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We prove that an analogy of the Oxtoby duality principle is not valid for the concrete
nontrivial o-finite Borel invariant measure and the Baire category in the classical Hilbert
space >.
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As usual, we equip an infinite-dimensional separable Hilbert space ¥» by such
nonzero o -finite Borel measures which are invariant with respect to everywhere dense
vector subspaces and study duality between such measures and Baire category.

Section 1 contains constructions of nontrivial o -finite Borel measures, which are de-
fined in the infinite-dimensional separable Hilbert space ¢» and are invariant with re-
spect to some everywhere dense vector subspaces. The duality between invariant Borel
measures and Baire category in the classical Hilbert space ¥» is studied in Section 2. An
idea applied in the process of proving of the main assertions allows us to obtain more
general results for sufficiently large class of infinite-dimensional topological vector
spaces.

1. Invariant Borel measures in classical Hilbert space £». Let RN be the space
of all sequences of real numbers equipped with the Tychonoff topology. Denote by
B(RN) the o-algebra of all Borel subsets in RN,

Let (a;)ien and (b;);en be sequences of real numbers such that

(Vi) (ieN—»ai<bi). (1.1)
We put
An—Rox---anx(ﬂAi> (meN), (1.2)
where
(Vi) (i eN— Ri =R, AL‘ = [ai,bi[). (13)

For an arbitrary natural number i € N, consider the Lebesgue measure p; defined
on the space R; and satisfying the condition p;(A;) = 1. Denote by A; the normed
Lebesgue measure defined on the interval A;.
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For an arbitrary n € N, we denote by v,, the measure defined by

1_[ uixHAi, (14)

l<i<n i>n

and by v,, the Borel measure in the space RN defined by
(VX) (X€BRYN) — vy (X) =vu(XNAy)). (1.5)

The following assertion is valid.

LEMMA 1.1. For an arbitrary Borel set X < RN, there exists a limit
va(X) =}L15§ovn(X). (1.6)
Moreover, the functional v is a nontrivial o -finite measure defined on the Borel o -
algebra B(RN).

PROOF. First, observe that, for an arbitrary natural number n, the condition A,, C
Ay 41 is valid. By the property of o-additivity of the measure v, 1, we obtain

Vi1 (X) = Vi (XmA‘I’H—l) = Vn+1 (Xﬂ [An+1 \An] UAn)

1.7)
AlX N (Ana VAR [+ v (XN Ay).

Note that the restriction vy41(a, of the measure vy, to the set A, coincides with
the measure v;,.
Indeed, we have

Vi1 (ApnX) = ( 1—[ Ui X H/\)AnmX

l<isn+1 i>n+1

{ n Hi X Un+l|An+1+Hn+l|{R\An+l} 1_[ A}AnﬂX

l<izn i>n+1

>n

1.8
( I ulx]_[i\) ApnX) 08
l<i=n

+( 1_[ Hi X I«ln+1|{R\An+l} l_[ A) AnﬁX

l<i<n i>n+1

=vu(AypnX).
Since for an arbitrary n € N, the inclusion A,, C A,,.1 holds, we have
(VX) (XeBRY) —vi(AnnX) <vp(ApnX)). (1.9)

Hence there exists a limit lim,, .. v, (X) which we denote by v (X).
The proof of the fact that the measure v, is countably additive is trivial.
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Establish the following properties of va.
(I) The measure v, is nontrivial, since

VA(HAi) =1. (1.10)

ieN
(I) The measure v, is o-finite. Indeed, we have
RN = ([RN\ UAn>U< UAn). (1.11)
neN neN
Since RN\ U, enAn € B(RY), by the definition of the measure v, we have
vn([RN\ UAk) =vn(([R{N\ UAk) mAn> = v (@) =0. (1.12)
keN keN
Since, for an arbitrary natural number n € N, the measure v,, is o-finite, there exists

a countable family (B,i")) ren Of Borel measurable subsets of the space RN such that

(Vk) (k eN — vn(B,((")) < +oo);

(1.13)
(Vn) (n eN—A,=J B,i”)>.
keN
Consider the family (B{")ren.nen-
It is clear that
(Vk) (Vn) (keN, neN—vaA(BM") = v (B{") < +0). (1.14)

On the other hand, we have

UAa.=U UB", (1.15)

neN neNkeN
that is,
RN = (IRN\ U An) u( U B,§">>. (1.16)
neN neN,keN
The proof is completed. a

REMARK 1.2. The measure v described in Lemma 1.1 can be regarded as an in-
ductive limit of the family (V),en of invariant measures.

Recall that an element h € RY is called an admissible translation (in the sense of
invariance) of the measure v, if

(VX) (X €B(RY) — va(X+h) =va(X)). (1.17)
We define
Ga ={h:h € RN, his an admissible translation for v,}. (1.18)

It is easy to show that G, is a vector subspace of the space RN.
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REMARK 1.3. The construction of the measure v belongs to Kharazishvili [1].

Our next theorem gives a representation of the algebraic structure of the vector
subspace G, of all admissible translations for va.

THEOREM 1.4. The following conditions are equivalent:

g =(91,92,...) €Ga, (1.19)
(Ing) (ng € N — the series Z In (1 - b|gla|1) is Convergent>. (1.20)
i=ng [

PROOF. Assume that for an element g = (g1,9>,...) € RY, the condition (1.19) is
satisfied. Then we have

va(A+g) =va(A) =1. (1.21)

On the other hand, we have
va(A+g) =va(A+g)
=Va ( I1 [ai+gi,hi+gi[)
ieN
= }}_{n Vn(Ann(A+g))

—11111130( I1 uixﬂl\i)(( I Rixl—[[ai,bi[)ﬁl_[[ai+gisbi+gi[)

l<i<n i>n l<i<n i>n ieN

:%%( 1_[ Ui( 1_[ [ai+gi,bi+gi[)>x(nAi([ai"‘giabi"‘gi[))

l<izn l<izn i>n

= lim [TAi(laibi[n[ai+gi,bi+gi]) = 1.
l>n

(1.22)

We show that

(Vg) (g—(gl,gz,---)eGA—>}1_r£.}\b’g‘i| 0). (1.23)

Indeed, if we assume the contrary, then there exist a countable subset (7y)ken Of
N and a positive real number € > 0, such that

(Vk) (keN—»%x). (1.24)
ng ng

Choose a number m > 0 such that € - m > 1. Since g € Ga, we have

m-g=(m-gi,m-go,...) € Ga. (1.25)
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In view of the property of o-additivity of the measure v, we obtain

va(A) =va(A+m-g) =1. (1.26)
But note that
(A+m-g)m<UAn> = 0. (1.27)
neN

Indeed, assume the contrary and take

(Xi)ien € (A+m-g)N ( U An). (1.28)
neN

Then it is clear that, for the nith coordinate, we have

(Iko) (koeNand (Vk) (k=ko— (An, +M-Gn, <Xny <bnp +M-Gny),

(g = Xy < buy)))- 29
On the other hand, the validity of the condition
(Vk) (k eN— % > e) (1.30)
implies the validity of the relation
(Vk) (keN—m-|gn,|>bn, —an,), (1.31)

which shows that the intervals [ay,,by, [ and [ay, +m - gn,, by, + M - gy, [ have an
empty intersection. Hence the condition lim;_ (|gi|/(b; —a;)) = 0 holds.

From the validity of the condition lim;_« (|gil/(b; —a;)) = 0, we conclude that there
exists a natural number n, such that

(Vi) (i >ng — % < 1), (1.32)

since

) ) bi—ai—|gil |gi | )
(Vi) i>ng, — Ai(|lai,bi|n|ai+gi,bi+gi|) =————"=1——""1. (1.33)
( g l([ 1 l[ [ 1 gl 1 gl[) bl—al bl—al

Keeping in mind that

—o bi—ai
i=ng+p

lim I1 (1—“”1") =1 (1.34)
and considering the logarithms of both sides, we have

lim ¥ 1n(1|gi|)=o. (1.35)

ixng+p bi-a;

This means that the series Zizng In(1—|gil/(b;—a;)) is convergent.
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The validity of the implication (1.19)—(1.20) is proved.

Now we prove (1.20)—(1.19). Let ny be a natural number such that the series
Zizng In(1-|g;i|/(b;—a;)) is convergent.

Consider an arbitrary element X having the form

X=Bx[]a, (1.36)
i>n

where B € B(RN) (n e N).

The sets of these forms generate the o-algebra B(A,) of the space A,, and the
condition B(A,) = B(RN) n A, holds. To prove the implication (1.20)—(1.19), it is
sufficient to show the validity of the condition

VA(X+Q):VA‘||:(BX [ Ai)+(g1,-..,gng)}>< [ [ai"‘gi;bi"‘gi[]’

n+l<isng+n i>ng+n

ng+n
= lim [ Hi(BX [ Ai)
i=1

n+l<isng+n

x [] Ail[ai+gi,bi+gi[n]ai,bi]) =va (Bx HAi)

i>ng+n i>n

xlim ] (1%) :VA(BXHAi) —va(X).

i>ng+n i>n
(1.37)
We have used the well-known result from mathematical analysis
(the series > In (1 - |gl’) is convergent)
ixng bi —ai
: |gil _
(:%gl;lo H (1 7bi—ai =Inl (1.38)
lZTLg+1’L
. |gi| _
<=>7111£r°10 H (1_biai =
i>ng+n
The proof is completed. a
REMARK 1.5. Let R®™) be the space of all finite sequences, that is,
RN = {(gi)jen | (9i)ien € RN, card {i | gi # 0} < Ro}. (1.39)

It is clear that, on the one hand, for an arbitrary compact infinite-dimensional par-
allelepiped A = [[renlak, bi[, we have

RN Ga. (1.40)
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On the other hand, G5\ R®Y) = @&, since the element (g;);cn defined by
. . br—ai
(V1) (leN—»gL: (l—exp{—T}x(bi—ai)» (1.41)

belongs to the difference G, \R™),

It is easy to show that the vector space G, is everywhere dense in RY with respect
to the Tychonoff topology, since RN C Ga.

In the sequel, we will need the following result.

THEOREM 1.6. In the separable Hilbert space {», there exists a o -finite Borel measure
A such that

(1) A(Ag) =1;

(2) a group Ga, of all admissible translations of the measure A has the form

Gay = {(Ck)keN | (ck)gen € L2,

(Iny) (nn €N — the series Z In(1-|ck|(i+1)) is convergent)},
n=npy

(1.42)

where Ag = [1;en[0;1/(i+ 1)[.

PROOF. According to Suslin’s theorem we have B(£») < B(RN). Now the proof of
Theorem 1.6 can be obtained easily if we put

(VX) (X €B(ly) = AX) = va, (21 X)). (1.43)
O

2. Duality of measure and category in the infinite-dimensional separable Hilbert
space >. In this section, we continue our discussion of some properties of invariant
measures in the infinite-dimensional separable Hilbert space £» and study the question
of the duality between the Baire category and the above-constructed measure A.

The following definitions are important for our investigation.

Let (E,T) be a nonempty topological vector space. Denote by B(E) the Borel o-
algebra of subsets of the space E, generated by the topology T. Consider a nontrivial
Borel measure u defined on the o-algebra B(E). A subset X c E is called small in the
sense of measure if u* (X) = 0. Analogously, a subset Y < F is called small in the sense
of category if it is the first category set in the topological space (E,T). Further, let P
be a such sentence in formulation of which the notions of measure zero and of the
first category are used. We say that the duality between the measure p and the Baire
category is valid with respect to the sentence P if the sentence P is equivalent to the
sentence P* obtained from the sentence P by interchanging the notions of the above
small sets. We also say that strict duality between the measure y and Baire category
is valid if the duality between the measure y and the Baire category is valid for all
the above P sentences formulated only by using the notions of measure zero, of first
category and of purely set-theoretical notions.
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The following result is known as the Erdés-Sierpinski duality principle.

THEOREM 2.1 (duality principle). If the continuum hypothesis is true, then the strict
duality between a linear Lebesgue measure and the Baire category of the real axis R is
valid.

The proof of Theorem 2.1 can be found, for example, in [4].

Using the same argument applied in the process of the proving of Theorem 2.1 (see
[4, pages 129-131]), it is easy to conclude that if the continuum hypothesis is true,
then the strict duality between the measure A and Baire category of £; is valid also.

Here we apply the well-known method to establish one important property of Baire
second category subsets in the infinite-dimensional separable Hilbert space £>.

THEOREM 2.2. For an arbitrary second category Baire subset X < >, there exists a
positive number & > 0 such that

(Vx) (xe€dly llxll <6 — X+x)NnX =+ D). (2.1)

PROOF. Since the set X has the Baire property, there exist an open subset G < >
and a first category subset P < £, such that the equality

X =GAP (2.2)

is fulfilled.
Evidently, there exists an open nonempty ball B < G.
Note that the inclusion

[(x+B)NB]\[PU(x+P)]c (x+X)nX (2.3)

holds for arbitrary x € €. If ||x| < diam(B), then the set, the left-hand side of (2.3),
is a nonempty open set minus a first category set.
Using the well-known Baire theorem, we complete the proof of Theorem 2.2. a

REMARK 2.3. The method considered in the proof of Theorem 2.2 was worked out
and applied by many authors, for example, Oxtoby who establishes an analogous
result for linear Baire second category subsets in R (cf. [4]).

The following simple result (which is however important from the viewpoint of
applications) is also essentially due to Steinhaus.

THEOREM 2.4. Let X be an arbitrary linear Borel subset in R with a positive Lebesgue
measure. Then there exists a positive number 6 such that the condition

(Vx) (x€R, |x|<8— (x+X)NX=+Q) (2.4)
holds.

The proof of Theorem 2.4 can be found in [4].
The next theorem plays the main role in our further consideration.

THEOREM 2.5. In the infinite-dimensional separable Hilbert space >, there exists a
Borel subset Y c £> with A(Y) > 0 such that

(V) (6>0— (Fy) (Iyll<d—Yn(Y+y)=02)). (2.5)
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PROOF. Let

1

Y=Ag= — . .

= ok
ieN

For an arbitrary positive real number § > 0, denote by ns a natural number such that

> SRS ) (2.7)

<
i 2
S (i+1)

Assume that

(Vk) (1<k<ns— hp=0),

vk) [k hy = =8
> — [
(k) ( =M KT k1 )
It is clear that h = (hi)ken € Gay, IRl < 6, and AgN (Ag + h) = &. Theorem 2.5 is
proved. a

Summarizing all the above results, we obtain the following statement.

THEOREM 2.6. The duality between the measure A and the Baire category with re-
spect to the sentence Py, where

Py=(VX) (X<, X isa Baire subset of second category

—(38) (6 >0 — (Vx) (Ix] <6 — Xn(X+x) =@))), (2.9)

is not valid.

REMARK 2.7. By Remark 2.3 and Theorem 2.4, it is easy to obtain the validity of
the duality between the linear Lebesgue measure and the Baire category with respect
to the sentence Py in R. This result is essentially due to Oxtoby and may be called
Oxtoby duality principle in R (cf. [4]).

REMARK 2.8. Theorem 2.6 states that an analogy of the Oxtoby duality principle is
not valid for the measure A and the Baire category in the infinite-dimensional separable
Hilbert space £>.

There are also several important works devoted to the solution of analogous prob-
lems in various topological vector spaces (cf. [2, 3] and others).

The following notion is frequently useful in studying various questions of measure
theory.

We say that the measure u defined in a topological vector space (E,T) satisfies the
axiom of Steinhaus if the following condition:

(VX) (x e dom(u), u(X) < o

— (Ve) (€ >0 — ((there exists a neighborhood V of the zero vector 0),

((Vh) (heVe — p((X+h)AX) <€)))))
(2.10)

holds.
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THEOREM 2.9. The measure A does not satisfy the axiom of Steinhaus.

PROOF. Assume the contrary. Then for the set Ay and for the number € = 1/2,
there exists a number 6 > 0 such that

(Vx) (HxH<6a/\((Ao+x)AA0)<%). @.11)

Consider the element h = (hy)ren constructed in Theorem 2.5. Since ||h|| < 6,
(Ao +h) N (UnenAn) = 9, and the measure A is concentrated on the set U,y An,
where A,, is defined in Section 1 for A = Ay, we have A((Ag + h)AAg) = A(Ap) = 1.
This contradicts the condition

1

A((A()-i-h)AA()) < E (2.12)

Thus, Theorem 2.9 is proved. a

REMARK 2.10. We must say that the analogies of Theorems 2.6 and 2.9 are valid for
an arbitrary nontrivial o-finite Borel measure and Baire category defined in infinite-
dimensional Polish topological vector space, but this question will not concern us
here.

EXAMPLE 2.11. Define the measure pg by

oo, if B is of second category,

(VB) (BEB(#z) Huo(B) :<| (2.13)

0, if Bis of first category).

It is proved that, on the one hand, the measure py satisfies Suslin’s property and
is invariant with respect to the vector space £» (see [3]). On the other hand, using
Theorem 2.2, we conclude that the measure po (unlike the measure A) satisfies

(VX) (Xe€B({2), u(X)>0

—(36) (6>0— (Vh) (|hll<d — X+h)nX +@))). (2.14)

This means that the duality between the measure p, (which is not o-finite) and
the Baire category, with respect to the property Py, is valid in the separable Hilbert
space ¥». Also note that the measure pq satisfies the axiom of Steinhaus.

REMARK 2.12. Clearly, it is not possible to define, in the space ¥», a translation-
invariant nontrivial o-finite Borel measure. But if we ignore the condition of o-
finiteness, then in some consistent system of axioms, the construction of such Borel
measures is possible (cf. [5]). In connection with the above results, one can pose the
problem of the validity of the duality between the translate-invariant Borel measure
and the Baire category with respect to the property Py in the infinite-dimensional sep-
arable Hilbert space ¥5.
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