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Cohomology with bounds are used to globalize a result of Hormander obtaining Carleman
estimates for the Cauchy-Riemann operator on Stein manifolds.
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1. Introduction. In [7] Hérmander proved the following theorems.

THEOREM 1.1. LetQ € C" be a bounded pseudoconvex domain, and let f € L%M) Q)
be ad-closed (p,q)-form, q = 1, then thereisa (p,q—1)-formu € L?, ., (Q) such that

~ (p,a-1
ou = f and

ull,2 <K 2 , 1.1
lule @ <Kz o @

where K is a constant depending on the diameter of Q.
Actually the above theorem was contained in the following.

THEOREM 1.2. Let Q € C" be a bounded pseudoconvex domain, @ any plurisub-
harmonic function on Q, and f € L%m) (Q, @) a o-closed (p,q)-form, q = 1, then there
isa(p,q-1)-formu€elLf,, 1) (Q,p) such that ou = f and

ull,: <K ; , 1.2
H ||pr,q—1)<9’q}) HfHL(Zn,q—l)(Q’q’) ( )

where again K depends on the diameter of Q.

These theorems turned out to be very useful in complex analysis and their applica-
tions include the Levi problem with bounds and cohomology with bounds. It is, there-
fore, natural to seek to generalize these theorems to manifolds. In [5], Theorem 1.1
was so generalized and we generalize Theorem 1.2 in this paper.

The term Carleman estimates refers to the estimates in Theorem 1.2 and we use
Theorem 1.2 to obtain a Leray’s isomorphism theorem with bounds on Stein mani-
folds, combining with weak elliptic estimates to get the generalization of Theorem 1.2
to Stein manifolds.

2. Preliminaries

2.1. Let X be an n-dimensional complex manifold with a C*-Hermitian metric and
Q € X arelatively compact Stein subdomain of X. Where @ is any plurisubharmonic


http://ijmms.hindawi.com
http://ijmms.hindawi.com
http://www.hindawi.com

384 PATRICK W. DARKO

function on Q, the scalar product
(f,9)= | e v fnxa @.1)

makes the space Lf, , (Q,@) = {f measurable on Q : [oe™? fA % f < oo} a Hilbert
space, where x is the Hodge *-operator associated with the metric and the orientation
on X.

Our result is as follows.

THEOREM 2.1. Let f € pr’q)(Q,(p) be d-closed in the sense of distributions. Then
thereisau € L(Zm,q) (Q, @) such that ou = f in the sense of distributions and
Hu”L(Zp,q—l)(Q'(p> = KHfHL(Zp'q)(Q.qD)’ qa> 0, (2.2)

where K depends on Q.

2.2. Let U be a bounded open set in C", O the structure sheaf of C". A section
f=(f,....fp) €T(U,07), where p is an integer, is pr-bounded if

12w, = HleLZ(U,qo) RER ||fP||L2(U,(p) < 09, (2.3)

where @ is a plurisubharmonic function in U. We then denote all sections of 07 over
U that are L2,-bounded by Iy, (U,07).

For the definition of pr-bounded sections of coherent analytic sheaves, we require
the coherent analytic sheaf & to be defined on a simply connected polycylinder neigh-
borhood V of the closure of U. Then there is an 0-homomorphism in another simply
connected polycylinder neighborhood V! of the closure of U

o Lg o, (2.4)

where p > 0 is some integer, and f € I'(U,%) is L?p-bounded if felypU,%) =
A(Iy (U,07)). It can be shown, as is done in [2], that I, (U,%) is independent of A
and p, so that I, (U, %) is well defined.

Now, let Q be a relatively compact Stein subdomain of an n-dimensional complex
manifold X, and ¢ a plurisubharmonic function defined on Q. An open subset Y of Q
is said to be admissible for the coherent analytic sheaf ¥ defined in a neighborhood
of the closure of Q in X, if Y is Stein, there is a coordinate neighborhood V in X of
the closure Y of Y such that V is biholomorphic to a simply connected polycylinder
V1 in C". The section f € [(Y,%) is L3,-bounded if

fETR(Y,5) = {g €T(Y,9) 102 (9) € Loyt (N(Y), 0 () ], (2.5)

where n is the restriction of the biholomorphic map V — V! to Y and n« (%) is the
zeroth direct image of # on Y.
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2.3. Let Q, X, @, and ¥ be as above. Then it is clear that Q is a finite union Q =
U}"ZIQJ', where each Q; is admissible for &. If V' = {Q;}} jer, I = {1,...,m}, where each
Q; is as above, then ¥ is a finite admissible cover of Q for & and we define the L?p
(alternate) g-cochains of " with values in % as those cochains

c=(ca) €CIUV,F) = [] T(Qu,F), (2.6)
xeld+l
where Qy = QN -+ N Q4, & = (ig,...,14), which are alternate and satisfy cy €
Ip(Qu, %) for all @ € I19+1, Denote by C?p (9, %) the space of L?p-bounded cochains.
The coboundary operator

S5:CIV,F) — CTL(V, F) (2.7)

maps C (¥, F) into ngl(cy,@). If Z&L(V,F) = {c € C&L(V,F) : 6¢ = 0} and BS (V,F) =
8CE ' (V,%), then as usual BS (V,F) < Z& (V,%) and we define

HE(V\F) := Z&(V, F) |BE (v, F) (2.8)

and call it the L(Zp-bounded cohomology of V" with values in %. We then have the fol-
lowing theorem.

THEOREM 2.2. For any q = 1, the natural map
He(V,F) — HU(Q,F) (2.9)
is an isomorphism.

Theorem 2.2 is used to prove Theorem 2.1, but we do not prove Theorem 2.2 here
because its proof is easier than the proof of the theorem in [3].

3. Carleman estimates

3.1. LetQ, X, and @ be as above. If U = @ is open in Q, then Bé (U, @) is the Hilbert
space of holomorphic p-forms h on QN U such that HhHL(z 0, UN0,P) < 0.
" ,

If V is open in Q with V ¢ U, the restriction map y{ : B5(U,@) — B5(V,) is
defined. Then Bg, = {Bg (u, (p);@yg} is then the canonical pre-sheaf of Lé,-holomorphic
p-forms on Q. The associated sheaf 9735’9 is the sheaf of germs of pr—holomorphic
p-forms on Q.

We then have the following lemma.

LEMMA 3.1. The cohomology group H‘l(Q,%g) =0forallq=1andp = 0.

PROOF. Let %% be the sheaf of germs of holomorphic p-forms on X. Note that for
Y admissible in Q, I, (Y, #?) = %g(Y,Cp), since #? is a coherent analytic sheaf in a
neighborhood of the closure of Q in X. Now, if ¥ is any finite admissible cover of Q
for %P (Theorem 2.2), H} (V%) is isomorphic to H (Q,%4). But any finite cover of
Q has a refinement U = {Vj}jey such that Vq = {V;NQ} jc; is a finite admissible cover
of Q for %7. Therefore, H® (Q, %)) is isomorphic to H1(Q,%?) for g = 0 and p = 0.
By Cartan’s theorem (Theorem 1.2), we have H(Q,%") =0 forallg > 1 and p > 0.
Therefore, H1(Q,%%) =0 forg > 1 and p = 0. O
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3.2. By the following lemma (whose proof follows from Theorem 1.2), the proof of
Theorem 2.1 is concluded.

LEMMA 3.2. The cohomology group H? (Q,%f{,) is isomorphic to the quotient space

{g:g9€l?, (@), dg=0}/{dh:hel? , Q) dhel? Q)] G

Since H“(Q,%g,) =0 for g > 0 and p = 0, then we get the following lemma.

LEMMA 3.3. If f e pryq)(Q,cp) is 0-closed, q > 0, then there isa u € Lﬁm_l) (Q, @)
such that ou = f.

Now referring to [1, Theorem B, page 750], the proof of Theorem 2.1 is complete.
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