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ON THE UNIVALENCY FOR CERTAIN SUBCLASS OF ANALYTIC
FUNCTIONS INVOLVING RUSCHEWEYH DERIVATIVES
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Let H be the class of functions f(z) of the form f(z) =z + 21202 akzk, which are analytic
in the unit disk U = {z; |z| < 1}. In this paper, we introduce a new subclass B (u, «,p)
of H and study its inclusion relations, the condition of univalency, and covering theorem.
The results obtained include the related results of some authors as their special case. We
also get some new results.
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1. Introduction. Let H be the class of functions of the form

+ o0
f(z)=z+2akzk (1.1)
k=2

which are analytic in the unit disk U = {z; |z| < 1}. Let S be the subclass of H con-
sisting of univalent functions.

For the function f(z) = 3¢5 arz¥ and g(z) = 317 brz¥, let (f * g)(z) denote the
Hadamard product or convolution of f(z) and g(z), defined by

(f*9)(z) = > arbyz*. (1.2)
k=1

Now define the function ¢ (a,c;z) by

+ 00

qb(a,c;z):Zﬂzk“, (c+0,-1,-2,..., ze U), (1.3)
o (©k
where
rA+k) |1, k=0,
A = = 1.4
W= "r {A(A+l)---(z\+k1), keN={1,2,.]}. (4

It follows from [4] that

z[p(c,c+1)] =cp(c+1,c+1)—(c—1)Pp(c,c+1). (1.5)
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Carlson and Shaffer [2] defined a linear operator L(a,c) on H by using the Hadamard
product

L(a,c)f = ¢(a,c;z) x f(z), fe€H. (1.6)
Itis known in [2] that L(a,c) maps H into itself. If a +# 0,—1,-2,..., then L(a,c) has

a continuous inverse L(c,a). Clearly, L(a,a) is the unit operator. Also, if ¢ > a > 0,
then L(a,c) has the integral representation

1
L) w4 2(1— )% f(uz) du. 1.7)

L(a,c)f(z) = T@rc—a o

Ruscheweyh [7] introduced an operator D : H — H defined by the Hadamard prod-
uct or convolution

DAf(z)=ﬁ*f(z), A>-1,zel), (1.8)

which implies that

z(z" ! f(2))™
n!
D f(z) =L(A+1,1)f(z).

D"f(z) = , (meNy=1{0,1,2,...}),

(1.9

Assume >0, u>0,A > —1, p <1, a function p(z) = 1 +p1z+p2z%+ - - - is said
to be in the class P, if and only if p(z) is analytic in the unit disk U and Rep(z) > p,
z € U; afunction f(z) € H is said to be in the class B, (i, «, p) if and only if it satisfies

A [ A «—1
Re[(l—u)(%) +u(D"f(z))'<%) ]>p, zeU, (1.10)

where the power are understood as principle values. Below we apply this agreement. It
is obvious that the subclass By (1, &, 0) is the subclass of Bazilevi¢ functions, which is
the subclass of univalent functions S, let B(x, p) = By (1, &, p). The subclass By (1, &, p)
(0 < p < 1) has been studied by Bazilevic [1], Singh [8], respectively. By (0, x,p) (p < 1)
has been studied by Liu [5]. The subclass By(A,1,p) (0 < p < 1) has been studied by
Chichra [3], Ding et al. [4], respectively.

In this paper, we study the properties of By (u, &, p). The results obtained generalize
the related works of some authors. We also obtained some new univalent criterions.

2. Some lemmas

LEMMA 2.1 [4]. Letp<1,0<u <1, F(z)€P,, then for|z| =7 <1,

20 -p)(u-nr

Re[F(z)-F(uz)] = 1+r)(A+ur)’

(2.1)

and the inequality is sharp.
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LEMMA 2.2. Letc>0,u>0,p<1,p(z) =1+p1z+p2z>+--- be analyticin U. If

Re[p(z)+cuzp'(z)]>p, zeU, (2.2)
then for |z| =v <1,
) - 2(1—p) B ( 71)L lul/cu—l
Re[p(z)+czp'(2)] = 2p 1+u(1+r)+2(1 p)|1 uen o Trur du,
: (2.3)
, - 1_p - ( 71)LJ* ul/CH—l
Re[p(z)+czp'(2)] = 2p 1+—u +2(1-p)(1 u)enlo Tru 4w

and these results are sharp.

PROOF. Set F(z) = p(z)+cuzp'(z), then it follows from (2.2) that F(z) € P,, and
’ 1 1
zF(z) = (1-cu)[zp(2)] +cuz[zp(2)] = L(a +1, a) [zp(2)] (2.4)
that is,
1 1 Lo(h eua
zp(z)=L<—,—+1>[zF(z)]=—J ult-1zF(uz)du. (2.5)
cCH cu CH Jo
Let b = 1/cu, then

1
p(z) = bJ ub1F(uz)du. (2.6)
0
According to (1.5) and (2.5), we get

z[zp(2)] = [2(p(b,b+1;2)) | * [2F(2)]

=bL(b+1,b+1)[zF(z)] - (b—1)L(b,b+1)[zF(2)] 2.7)

1
=bzF(z)-b(b- l)zj u?'F(uz)du.
0
On the other hand, we have
[zp(2)] =p(2)+zp'(2). (2.8)

Thus

p(z)+czp'(z)
—(1-c)p(z)+c[zp2)]

1 1
:ch(z)+b(1—c)J ub’lF(uz)du—bc(b—l)zj W Fuzydu @9
0 0

1
=bcF(z)+b(1 —bc)J uP1F(uz)du.
0
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Ifu>1,then0<bc=1/u<1,and

1
Re[p(z) +czp'(z)] =bcRe[F(z)]+b(1-bc) L ul~'Re[F(uz)]du

_1—(1—2p)1f (1-2p)ur

1
1-—
_ b-1
> bc o7 +b(1 hc)Lu LT ur
2(1-p) ( 1) 1 (tullen-t
=2p—14+—+2(1- 1-—)—
P ul+7r) (1=p) u/culo 1+ur

If0<u<1,then bc=1/u =1, so that it follows from Lemma 2.1 and (2
1

Re[p(z) +czp'(z)] =Re [ch(z) —b(bc-1) J uth(uz)du}
0

1
—ReF(2)+b(bc—1) JO uP 1 Re[F(2) - F(uz)] du

1-(1-2p)r Jl p12(l=p)(u—-1)r
= 1+7r +b(bc-1) Ou A+r)(1+ur)
B 2(17‘)) ( l)i lul/cufl
=20 1+y(1+r)+2(1 pIL ulculo 1+ur
Since the function
B 2(1_p) B ( 7l)i 1u1/CI,l—]
2p 1+u(1+1f)+2(1 pI{L u/)culo 1+ur

is decreasing with respect to v, therefore

, 1-p ( 1) 1 jl yl/ent
R >2p-1+—Fi20-p)(1-=)— d
e[p(z)+czp'(2)]=2p -1+ 7t (1-p) 2o o T du

Note that

11+ (1 -2p)uz

du,
l1-uz

L,
- = cH-
Pucp(2) cu J;) u

satisfies (2.2), we obtain that the inequalities (2.3) are sharp.

du (2.10)

.9) that

(2.11)

(2.12)

(2.13)

(2.14)

LEMMA 2.3 [6]. Letp(z) =1+piz+---€Py, then|pil <2-2p, k=1,2,....

3. Main results

THEOREM 3.1. Letx>0,8>0,A>0, f(z) € H and

Re [(D)‘f(z))'(DAJZC(Z))a_l} > A zeU,

B+A’
then f(z) is univalent in U, that is, By(1,x,A/(B+A)) C B(«,0).
PROOF. Since A/(S+A) = 0, we have

B(a’B—i\r?\> C B(e,0).

(3.1)

(3.2)
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Let T = D f(z), then T is a linear and homeomorphism from Bx (1, x,A/ (8 + A))
onto B(«x,A/(B+A)), therefore it follows from (3.2) that

B;\<10(B A) T—IB( o 2\)chB(o‘ 0) = Bo(1,,0) = B(«,0). (3.3)

Hence the proof is completed. ]
Since limg_ A/(B+A) = 0, the following corollary follows from Theorem 3.1.

COROLLARY 3.2. Letx>0,0<p<1,A=0, then
Ba(1,¢,p) C B(,0) CS. (3.4)

THEOREM 3.3. Letu, >y > 0,1 > p2 = py, then

Ba(p2, &, p2) C Ba(p, ¢, p1). (3.5)
PROOF. First, it is obvious that

Ba(uz, 06, p2) C Ba(p2, &, p1). (3.6)
Therefore we only need to verify that

Ba(p2, o, p1) C Ba(p, o, p1). 3.7)

Let p(z) = [DAf(2)/z]* for f € Bx(u2, ,p1), where the power are understood as
principle values, then p(z) =1+ (1+A)xazz + - - - is analytic in U and

[DMf(2)]% =z%p(2). (3.8)

By taking the derivatives in the both sides of (3.8), we obtain

A 04 A x—1
(L—p2) (%) +u2 (DM f(2)) (%) =p(z)+ %fzp’(z). (3.9)

Since f € Bx(u2, &, p1), we have
Re [p(z) + == zp (z)] >p, zeU. (3.10)

According to Lemma 2.2, we obtain

T e 200 o (_l)ﬁlu“’“
Re[p(z)+azp (z)]2201 1+u(1+1’)+2(1 p1)(1 AT 01+uyd”

22p1—1+@+2(1—p1)(1—%)- > p1

N | =

(3.11)
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for pu = uo/puy = 1. Hence it follows from (3.6) and (3.11) that

Re [(l—lJl) (DAf(Z))a+u1 (D?\f(z))'(%)al] =Re [p(z)+ %zp’(z)] > p1,

z
(3.12)
that is,
f € Ba(pz, &, p1). (3.13)
Hence
Ba(uz, ¢, p1) CBa(p1, &, p1). (3.14)
O
According to Theorem 3.3 and Corollary 3.2, we have the following corollary.
COROLLARY 3.4. LetA>=0,u>1,0<p <1, then
Ba(u,0,p) CBa(1,6,p) CS. (3.15)

THEOREM 3.5. Letx>0,A=>0,u>0,p <1.Iff € Bx(u,x,p), then for |z| =r < 1,

A -1 _ 1 jum1
R€|:(D/\f(z)),<%> :|>2p—1+M+2(1_p)(1_1>g UXH du,

ul+7r) u/ o 1+ur
, A -1 _ 1 ,,0/u—1
Re[(DAf(z)) (%) }zZp—1+1“p+2(1—p)<1—i)zL u1+u du,
(3.16)

and these results are sharp.

PROOF. Let p(z) = [DAf(z)/z]* for f € Ba(u,x,p), where the power are under-
stood as principle values, then

p(z)=1+1+ANxazz+--- (3.17)

is analytic in U and
[DMf(2)]" = z%p(2). (3.18)

By taking the derivatives in the both sides of (3.18), we obtain
DA o , D/\ -1 )
(1—u)<#) +u(DMf(2)) (%) =p(z)+%zp (2). (3.19)

Since f € Ba(u,«, p), we have

Re [p(z) + %zp’(z)] >p, zeU. (3.20)



ON THE UNIVALENCY FOR CERTAIN SUBCLASS OF ANALYTIC ... 573

According to Lemma 2.2, we obtain

A x—17]
Re (DAf(z))'<DJ;(Z)> =Re [p(z)+§zp’(z)]

2(1-p)
u(l+7r)

A x—1"]
Re (DAf(Z))'<DJZC(Z)> =Re [p(2)+§zp’(2)]

uldo 1+ur

>2p—-1+ +2(1—p)<1—;

1 1 5,0/u—1
)cx u du,

— 1 a/p—-1
22p—l+lTp+2(1—p)<1—%>gJ Y au.

ulo 1+u
(3.21)
Note that,
1 B 1/x
Frpap(2) =LA+ 1){2[2‘ JO u"‘/“lH(ll_ilz))uzdu] } €Br(u,a,p), (3.22)
we obtain that inequalities (3.16) are sharp. a

REMARK 3.6. Setting A =0, « =1 in Theorem 3.5, we get [4, Theorem 1(ii)].

THEOREM 3.7. Letx>0,u>0,A>0,po<p <1,thenBy(u,x,p) C BA(1,,p1) CS,
where

1
po=1- 1 ) (3.23)
2—-1/p=2(1=1/p) (/) fo (u/H=1/(1+u)) du
and the constant py cannot be replaced by any smaller one.
PROOF. Let f(z) € Ba(u,, p), then it follows from Theorem 3.5 that
A x—1
Re{(DAfu))’(%) }>p1, zeU, (3.24)
where
1-p ( 1>(xj1u°‘/“*1
=2p-1+—+2(1- 1-—)— du
p1=2p u (I-p) u)ule Tru
. (3.25)
1 1\ & (Fu®H-
=1-(1- 2———2(1——>—j du |.
( p)[ u pl o 1+u }
Since
1 o (fus/p-l 1 (1 ywH
§<EJ0 T+u du—§+J0mdu<l, (3.26)
so that

1, 0/u—1
max{l,l}>2—l—2<1—l)gj u du>min{1,l}>0. (3.27)
T T plulo 1+u u
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Therefore from py < p < 1, we have

1 1\ & (Fud/v-1
p1>1—(1—p0)|:2—u—2(1—u)ujomdu:|0 (3.28)

Hence it follows from (1.10) and Corollary 3.2 that f(z) € BA(1,x,p1) C S and f(z)
is univalent in U, hence

Ba(u,,p) CBx(1,¢,p1) CS (3.29)
and the constant py cannot be replaced by any smaller one from Theorem 3.5. a

REMARK 3.8. Setting A = 0, x = 1 in Theorem 3.7, we get [4, Theorem 2]; setting
A =0, u=1in Theorem 3.7, we get the result of [1].

Setting A = 0, u = &« > 0 in Theorem 3.7, we have the following corollary.

COROLLARY 3.9. If f(z) € H, and

« o1 _ _
Re[(l—a)(ﬂz)> +o<f’(z)(f(z)) }>pa— (a—D(1—-2In2) zeU,

z

z o+ (x—=1)(1-21In2)’
(3.30)
then f(z) is univalent in U, and the result is sharp.
REMARK 3.10. We note that py <0 for o« > 1.
Setting u = @ =3, A =1 in Theorem 3.7, we have the following corollary.
COROLLARY 3.11. If f(z) € H, and
Re {z[('(2)°] + (f(2)°} > % ~-034, zeU, (3.31)
then f(z) is univalent in U.
THEOREM 3.12. Let f(z) = z+ >, axz" € Ba(u, . p), then
laz| < %, (3.32)

and the inequality is sharp, with the extremal function defined fi u.«,p(2) by (3.22).

PROOE. Since f(z) = z+> ;5 arzk € By(u,x, p), we obtain

Re[(1_“)(%)aw(mﬂz))’(wy1}

=Re[1+(1+A)(x+u)z+---]>p.

(3.33)

Therefore, it follows from Lemma 2.3 that

[(1T+A)(x+waz| <2-2p, (3.34)
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or

2-2p

RESME TR (3.35)

laz| <

Note that fauap(z) =2+ ((2-2p)/(1+A)(x+p))z>+ -+ € BA(u,,p), we obtain
that inequality (3.32) is sharp. ]

REMARK 3.13. Setting A =0, u =1 in Theorem 3.12, we get [8, Theorem 6].

THEOREM 3.14 (covering theorem). Let x >0, u>0,A>0,po <p <1, f(2) €
Ba(u, x,p), then the unit disk U is mapped on a domain that contain the disk |lw| < 1,
where pg defined by (3.23) and

_ (1+A) (x+p)
T2-2p+2(1+A)(x+p) "

11 (3.36)

PROOF. Let w, be any complex number such that f(z) + wq for z € U, then wg # 0
and

_wof(2)  _ AN o
wo-f(2) —z+(a2+ )z + , (3.37)

is univalent in U by Theorem 3.7, so

<?2. (3.38)

1
a+ —
Wo

Therefore according to Theorem 3.12, we obtain

A +A)(x+p) _
lwol > 5 s e~ 3.39)
Hence we have completed the proof. a

Setting A = 0 and p = 1 in Theorem 3.14, we have the following corollary.

COROLLARY 3.15 (covering theorem). Let f(z) € Bo(1,c¢,p) withu>0,0<p <1,
then the unit disk U is mapped on a domain that contain the disk |w| < (1 + ) /(4 —
2p+2x).
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