -2, then the number of components
is(m-(i—1)20 + (k=2 (m—(i+1))+2"k and

sc (B ®By) = max 2i+k(m-i-1)}. (3.12)

2i-1<k<2i 2<i<m-2

(©If r =k2" and 2™ 2 +1 < k < 2™~1 then the number of components is k2" +
2(2m~1 _k) and

sc(Bn ®By) = max {2(2m=1 —k)}. (3.13)

2m=241<k<2m-1

But we can show that

max 2i+k(m-i-1)} < max {2i(m-1i)},
2i-1 k<2t 2<i<m-2 O<i<m-—2
) (3.14)
max 22" 1'-k)} < max {2i(m-1)}.
2m-241<k<2m-1 O<i<m-2

Consequently, Sc(By, ® By) = maxXo<i<m—212 (m —1)}. The function 2¢(m —1i) takes its
maximum value at i = [m —1/In2]. It is obvious that [m —1/In2] = m — 1 for every
m >4 and so

sc (B ®By) =2™M" 1, (3.15)

By (3.10) and (3.15) we have sc(B,, ® B,) = max {2m-1 2n-1},
The proof is completed. O

DEFINITION 3.4. Let G; and G» be two graphs. The union G = G; UG has V(G) =
V(G1) UV (Gp) and E(G) = E(G1) U E(G2). The join is denoted V(G;) + V(G2) and
consists of V(G1) UV (G») and all edges joining V(G;) with V(G»). For three or more
disjoint graphs G1,Go,...,Gy, the sequential join G1 + G2+ - - - + Gy is (G1 +G2) U (G2 +
G3)U---U(Gy_1+Gp).
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THEOREM 3.5. Ifn is an even number, then sc(By+By+---+By,) =4/3-2"/3.

PROOF. To prove this theorem we have two cases.

CASE 1. If we remove the vertices of graphs Bi,Bs,...,B,_1, then the remaining
components are By, Bz, ..., B, and the number of removing vertices is Z?:/f [V (B2i_1)| =
> 1222i-1 Moreover, we must delete 22(~1) more vertices from each By; where 0 <
i <n/2 (except By). Hence 2 x 22(i-1D components are obtained from each B»; where
0 <i<n/2 (except By). Then the number of removing vertices is exactly

n/2 n/2

S| = > 2%t 4 H 22071 (3.16)
i=1 i=1

and the number of components is exactly

n/2
c((By+Bi+---+By)—8)=2> 220741, (3.17)
i=1
So
1n/2 )
sc(Bo+Bl+---+Bn):I—ZZZZK (3.18)

i=1

CASE 2. If we remove the vertices of graphs By, B»,..., By, then the remaining com-
ponents are By, Bs,...,B,-1 and the number of removing vertices is Z?:/S [V(B2i)| =
S.1/E22i Moreover, we must delete 221-3 more vertices from each By;_; where 1 <
i <n/2 (except B;). Hence 2 * 221-3 components are obtained from each B,;_; where
1 <i<mn/2 (except B;). Then the number of removing vertices is exactly

nj/2 ) n/2 ]
S| = > 220D 4 3 22 (3.19)
i=1 i=0

and the number of components is exactly

n/2
c((Bo+Bi+---+By)—S)=2> 24341, (3.20)
i=2
So
n/2 ,
SC(Bo+By++--+By) =—5-> 2% (3.21)
i=2
By (3.18) and (3.21), we have
111/2 ) n/2 )
sc(30+31+---+3n)_max{1——2221,—5—2221}. (3.22)
t 45 i=2
Since Y at =at/(a—1)+c(t) where a # 1, we have
4 2"1 4 4 2n
Bo+By+---+By) = ———,———2”}:———. 2
SC(Bo+Bit -+ +Bn) mf‘x{a 3'3 3 373 (3.23)

The proof is completed. O
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THEOREM 3.6. If n is an odd number, then sc(By+By+---+By,) =2/3-2"/3.

PROOF. The proof follows directly from Theorem 3.5. a
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