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ON LOCAL PROPERTIES OF COMPACTLY SUPPORTED SOLUTIONS
OF THE TWO-COEFFICIENT DILATION EQUATION
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Let a and b be reals. We consider the compactly supported solutions ¢ : R — R of the two-
coefficient dilation equation @ (x) = ap(2x) + b (2x —1). In this paper, we determine
sets By p, Ca,p, and Z, j defined in the following way: let x € [0,1]. We say that x € B, ),
(resp., x € Ca,p, X € Zg p) if the zero function is the only compactly supported solution
of the two-coefficient dilation equation, which is bounded in a neighbourhood of x (resp.,
continuous at x, vanishes in a neighbourhood of x). We also give the structure of the
general compactly supported solution of the two-coefficient dilation equation.

2000 Mathematics Subject Classification: 39812, 39B22.

1. Introduction. The two-coefficient dilation equation is a functional equation of
the form

px)=ap2x)+bp(2x—-1). (1.1)

This equation is the simplest case of the so-called dilation equation

N
P(x) = > ca@(2x-n), (1.2)

n=0

where N is a positive integer and cy,...,cy are real (or complex) constants. Equa-
tion (1.2) is also referred to as the two-scale difference equation or the refinement
equation. A nonzero solution of (1.2) is called a scaling function. For a deeper discus-
sion of (1.2), and some related references, we refer the reader to Benedetto and Frazier
[2, Chapter 4].

It is well known that the characteristic function of the interval [0,1) is a scaling
function related to (1.1) with a = b = 1. This scaling function generates the simplest
known wavelet called the Haar wavelet (see, e.g., [3] or [4]). Haar [7] found this wavelet
long before the word wavelet has been introduced.

Itis also known thatif @ : R — R is a nontrivial and compactly supported L!-solution
of (1.1), then a = b = 1 and there exists a real constant ¢ # 0 such that ¢ = cxj0,1)
almost everywhere (see [5]). Recently, Pittenger and Ryff [9] proved that the above
result is still true if we assume that @ is measurable instead of L!.

On the other hand, for every nonzero reals a and b, (1.1) passes very irregular scal-
ing functions. More precisely, if ab + 0, then (1.1) has compactly supported solution
such that its graph meets every Borel subset of [0,1] x R with uncountable vertical
projection (see [8]). Each such function (called a function with a big graph) has rather
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strange properties. In particular, if @ :[0,1] — R is a function with a big graph, then
the graph of @ is connected and the set ([0,1] X R) \ graph(g() contains no subset
of [0,1] xR of second category having the property of Baire, and contains no subset
of [0,1] X R of positive inner Lebesgue measure (see [1]).

It is also proved in [8] that if ab = 0 and if |a| > 1 or |b| > 1, then every compactly
supported scaling function of (1.1) is rather irregular in the sense that it is unbounded
in every neighbourhood of each point of [0,1].

The purpose of this paperis to determine all reals a and b for which every compactly
supported scaling function of (1.1) is irregular in the above sense.

2. Notation. We make the following definition.

DEFINITION 2.1. For a,b € R by B, denote the set of all x € [0,1] such that the
zero function is the only compactly supported solution of (1.1) which is bounded in
a neighbourhood of x.

By C,» denote the set of all x € [0,1] such that the zero function is the only com-
pactly supported solution of (1.1) which is continuous at x.

And by Z, , denote the set of all x € [0,1] such that the zero function is the only
compactly supported solution of (1.1) which vanishes in a neighbourhood of x.

In the definition, we restrict ourselves to points from [0, 1] only, because of asser-
tion (i) of Lemma 2.2 which we repeat from [8] without proof.

LEMMA 2.2. Assume that a and b are reals and let @ : R — R be a compactly sup-
ported solution of (1.1). Then
(i) suppe C[0,1];
(ii) for every x € (0,1), every positive integer n and any &y,...,&, € {0,1},

X &

m(z—nle—;) =a" bV (x), 2.1)

in
where N = card{i € {1,...,n} | & =1},

(iii) if b =0, then @|r\10; =0.Ifa =0, then |g\{1; =0;

(iv) the function @ : R — R defined by y(x) = @ (1 —x) is compactly supported and

satisfies
Y(x)=bypyR2x)+apy(x-1), (2.2)
for every x € R.
It is clear that
Bap CCap CZap C[0,1], (2.3)

for any reals a and b. Moreover, from assertion (iv) of Lemma 2.2, we conclude that
Bu,b =1 _Bb,m Ca,h =1- Cb,u; Zu,lo =1- Zb,ay (2-4)

for any reals a and b.
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3. General compactly supported solution. We need only to consider the case where
ab + 0, because of assertion (iii) of Lemma 2.2.

We begin with some elementary properties of compactly supported solutions of
(1.1).

LEMMA 3.1. Assume that ab # 0. Let x,y € (0,1) and let  : R — R be a compactly
supported solution of (1.1). Then
() ifx =z/2k+3% | &;/2i and y = z/2!+ 5L, Bi/21 with some z € (0,1), positive
integers k, |l and «1,...,&, B1,...,B81 € {0,1}, then

() =a*KLplKp(x), 3.1)

where
K=card{ie {1,....k} | o; = 1}, (3.2)
L=card{ie {1,....1} | Bi =1}; (3.3)

@) if y=y/2+ ZLI Bi/2t with some positive integer | and B1,...,B; € {0,1} and
if at=Lbt + 1 with L defined by (3.3), then @ (y) = 0;
(iii) for every nonnegative integer L and any f,...,B5 € {0,1},

l .
@(%+Z%) =a'"'p ap(1) +b@(0)], (34)
i=1

with L defined by (3.3);
@iv) ifa=+1,then p(0)=0.If b # 1, then (1) =0.

PROOF. To prove (i), observe that from assertion (ii) of Lemma 2.2 we have
p(x)=a"*pEp(2), (3.5)
with K defined by (3.2) and

@) =a"tble(2), (3.6)
with L defined by (3.3). Since ab + 0, we obtain (3.1), by combining (3.5) with (3.6).

Replacing z by y in (3.6) and assuming that a!~Lb’ = 1, we conclude that ¢ (y) =0
which proves (ii).

The proof of (iii) is by induction on L.

To see that (3.4) holds for [ = 0, it is enough to put x = 1/2 in (1.1).

Fix a nonnegative integer [ and suppose that (3.4) is satisfied for any B,...,B; €
{0,1} with L defined by (3.3). We will show that

I+1

1 & _

(p<21+2 +Zzi) =a*'"hph lag(1) +be(0)], (3.7)
i=1
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for any ¢1,...,&1+1 € {0,1}, where
Ly=card{ie {1,....,l+1} | & =1}. (3.8)

Fix &1,...,&41 € {0,1} and put
Bi=c¢is1, Vie{l,...,l}. (3.9)

If &, = 0, then 1/21+2 + > g, /21 € (0,1/2), whence 2(1/21+2+ 3 g /20) —1 <0,
Moreover, 2(1/2M+2 + Zii} gi/21) = 1/2+1 4 25:131/2". Hence, by assertion (i) of
Lemma 2.2 and (3.4), we get

1+1 l
1 & 1 i
qo(—zm +> 2—) = aqa(zl+l - Zﬁ—) =a"" b ap(1) +bp(0)]. (3.10)

i=1

To conclude that (3.7) holds it is enough to observe that, by (3.3), (3.8), (3.9), and the
fact that ey = 0, we have L = L;.

Similarly, if & = 1, then 1/21+2 + Y 1g/2i € (1/2,1), whence 2(1/21+2 +
>l /21) > 1. Moreover 2(1/242 + Sl g 20y —1 = 17241 + 5L B /21 Hence, by
assertion (i) of Lemma 2.2 and (3.4), we get

I+1 L
1 &i 1 i _
(p(zm t2 zi) ) b(p(zm 2, g) =a "= Up ag (1) +be(0)]. (3.11)
i=1 i=1

To conclude that (3.7) holds also in this case, it is enough to observe that, by (3.3),
(3.8), (3.9), and the fact that &y = 1, we now have L+1 =1L;.

To get (iv) notice that, by assertion (i) of Lemma 2.2, we have @ (0) = ap(0) and
@ (1) =be(1). Therefore if a + 1, then @ (0) =0, and if b # 1, then @ (1) = 0. O

From now on, let
M:{Zﬁk | p,kel} (3.12)
and let ~ be an equivalence relation on R defined by
X ~ y < there exists an integer k such that 2¥x —y € M. (3.13)

Let [x] denote the equivalence class of x. This equivalence relation has previously
been used by Forg-Rob [6]. The next lemma can be found in [6].
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LEMMA 3.2. If x € (0,1)\M and y € (0,1), then x ~ y if and only if there are
some z € (0,1), positive integers k, |, and nonnegative integers m, n such that m < 2k,
n<2l,x=(z+m)/2Xandy = (z+n) /2L

The general compactly supported solution of (1.1) can be obtained by describing
it on every equivalence class of the relation ~. The next two theorems show how to
do it.

THEOREM 3.3. Assume that ab + 0. The general compactly supported solution of
(1.1) on the set M can be obtained in the following way. Let @ |m\[0,1] = 0 and

(@) ifa+1andb =1, then @|mnro,11 =0;

(ii) ifa+ 1 and b = 1, then @ (0) = 0, choose arbitrarily o (1) and for every non-
negative integer | and for any B.,...,51 € {0,1} accept (3.4) with L defined by
(3.3);

(iii) ifa=1and b + 1, then (1) = 0, choose arbitrarily @ (0) and for every non-
negative integer L and for any B1,...,B1 € {0,1} accept (3.4) with L defined by
(3.3);

(iv) ifa =1 and b = 1, then choose arbitrarily ¢ (0) and @ (1), and for every non-
negative integer L and for any B1,...,B1 € {0,1} accept (3.4) with L defined by
(3.3).

PROOF. According to assertions (iii) and (iv) of Lemma 3.1, it is enough to show that
the function @, defined in each of the cases (i), (ii), (iii), and (iv), satisfies (1.1) for every
x € M. The proof of this fact is similar to the proof of assertion (iii) of Lemma 3.1, so
we omit it. O

THEOREM 3.4. Assume thatab + 0 and let x € (0,1) \M. The general compactly sup-
ported solution of (1.1) on [x] can be obtained in the following way. Let ®|[x]\0,1) = 0
and consider two cases:

(i) there exists some y € [x]n(0,1) such that y = y/21+Zﬁ:1,8i/2", where L is a
positive integer and B1,...,B € 10,1}, and a'~Lb" + 1 with L defined by (3.3).
Then, let @lix1n0,1) =0;

(i) the first case does not hold. Choose arbitrarily @ (x), represent x as x = z/2* +
Zle «; /2" with some z € (0,1), a positive integer k and «1, ..., € 10,1}, and
for every y = z/2! + ZLI Bi/2t, where | is a positive integer and B1,...,B; €
{0,1}, put (3.1) with K defined by (3.2) and L defined by (3.3).

PROOF. On account of assertions (i) and (ii) of Lemma 3.1, it is sufficient to prove
that the function @ given by (3.1) is well defined and @ (y) =a@p(2y)+bp(2y —1)
for every y € [x]. The proofs of these two facts can be adapted from the proof of [8,
Lemma 3]. O

4. Local properties of compactly supported solutions. As a consequence of as-
sertion (iii) of Lemma 2.2 (see also (2.4)) we obtain the following result concerning the
case where ab = 0.

REMARK 4.1. Observe that

Biop=Bo1=09.

4.1
Cro=210=1{0}, Co,1 = Zo,1 = {1}. @1
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and if a # 1, then

Ba,O = Ca,() = Za,() = BO,a = CO,a = ZO,a = [O, 1]- (4-2)

To determine the sets By », Cap, and Z, p, in the case where ab # 0 we will need four
lemmas. The first one can be found in [8, Theorem 1].

LEMMA 4.2. Assume that ab = 0. If |a| > 1 or |b| > 1, then every compactly sup-
ported solution of (1.1), which is bounded in a neighbourhood of a point of [0,1], van-
ishes everywhere.

Proofs of the next three lemmas are similar to each other.

LEMMA 4.3. Assume that ab + 0. If |a| < 1 and |b| < 1, then every compactly sup-
ported solution of (1.1), which is bounded in a neighbourhood of a point of [0,1], van-
ishes everywhere.

PROOF. On account of assertion (iv) of Lemma 2.2, it is sufficient to consider only
the case |a/b| = 1.

Let @ : R — R be a compactly supported solution of (1.1) which is bounded in a
neighbourhood U of a point x¢ € [0,1]. Since {m/2" | n € N, m € {0,...,2" —1}} is
a dense subset of [0,1], we may (and do) assume that there are a positive integer [
and pBi,...,B; € {0,1} such that

z

2l+xerm(0,1), Vze (0,1). (4.3)

l B;
X0=), 2—: € (0,1),
i=1
Fix x € [0,1]. According to assertion (i) of Lemma 2.2, the proof will be finished if
we show that (x) = 0.
If x € M, then @ (x) = 0, by assertions (iv) and (iii) of Lemma 3.1 (in this case we do
not need the boundedness of @ on U).
Now let x € (0,1) \ M. Then for every positive integer n, there are some z,, € (0,1)
and &n,1,...,0n1+n € {0,1} such that

l+n

Zn &n,i
X =St 2 o (4.4)

i=1

Applying assertion (i) of Lemma 3.1 (with y = z,,/2! + x(), we have

n Ln—L
m(‘;ﬁx()):al”*”’*L"Lb“"cp(x):(;) (Z) @ (x), (4.5)

with L given by (3.3) and L, = card{i € {1,...,l+n} | &,; = 1}. Since the left-hand
side of (4.5) is bounded with respect to 1, we conclude that @ (x) = 0, and the proof
is complete. a

LEMMA 4.4. Assume that ab + 0. If |b| < |a| =1 or |a| < |b| = 1, then every com-
pactly supported solution of (1.1), which is bounded in a neighbourhood of a point of
[0,1], vanishes outside of the set MN[0, 1].
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PROOF. According to assertion (iv) of Lemma 2.2, we can assume that
lal =1, |b| < 1. (4.6)

Let @ : R — R be a compactly supported solution of (1.1), which is bounded in a
neighbourhood U of a point of [0,1]. Without loss of restriction, we can assume that
there are a positive integer k and ¢y,...,& € {0,1} such that

k . .
U_<Z€—§Z%+%> 4.7)

Fix x € (0,1) \ M. Since the set [x] is a dense subset of R we choose a y € [x]nU.
On account of assertion (i) of Lemma 2.2, Lemma 3.2, and assertion (i) of Lemma 3.1
it is enough to show that @ (y) =

Clearly, for every positive integer n there are some z, € (0,1) and & k+1,---, Xnkin
€ {0,1} such that

k+n

k
Kn,i
= e § + 2 S (4.8)

i=k+1

Let L, = card{i € {k+1,...,k+n} | &n; = 1} for every positive integer n. The
sequence (L, : n € N) is increasing and

lim L,, = +co. (4.9)

n—oo

Now, for every positive integer n, we put

k
z &
R Ters Z 0 (4.10)
and observe that y, € U. Moreover, by assertion (i) of Lemma 3.1, we have
a\in
@(vn) = (5) Q). (4.11)

Since the left-hand side of (4.11) is bounded with respect to n, we conclude from (4.6)
and (4.9) that @ (») = 0, which completes the proof. a

LEMMA 4.5. Let(a,b) € {(-1,1),(1,-1),(—=1,-1)}, let @ be a compactly supported
solution of (1.1), and let x € (0,1). Let

S:={yelx]1n0,1): @) =px)},
4.12)
={yelx]n0,1):p() =-@x)}.

Then, S, US_ =[x]n(0,1) and S, and S_ are dense subsets of [0,1].
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PROOF. By Lemmas 3.1 and 3.2, it is evident that S, US_ = [x]N (0, 1). It remains
to prove that S, and S_ are dense subsets of [0,1]. Since [x] N (0,1) is a dense subset
of [0,1], it is sufficient to show that for every y € [x]n (0,1) and for every positive
integer n, there exists some y, € [x]N(0,1) such that |y —y,| <1/2" and @ (y,) =

-@(y).
We first assume that x e Mn (0,1). Fix y e Mn (0, 1) and write it in the form

1
B o (4.13)
where [ is a nonnegative integer and f1,...,8; € {0,1}. For every positive integer n > 2,

we put

1 l+n

Yn = 21+n+1 z z (4.14)

i= l+2

and observe that ¥, e Mn (0,1) and |y — y,| = 1/21+1+1 < 1/2", Moreover, assertion
(iii) of Lemma 3.1 gives

@(yn) =ab" '@ (y). (4.15)

Thus @ (y2n+1) = -@(¥),if a=-1and @(y2n) = -@(y),ifa=1.
Now, we assume that x € (0,1) \M. Fix v € [x]n (0,1) and assume that

k
z &i
= +%5, (4.16)
iz

where k is a positive integer, z € (0,1) and ¢1,...,& € {0,1}. Clearly, for every positive
integer n there are some z,, € (0,1) and &y k+1,---, Cnk+n € {0, 1} such that (4.8) holds.
For every positive integers n, we put

=z k k+n o

n n,i

Yn = Dk+4n + Zi + %1 2i 2k+2n (4.17)
i=k+

and observe that |y — y,| < 1/2™ and y, € [x]n (0,1), by Lemma 3.2. Moreover,
assertion (i) of Lemma 3.1 gives

@(yn) =a’ b (y). (4.18)

Thus @ (y2n+1) = —@(¥),if b=-1and @(y2n) = —@(y),if b =1.
The proof is complete. O

Now, we can formulate our main result.
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THEOREM 4.6. Assume that ab + 0.

(@ Iflalsb=1or|bl<a=1o0ora=b=-1,thenB,) =2.

(i) If max{lal,|bl} # 1 orlal<1=-bor|b|<1=-a,thenB,),=1[0,1].
(iii) The sets C1,1 and Z,, consist of two elements only, 0 and 1.

(iv) Ifa+1orb=+1,then Cap =Zap =10,1].

PROOF. Assertion (i) follows from Theorems 3.3 and 3.4, which allow (in each of the
considered cases) to construct a nonzero, bounded and compactly supported solution
of (1.1).

To get assertion (ii), it is sufficient to use Lemmas 4.2, 4.3, and 4.4 with assertions (iv)
and (iii) of Lemma 3.1.

Now, let a = b = 1. First, observe that since the function ¢ : R — R, given by
@(0) = 1, (1) = -1 and @(x) = 0 for every x € R\ {0,1}, is a compactly sup-
ported solution of (1.1), we have Z;,; € {0,1}. Hence, according to (2.3) and (2.4), the
proof of (iii) will be completed if we show that 0 € C; ;. For this purpose, assume that
@ is a compactly supported solution of (1.1) which is continuous at 0. This jointly with
assertion (i) of Lemma 2.2 implies that @ vanishes outside of (0,1]. Moreover, from
Lemmas 3.2 and 3.1, we see that for every x € [0,1] the function @|xjn(0,1) iS con-
stant and since [x]n (0,1) is a dense subset of [0, 1], we conclude that @ |xjn0,1) = O.
Consequently, @ vanishes everywhere, except the point 1. To get that ¢ (1) =0, it is
enough to use assertion (iii) of Lemma 3.1.

Using similar argumentation as above, we conclude that assertion (iv) follows from
Lemma 4.5 in the case (a,b) € {(-1,1),(1,-1),(—1,-1)}; otherwise it is enough to
use Lemmas 4.2, 4.3, and 4.4 with assertion (iii) of Lemma 3.1. O

We finish with two propositions which proofs are left to the reader.

PROPOSITION 4.7. For every reals a and b, every compactly supported solution of
(1.1) is either bounded on R or unbounded in every neighbourhood of each point of
[0,1].

PROPOSITION 4.8. For every reals a and b, every compactly supported solution of
(1.1) is either constant on (0,1) or discontinuous at every point of [0,1].
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