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In this paper, we give some new generalizations of Ostrowski integral inequality on mul-
tivariate.
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1. Introduction. In 1938, Ostrowski proved the following integral inequality [2,
page 468].

THEOREM 1.1. Let f:[a,b] — R be continuous on [a,b] and differentiable on (a,b)

whose derivative f' : (a,b) — R is bounded on (a,b), thatis, || f' || := Sup;ca.p |f (1] <
o, Then

1 b
’f(x)—mja f)dt

1, (x=(a+b)/2)*] o
S[4+ (b—a)? }(b a)llflle (1.1)

for all x € [a,b]. Here the constant 1/4 is the best possible.

Recently, Dragomir [1] gave a generalization of Ostrowski integral inequality for
mappings whose derivatives belong to L,[a,b].

THEOREM 1.2. Letly:a =x9 < Xx1 < --- < Xk_1 < X be a division of the interval
[a,b] and o; (Wherei = 0,...,k+1) be (k+2) points so that ¢ = a, &; € [xi-1,Xi]

(wherei=1,...,k), and ox .1 = b. If f : [a,b] — R is absolutely continuous on [a,Db].
Then

k

J:f(x)dx* D (eiv1 — i) f(xi)

i=0

k-1 la
1 + 7
< qr1)ia |:i_ZO|:((Xi+1Xi)q 1+(Xi+10(i+1)q+1]:| LA, (1.2)

k-1 a
1 +1 , v(h(b-a)te
S(q-l—l)l/q{%h? ] ILf ||pﬁw||f ||p,

where h; := xi11 — Xxi (Wherei=0,1,...,k—1), v(h) :==max{h; |i=0,...,k}, p > 1,
1/p+1/g=1,and | - |, is the usual L,[a,b]-norm.
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In this paper, we show other generalizations of the Ostrowski inequality on multi-
variate.

2. Main results. First we introduce the lemma in [1, page 609].

LEMMA 2.1. Let the function g(t) = (t—a)?*'+(b-t)?*', t € [a,b], p > 1. Then

(b—a)r+!

Sy =90 < (b-a). (2.1)

Now we show the main results.

THEOREM 2.2. Letly:a=XxX9< X1 < - <Xp1<Xpx=b,c=yy<y;1 <---<
Yk-1 < Xk = d be a division of [a,b] x [c,d] and «;,B; (wherei,j =0,...,k+1) be
(2k + 2) points, so that xo = a, &; € [xi_1,xi] (Wherei = 1,...,k), cx+1 = d. If f :
[a,b] x[c,d] — R is continuous on [a,b] x [c,d], )’/’y = 02f/0x0y exist on (a,b) x
(c,d) and || £y lle := SUD (x y)e (@b x(c,a) 102 (X,¥) /0x3Y| < 0. Then

b ed Kok
‘ L L fls,t)ydsdt+> > (i1 — o) (B — By) f(xi, )

i=0 j=0

k .d k b
-3 [ @ f et Y | (BB (s ) ds
i=0"°¢ j=0"4a

(2.2)
1/p
b— d— 1/11 1 k— )
< (( (Z)-I—(l)Z/Cp)) ||oo|:z Z xl+1_X1 (.ijrl_yj)p 1:|
<u(x)v(y)(bfa)(d,c)” !
a (p+1)2/p s,tlloos

where u(x) :=max{xj;1—x;|1=0,....,k=1},v(y) =max{y;:1—-y; | j=0,....,k—1},
p>1,1/p+1/qg=1.

PROOF. Define the mapping K : [a,b] X [c,d] — R given by

t=B;), (s,0) € [xio1,xi) X [vj1,¥)) (,j=1,....k=1),
t=PBr), (s,0) €[xi,x0) X [y (i=1,..,k=1, j=k),
t=Bj), (s,0) € [xixi]x[vj,yy) (i=k j=1,.,k=1),
t=Bk), (5,8) € [xr1, X)X [vio1, il (i =k, j=k).

S

K(s,t) =

—_— — T~~~

(2.3)
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Integrating by parts, we get

Jb JdK(S’t)fs'}(s,t)dsdt

:Z

0j=
k-1k

JXHI Jylﬂ (s —tis1) (t=Bjr1) fe(s,t)dsdt = ,[: Ldf(syt)ds‘it

Xi Vj

Z i { Vi1 —Bj1) [(Xiu = 1) f (Xia1, Vje1) + (ivn = X0) f (X3, Vj41)

Xi+1

- f(S»J’j+1)d5]

Xi

+(Bjs1—0j) |:(Xi+1 = &i1) f(Xie1,25) + (a1 —x0) f (x4, 25)

[ s as]
= ki = o) £ 0+ (et =0 f () dt}

b rd
:J f(s,t)dsdt

k-1
+> (vi—B) |:(Xi+1 = &ie1) f (Xie1, Vi) + (Xiv1 —x1) f (X1, Vk)
iz0

- :i”f(s,yk)ds}
k-1k-1
+ > > (Bjr1—Bj) [(Xm = &is1) f (X410, 25) + (i1 = x30) f (X6, 55)
=0 j=1
_ :i+1f(5,yj)d5:|
i (Bi—=>0 [ X1 = 0x1) f (Xir1, 20) + (i1 =) f (X4, 0) = :_Mf(S,yo)dS}
k— Yij+1
-> J [(xi1 = tis1) f (X1, 1) + (i1 —x0) f (x,t) ] dt
j=0"Yi
b od
=J f(s,t)dsdt
k-1 k
+> > (Bjii— [ Xiv1 = Kiv1) f (X1, 5) + (&iv1 = x3) f (X3, 5)
i=0 j=0
_ ;i+1f(5,yj)d5j|

k-1
+ > [(xie1 = i) f (Xiv1, ) + (i1 —xi) f (xi, ) ] dt
j=0
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J J fs, t)det+z Z &iv1— &) (Bje1 = Bj) f(xi, 7))

i=0 j=0
k d

,zj

i=0"°¢

k b
(s =) f(xint)de= Y [ (Brer=B)f(5,31)ds,
j=0"1
(2.4)

and then we get the integral equality

j j £, t)dsdt—j j K(s,t) £/, (s, t)dsdt—z z (ctis1 — o) (Bjer — B) f (x0,75)

i=0 j=0
k  .a

|

i=0°¢

(ativ1 — o) f (xq,t) dt + ZI BJ+1_BJ)f(S yj)d
(2.5)

On the other hand, we have

KLkl o Yj+1
¢ (S,t)dsdt‘ = ZJ J (s —atiy1) (t=Bjs1) fip(s,t)dsdt
i=0 j=0"Xi Yij
k=1 k=1 exipy cvin
= ZJ J | (s—ati) (t=Bjar) | | fir (s, t) | dsdt.
i=0 j=0"Xi JYj

(2.6)

Using Holder’s integral inequality, we get

Xit1 J’J+1 .,
J J (s— 1) (t=Bj1) | | S (s,0) | dsdt

Xi+1 3’J+1 1p i+l (Yj+1 ., q
(J J (s— 1) (E=Bjs1)|P dsdt) (I J [ fii(s,0) ] dsdt)
Xi

1/q

2.7)
But
Xi+1l (Vj+1 p
[ - ) - By 1P asar
Xi Yj
Xig] Xi+1
- [I (cle—s)’”derJ (s—(xm)’”ds}
Xi Kt
Bj+1 Yj+1 2.8
><U (Bj+1—t)"’dt+J (t—ﬁjﬂ)”dt] (2.8)
i Bj+1
1

= W [(0(1‘+1 *Xi)p+1 + (Xi41 — 0(i+1)p+l]

< [Bior =)+ (v = Bi)"
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and using relations (2.6), (2.7), (2.8), and Holder’s discrete inequality, we get

b d
J K(s,t)fs”’t(s,t)dsdt‘

k-1k-1

(p+1)2r Z Z {[ ®i+1 =~ Xi) +l+(xi+l_0(i+l)p+l]

(p+1 i=0 j=0

% [(3j+1 _yj)pﬂ i (J’j+1 _Bj+l)p+1]}l/17

Xi+ + a
(J ljyj 1 {f;y’t(s,t)\qudt>

1 k-1 k-1 . .
Sm %J%({[(O‘Hl—xi) +(Xi41 — Xit1) ]

1/p
X[(Bjﬂ _yf)pﬂ + (3’]+1 —BJ'H)VH}}UV)’?]

k=l k= i+l (Vj+l 1/a\ 4714
x[ZZZ((J | u&u¢>wduu) )}

J

< e (Z 2 [ =)™+ e~

1/p
x[(Bj+1 *yj)pﬂ + (Vi Bj+1)p+l])
x[(b—a)(d—o)]" £/

By Lemma 2.1, the first inequality in (2.2) is obtained.
For the second inequality in (2.2) we only remark that

k-1k— k-1 k-
Z Z xH—l*Xl +l(yj+1*yj)p+l Z z Xir1 — 1+1*yj)
i=0 j=0 i j=0

= (b-a)(d—-c)(u(x)v(y))".

The theorem is completely proved.

97

(2.9)

(2.10)

a

Under the assumption that the points of the division I are fixed, the best inequality

which is obtained from Theorem 2.2 is embodied in the following corollaries.

COROLLARY 2.3. [etly:a=Xx90<X1 < - <Xp-1<Xx=b,c=yp<y1 <

Yi-1 < Xk =d be a division of [a,b] x [c,d]. If f is as above, then

- <
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‘l X1 - i (Vi1 —yi-1)f(a, ;) + (x1—a)(y1—c)fla,c)
j=1

k,
z Xic1—xio1) f(xi,¢) + (b—xp-1) (y1—¢) f(b,c)

HM\

i (Xis1=xi1) (Vi1 = i) f(xi, 7))
+(b—xx-1)(d=y1)f(b,d)

k-1
+(d=yk-1) D (xiv1 —xio1) f (xi,4)

i=1

k-1
b Xk-1 Z Yi+1—YVj-1 f(b,yj)
d
—2(x1—a)J f(a,t)dt—ZZ(xiH—xi_l)J fx,t)dt
-2(b—xr1 J f(b,t)dt—2(y; - J f(s,c)ds

—22 (Vin—yja J f(s,j)ds=2(d~yr J fs, d)ds}

Jj=1

1/p
b-a)yd-cyta, . [kik X
<Lﬁ%ﬁﬁ%ﬂum[zz (i1 = %Hﬂwwﬂ

- ux)v(y)b-a)(d-c)

4(p+1)2r e -
(2.11)
PROOF. In Theorem 2.2, let
= _atxi _Xitxe
Xo =a, Xy = 5 X2 5
X2 + Xk- Xg-1+X
M1 = %’ & = %’ Kp+1 = by
c+y yi+y (2.12)
Bo=c, Pr=-2 0 pgy=21Tr2
2 2
2+ _ i+
iy = 22t Xt g YA EIR g
2 2
Then we get
ko ok .
>, 2. (o= o) (Bjon =) f (xi,25) = ZJ (ctis1 — i) f(xi,t) dt
i=0 j=0 =)

k b
2|, i Bs (s

N

{ i (Vir1i—yi-1)f(a,yj)+(x1—-a)(y1—c)f(a,c)
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Z Xiv1 = Xi-1)f(xi,¢) + (b= xk-1) (1 —¢) f(b,c)
+ Z Z Xiv1 = Xi-1) (Vis1 = Vi-1)f (xi, ) + (b= xx-1) (d = Y1) f(b,d)
+(d = k-1 Z Xiv1 = Xi-1) f(xi,d) + (b —xk-1) Z (¥jr1=yi-1)f(b,y;)
2(xi-a) [ flana-2 S (xl-ﬂ—xi_l)j Flxit)dt
c i c
d b

—2(b—xk,1)J f(b,t)dt—Z(yl—c)I f(s,c)ds

Jj=1

k-1
_22 Yi+1—Vji-1 J f Syj)dS 2(d—yr—1 J fs, d)ds}
(2.13)

Applying inequality (2.2), we obtain the desired result. a

COROLLARY 2.4. LetIy:x;=a+i((b—a)/k), yj=c+j((d—c)/k) (wherei,j=
.,k) be a division of [a,b] x [c,d]. If f is as above, then

b rd _ _
j Fs,0)dsdt + % {f(u,c) Ffa,d) + f(b,¢) + f(b,d)

22

k
(k—i)a+ib (k—j)c+jd
R

i

k-1
i

k

j=0
-1
(k—i)a+ib (k—j)c+jd }
+2 f ,
> 5 r(5 e )
d k-1 .4 . . d
—-a (k—i)a+ib
24 [L f(a,t)dt+ZZL f<T,t>dt+L f(lo,t)dt}

U fsc)ds+22j ( (kJ)HJd)dSJthf(s,d)ds}

((b-—a)d=0c)" .
= WHfStHoo

(2.14)

Similarly, we can obtain the following theorem.

THEOREM 2.5. letly:a=Xx9< X1 < - <Xp1<Xkx=b,c=yp<y;1 <---<
Vi1 <yr=d,l=2z0<2zy <+ <Zzx_1 <zx =m be a division of [a,b] x[c,d] x [l,m]
and «i,Bj,yn (i,j,h =0,...,k+1) be Bk + 3) points so that xo = a, &; € [xi-1,X;]
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(i=1,...,k), qxs1 =b, Bo=c, Bj € [yj-1,¥i] G=1,....,k), Brs1 =d, yo=1, yn €
[zn-1,zn] (h =1,...,k), yxo1 = m. If f : [a,b] X [c,d] x [l,m] — R is continuous
on [a,b] X [c,d] x [ l m], f,;”yz = 03f/0x0y0z exist on (a,b) x (¢,d) x (L,m) and
”f),c”yz”oo = Sup(x,y,z)e (a,b)x(c,d)x(l,;m) |a3f(x,y,z)/axayaz| < o0, Then

b rd rm k k k
J J L f(’l’,S,t)deSdt—Z Z Z i1 — &) (Bjs1 = Bi) (Yni _Yh)f(xisyj,zh)
a i=0 j=0 h=0

+
M~

-
I
[=)
=
I
[=)

d
(iv1— i) (Yne1—yn) L fxi,s,zn)ds

+
M~

(.
Il
(=}
=
Il
(=}

b
(Bj+1—=Bj) (Yn+1—Yn) L f(r,yj,zn)dr

+
M=

-
Il
(=}
.
Il
(=}

(i1 -0 By~ B1) | Flxivptyae

M»

(xiv1 — J J f(xi,s,t)dsdt

-
I
[=]

Mw

(Yns1=yn) J J f(r,s,zp)drds

—

- I

(Bi+1—Bj) J j f(r,y;,t)drdt

~.
Il
(=]

_(b=a)d-c)m-1)""
- (p+1)3/p
-1k

k- - 1/p
X[Z > Z (xiv1—xi) (Vje1— yj)(zhu—zh))””} A6 e oo
i=0 i=0 h=0

u(x)v(y)w(Z)(b a)(d—c)(m- l)H al
(p+1)3r Frsille

(2.15)

where u(x) :=max{x;1—x;11=0,....,k=1},v(y) =max{y;:1—-y; | j=0,....,k—1},
w(z):=max{zp1—2zplh=0,....k—1}, p>1,1/p+1/q=1.

THEOREM 2.6. Let Iy : ai1 = Xipo < Xi1 < -+ < Xjk-1 < Xik = A2, (i=1,...,k)
be a division of [ai1,a12]1 X - - X [an1,an2] and «;; (i =1,...,k; j=0,....,k+1) be
nk +n” points so that &0 = an, & € [xij-1,%i;] (J=1,...,K), Qix+1 = ap. Iff:
[ai1,a12] X - - X[ani,an2] — R is continuous on [ai1,a12] X - - - X [ani,an21, fgl =
O"f /081 -+ - 08y exist on (ai1,a1») X - -+ X (An1,an2) and

o"f(s1,...,S
AT sl = sup 0" f(81,004,5n)

(S1sn)E(@11,a12)% X (@n1,anz) | 051+ 0Sn

< 00, (2.16)
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Then,

a2 ~az anp
_[ J J f(s1,82,...,8n)ds1dsz - - - dsy

ayy Jazi

k k

+(=D" z Do D (e — o) (K201 — O2y) ¢

i1=0ip=0  in=0

(i1 = iy ) S (X101, X 2,005+ X i)

k
+(=D"! > > (i, +1 = iy ) (G +1 = iy, )
Cligyijyrify_ ) ijy iy iy =0
Ajn2
X f(levijl""'S""’xjn—lvifn,l)d5+'”
ajnl ’
J‘alz J‘uh,leJ’athlZ
h 11 a ap-1,1 Yap+1,1
an?
X S (S50 Sn-1, X1y, Sht 1, ey Sn) AS1 - - - ASp_1 ASpy1 - - - dSp
anl
1/q
< ((a12_a11)"'(an2_anl)) || (n) ||
=< (p+1)"/p ..... Sp lloo

k-1 k-1 ) 17y
4
Z Z Z xl,i1+1 _xl,il) Tt (Xn,i,,+1 —Xn,in))p

i1=01i2=0 in=0

(w1 (x1) - -un(xn)) (@2 —an) - - - (@n2 — ani) I
p+ymr e snlleos

(2.17)

where C(ij ij, -+ -1ij, ,) is combination dependent onij ij, ---ij, ., Zc(ihi/’z SRR
h ¢ h o In—
combinatorial sum dependent on C(ij ij, -+ iz, ), and ui(x;) 1= max{X;;+1 —Xji; |

j=0,....k—1}.
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