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We present existence results in the study of nonlinear problem of frictional contact be-
tween an elastic-viscoplastic body and a rigid obstacle. We model the frictional contact
both by a Tresca’s friction law and a regularized Coulomb’s law. We assume, in a first part,
that the contact is bilateral and that no separation takes place. In a second part, we con-
sider the Signorini unilateral contact conditions. Proofs are based on a time-discretization
method, Banach and Schauder fixed point theorems.
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1. Introduction, notation, and main results. This paper deals with the analysis of
nonlinear frictional contact problems between an elastic-viscoplastic body and a rigid
obstacle. We present both cases of a bilateral contact between the two bodies and a
unilateral contact (involving Signorini model) and we consider nonlinear friction law.
Before stating the scientific context and our results, we first introduce some notation
that will be used in the paper.

Let Q be a bounded and regular open set of R4 with boundary I'. We suppose that
I is divided in three disjoint parts I = I UI»> UI3, with I} being on nonzero measure.
We denote by Sy (d = 2 or 3) the space of symmetric tensors of order d on R4 and it
is endowed with its natural scalar product.

If v is the unit exterior normal on the boundary I', and if v is a vector in R4, we write
vy =v-v and vr = v — v,V the normal and tangential decomposition of the vector v.
In a same way, we write 0, = ov -v and or = ov — 0, v the normal and tangential
components of the vector ov for a tensor o.

We consider the following spaces (repeated convention indexes is used):

H=[12(Q)]",
9 = {(03;) | 03 = 0 € L2(Q)} = [L2(@)]F,
{(O'J) Oij = 0j =1 ] (L.1)
Hy = [H (Q)]%,

¥, = H(Div,Q) = {O’ e ¥ | (O'ij,j) EH}.

All these spaces are endowed with their natural norms and scalar products as fol-
lows:
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(u,v)g = Jguividx, (0, T)y = JQ 01jTijdx,
(U, ) gy = (W, V) + (), (V) 5, (1.2)

((0,T))y, = (0, T)5+ (Dive, DivT) .

When no confusion can be made, we omit the index in the writing of these scalar
products.

The notation (, )x’ x always denotes the duality bracket between a space X and its
dual X'.

We recall the Green formula (valid in regular cases)

(O',E(U))%-i‘(DiVO','U)H: (UV,U>H71/2(r)d’Hl/2(r)d Yv EHl, (13)

which allows to define ov € H 1/2(I')4 for o € ¥, in order that the Green formula
still holds.

We consider a Coulomb friction law and in fact a regularization of it in order that
the boundary terms in the formulation of our problem make sense. In the sequel R
will represent a normal regularization operator that is a linear and continuous oper-
ator R: H"V2(I') — L2(T'). We will need it to regularize the trace of the stress tensor
on I'. Notice that we do not make any hypothesis on compactness property of the
operator R.

The setting of our problem is as follows: an elastic-viscoplastic body occupies the
domain Q and is acted upon by given forces and tractions. The body is clamped on
I X (0,T) and surface tractions @; act on I> x (0, T). The solid is in frictional contact
with a rigid obstacle on I'; X (0, T) and this is where our main interest lies. Moreover,
a volume force of density ¢, acts on the body in Q x (0, T).

We assume a quasistatic process and we consider successively bilateral and uni-
lateral contact. The unilateral case is modelled by Signorini’s contact condition. With
these assumptions, the mechanical problem of frictional contact of the viscoplastic
body may be formulated as follows (see [5, 6, 7]).

BILATERAL CONTACT. Find a displacement field u : Q x [0,T] — R? and a stress
field o0 : Q x[0,T] — S4 such that

o=%s(u)+G(o,e(u)) inQx(0,T),
Divo+@; =0 inQx(0,T),

u=0 onl;x(0,T),

ov=@ onl,x(0,T),

uy =0, |or|=<u|R(oy)|] onIz3x(0,T), (1.4)

) |or| <u|R(ov)| = 1t =0,
with
|or| =u|R(0v)| = 3A =0 such that or = —Atir,

u(0) =u’, o0 =0 inQ.
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UNILATERAL CONTACT. Find a displacement field u : Q x [0,T] — R4 and a stress
field o0 : Q x[0,T] — S4 such that
o=%s(u)+G(o,e(u)) inQx(0,T),
Divo+@; =0 inQx(0,T),
u=0 onl;x(0,T),
ov=@ onl,x(0,T),
u, <0, o0,<0, u,00=0 onl3x(0,T), (1.5)
o] <p|R(ov)| onT3x(0,T),
. |oc| <u|R(oy)| = tir =0,
with
|or| =u|R(0v)| = 3A =0 such that o = —Atir,
u(0)=u’, o) =0’ inQ.
We now state hypotheses on the data involved in the constitutive law and forces.

Hypotheses on the tensor é: ¢:QxS; — S; is a symmetric definite positive tensor

which means
€ijn € L7(Q), Vi jkl=1,...,d,

éo-T=0-%1, VO, TES,; ae.inQ, (1.6)
Jx>0 suchthat€o -0 > «x|lo|?, Vo eS,.

Hypotheses on the nonlinearity G:
GZQXSdXSd—'Sd (1.7)

provided that

3L > 0 such that

|G(x,01,61)—G(x,00,&)| <L(|o1—02| + |e1 —&2]),
Yoy,00,61,86 €84, a.e.in Q, (1.8)

x — G(x,0,¢) is Lebesgue measurable on Q, Vo,e € S,,

x — G(x,0,0) € K.

Hypotheses on forces
@1 €H'(0,T;H),  @2eH'(0,T;L2(I2)"). (1.9)

These hypotheses make sense to the definition of an element f € H'(0,T;V’) with
(yov is the trace over I of the vector v)

<f(t),v>v’,v = JQ (pl(t)v + ((Pz(t), yov)LZ(rz)d- (110)

In order to prove existence results concerning these problems, we first give equivalent
variational formulations and to this aim, we need to introduce the following spaces:

V={veH |v=0onl}, (1.11)
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and Vp, K are subspace and convex set of admissible displacements, respectively (both
nonempty and closed in V):

Vo=Vn{veH |v,=0o0nI3},

(1.12)
K=Vn{veH |v,<0onIs}.

We recall that Korn’s inequality leads to the following statement on V (see [5]):
e(u) ]y = Cllully, Yuev (1.13)
which, with (1.6), implies that v — /a(v,v) with
a(v,v) = L)%s(v)(x) ~e(v)(x)dx (1.14)

defines an equivalent norm on V.
If a function g = g(t,a) is in L?(0, T;L?(I3)), we introduce the functional

jlgt),v) :uL lg(t,a)||v-(a)|da, (1.15)
3

where da is the surface measure on I3.
We can now state the variational formulations of problems (1.4) and (1.5).

BILATERAL CONTACT. Find u:[0,T] - Vyand o :[0,T] — %; with

gt)=%¢s(u(t))+G(o(t),e(u(t))), ae.te(0,T),
(o(t),e(v) —e(u(t)))y+Ji(R(ov)(t),v)—j(R(0v)(t),1(t))
= (f(),v-u(t))yy, VveVyaete(,T),

u(0) = u?, o(0) =0V,

(1.16)

It is known that we cannot expect existence of a solution without a compatibility
condition between 1%, g%, and £(0). In the bilateral contact case, we will suppose that

MOEV(), 0'06%1,

. (1.17)
(0°,e())y+7(R(07),v) = (f(0),v)yy, VVEV
UNILATERAL CONTACT. Following Cocu et al. [4] for the formulation of the unilat-
eral contact condition, we introduce the space H(I3) as the set of restrictions to I3
of the H'/2(I') functions which are null on I;. For every o € %#;, let {-,-) denote the
duality pairing between H (I3) and its dual with

(oy,vy) = L oyv(a)vy(a)da, Vv eV (1.18)
3
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in regular situations (and which involves the Green formula in nonregular ones). The
formulation is then as follows: find u :[0,T] — K and o :[0,T] — %; with

o(t) =€s(u(t)) +G(o(t),e(u(t))), ae.te(0,T),
(o(t),e(v) —e(w(t)))y +J(R(ov) (),v) = j(R(0y)(1),1(t))

= (f(t),v=1(t))y y+{ov(t),vy—uy(t)), VveV,aete(0,T), (1.19)
(o (1), vy —uy(t)) =0, Vvek,

u(0) = u?, o(0) =0,
The compatibility condition between the data is now

u’ ek, o0 e 9,
(O'O,E(U))%'FJ(R(O"(,)),U) = <f(0)!v>\/’,v+ <0-8,vv>: V'U € V! (120)

(0%v,-ul%) =0, Vvek.

We prove the following theorem.

THEOREM 1.1 (bilateral case). Suppose that (1.6), (1.8), (1.9), and (1.17) hold. Then,
there exists ug > 0, such that for 0 < u < o, there exists at least one solution, (u,o)
with u € H'(0,T;Vy) and o € H'(0,T;%,), to problem (1.16). Furthermore, if the
given forces @1 and @, are in W-*(0,T;H) and WH> (0, T;L%(I»>)4), then (u,0) €
W (0, T; Vo) x Wh= (0, T;%,).

THEOREM 1.2 (unilateral case). Suppose that (1.6), (1.8), (1.9), and (1.20) hold. Then,
there exists L > 0, such that for 0 < u < ug, there exists at least one solution, (u, o) with
uecH (0,T;V)NnC([0,T];K) and o € H'(0,T;%,), to problem (1.19). Furthermore, if
the given forces @1 and @, are in W (0, T;H) and WL (0, T;L2(I»)%), then (u,0) €
WL=(0,T;V)x WL (0, T;%,).

Theorem 1.2 was obtained by Cocu et al. in [4] when the constitutive law is an elastic
one (o = és(u)) and for a compact operator R. We recall that here, no such hypothesis
is made; the main meaning of this is that our friction law could be a local one on any
part of the contact zone where the term o, has a sense almost everywhere.

Considering now viscoelastic constitutive law, o = €(&(1t)) + G(e(u)) with Lipschitz
functions € (still coercive) and G, existence results for bilateral contact was proved by
Shillor and Sofonea in [8] and announced (with a sketch of the proof) by the authors
in [1] in case of unilateral contact.

Concerning uniqueness, we can read a paper of Ballard [3] where existence results
are given for the cinematic of a material point and where a counter example to unique-
ness is given. However no counter example have been exhibit in the PDE’s framework.

Finally, we mention [2] by Amassad and Sofonea where existence and uniqueness
results are proved for viscoplastic constitutive law when the friction is modelled with
a Tresca law involving a constant friction coefficient.
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We end this section detailing our plan: we present different proofs for bilateral
and Signorini contact formulations. In case of bilateral contact, we use a fixed point
method: we first study the case of friction Tresca’s law with a friction coefficient g
(instead of R(0y)) depending on the time variable. The fixed point will then involve
the map g — R(0y). In case of unilateral contact of Signorini, the fixed point method
which was used before is no more valid. Indeed, the main point is that we can no more
define a map g — R(0,). This relation could just allow to define a multivalued map
for which we did not find a fixed point theorem that may be applied, and the reason
is a lack of convexity. This is the theoretical main difference between the two contact
conditions. In Section 2, we present the study of bilateral contact with Tresca friction
law. In Section 3, we prove Theorem 1.1 in bilateral case whereas the unilateral case
given in Theorem 1.2 is proved in Section 4.

2. Bilateral contact and Tresca’s law. In this section, we are interested in Tresca’s
friction law when the friction yield limit may depend on the time variable. Our moti-
vation for this is a fixed point method which will be used in Section 3.

The friction process is modelled with a function g = g(x,t) defined on I3 x (0,T)
with

g€ H (0,T;L%(13)). (2.1)

We will also study the case where g € W1 (0, T;L2(I3)).
Initial data are supposed to verify the following compatibility condition:

ul e Vo, o%e 91,
. (2.2)
(0%,&())y+7(9(0),v) = (f(0),V)yry, Vv EV,.
The model can then be written as
o=%c(n)+G(o,e(u)) inQx(0,T),
Divo+@; =0 inQx(0,T),
u=0 onl;x(0,T),
ov=@, onlx(0,T),
(2.3)

uy =0, |ox|=<ulg®)] onl3x(0,T),

_ o] <ulgt)] =, =0,
with
lor| =ulgt)| = IA =0 such that o = — A,

uw0)=u’, o00)=0° inQ,
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and its variational formulation is given by

o(t) =<¢e(u(t))+G(o(t),e(u(t))), ae.te(0,T),
(o (1), e(v) —€((t)))s+7(g(),v) —j(g(t),u(t))

(2.4)
= (f(t),v-u(t))y vy, VYveVy,aete(0,T),

u(0) = u°, o(0) =0V,

We prove the following proposition.

PROPOSITION 2.1. Suppose that (1.6), (1.8), (1.9), (2.1), and (2.2) hold. Then there
exists a unique solution (u, o) to problem (2.4) and

ueHY(0,T;Vy), o eHY0,T;%). (2.5)

Moreover, if g € WH=(0,T;L?(I3)), the solution is in W1 (0, T;Vy) x WH= (0, T;%;).

Notice that Proposition 2.1 gives existence and uniqueness of the solution.

The proof of Proposition 2.1 is based on a time discretization method when the
plasticity map G is supposed to be null (Section 2.1) followed by a Banach fixed point
(see Section 2.2). This kind of proof is rather classical and has been used in [2] where
it was supposed that the friction coefficient g = g(x) was constant with respect to
the time variable.

2.1. Existence and uniqueness in the elastic case. In this section, we suppose that
the function G is null and that 0° = ¢s(u°) which leads to the elastic constitutive law
o(t) =¢s(u(t)).

We suppose that (1.6), (1.8), (1.9), (2.1), and (2.2) hold and we are interested in the
formulation

o(t)=%¢s(u(t)), ae.te(0,T),
(o), e(v)—e(u(t)))y+i(g(®),v)—j(gt),u(t))
2.6
= (f(t),v-u(t))y y, VveVy,aete(0,T), 26)

u(0) = u®.

For simplicity, we denote by | - || (resp., | - |3) the H' (0, T;V’)-norm (resp., the L2(0, T;
L2(I3))-norm).
We prove the following proposition.

PROPOSITION 2.2. Under hypotheses (1.6), (1.8), (1.9), (2.1), and (2.2), there exists
a unique solution to problem (2.6) having the regularity u € H'(0,T;V,). Moreover,
there exists a constant ¢ > 0, such that for every u°, f, and g satisfying, respectively
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(2.2), (1.9), and (2.1), we have

o,y < €[1gls + £+ [0y ] 2.7)

Ifg e Wh*(0,T;L2(I3)) and f € WL (0,T;V"), then u € W1=(0,T;V,) and

0
(Ul 0,73v) < C[|g|W1v°°(O,T;L2(F3)) +1f i o,mvry + |u |v] (2.8)

In the case where the friction coefficient g is a positive nondecreasing function with
respect to the time variable, we prove the following proposition.

PROPOSITION 2.3. Suppose that for almost every x € I3, t — g(t,x) is a positive
nondecreasing function on 10, T[, then there exists ¢ > 0, such that for every u®, f
satisfying (1.9) and (2.2), we have

o, < c[ILFI+ (10 . (2.9)

Proposition 2.3 adds a uniform bound with respect to the friction coefficient.

PROOF OF PROPOSITION 2.2. We detail the proof when g € Wk~ (0,T;L%(I3)) and
Fewb=(0,T;V’) (following it, we will then easily see that the same proof is valid for
other cases). We use a time discretization method with respect to the time variable
and we construct a sequence of time-continuous functions denoted by (uy)y in the
following way: the integer N being given, we write h = At = T/N, and t,, = nh for
0 < n < N. Let X be a Banach space and f be a function in H'(0,T;X). We write
fn = f(ty) and we introduce the following functions

fN(t) = fns1 oD ]tn;tn+1];

fN(t):fn'I'(t_tn)(%) on [tn,tn+1].

(2.10)

We recall that (fy)y strongly converges to f in H'(0,T;X) and (fN)N strongly con-
verges to f in L%(0,T;X). These properties will be useful for the forces f and the
friction coefficient g (with respectively X = V' and X = L?(I3)).

We consider the time-continuous function uy on (0,T) and affine on each interval
1tyn, ty+1[ defined by

Un+1l —Un

7 ) on [ty,tns1], (2.11)

uN(t>=un+(t—tn)(

where the sequence of values at points nh, (1,)o<n<n is characterized by the following
iterative process: ug = u° and u,,1 € Vy is solution of the optimization problem

Jn(Uns1) = gg})h(w), (2.12)
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where (recall that g, = g(t,) and f,, = f(tn))
1
Jn(w) = Ea(w,u/)ﬂxjr |gni | |we —une|da—(frin, W)y . (2.13)
3

We write
Jni1(v) = uL |gn+1||ve|da. (2.14)
3
We can easily prove existence and uniqueness of the minimizer u,.; € Vi of the

functional J,. Furthermore, due to the convexity of J,, u,.1 satisfies the following
inequality:

A(Uns1, W —Uns1) + Jne1 (W —Un) = jne1 (Uns1 —Un)

(2.15)
> (frs1, W =Uni1)yry, Yw e V.

We now prove that (uy)y is bounded in W1 (0,T;V). Taking w = 0 in (2.15), we
obtainfor 0 <n <N -1,

a(un+1;un+1) = (fn+lyun+l>vr,v +Jn+1 (un) —Jn+1 (un+1 _un)

. (2.16)

= <fn+1;un+l>vr,v + Jn+1 (un+1);

hence the sequence (uy)y is bounded in C([0,T];Vy) and
mnax [lun (0], < c[Iflcaorivy + gl cqornzay |- (2.17)

Now, taking w = u, in inequality (2.15) satisfied by 1, ; and w = 1, in inequality
(2.15) satisfied by u,, we obtain (using the compatibility condition (2.2) for the first
step)

A(Uns1 —Un, Uns1 —Un) < {(frne1 =, Unst —un>v',v + Jn(Uns1 —Un-1)

. . (2.18)
—Jn-1 (un _un—l) —Jn-1 (un+1 _un)
and hence (using the definition of j)
a(Uns1 —Un, Uns1 _un) = (fn+1 — froUnst —un>v',v
(2.19)

+HL (1gnl=1gne1]) [U@miyr —tnr | da.
3

We deduce that the sequence (1ty)y is bounded in L*(0,T;V) and that there exists
¢ > 0 such that for all u > 0, we get

Up+1 — Un
v (2.20)
=c [IJHQ||L°°(0,T;L2(F3>) + Hf||L°°(0,T;V’)]'

HuNHLW(O,T;V) =

max
0<n<N-1
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Then, there exists u € W= (0, T;V,) such that (after extraction of a subsequence)

uy —u in wh*(0,T;V) weak-*. (2.21)

Remark that this convergence implies that

Vte[0,T], un(t) — u(t) weaklyin V. (2.22)

Furthermore, since |uy(t) — iy (t)|v < h|un(t)|y, for every t € [0,T], the sequence
(ftn (t))n converges weakly in V' to u.

In order to prove that the vector-valued function u is solution of (2.6), we write
inequality (2.15) in another way; using the scaling w = hv + u, and since u, € Vj
and j, (hv) = hj,(v) (for every n), we can easily see that we can write (2.15) in the
following equivalent way:

“(”"“"’ - %) +jne1 (V) = i1 (W)
(o=t e, (2.23)
or
a(ty (1), v =1y (1) +j(gn (1), v) = j(gn (1), in ()
(2.24)

> (fx(6),v =Ny, YU E V), VEE Jtn,tu].

In order to pass to the limit when N tends to infinity, we note that this is equivalent
to

T T
JO (a(ﬂw(t),v(t))+j(gN(t),v(t)))dtzJO (fn@®),v () ydt, YveL?(0,T;Vo),

(2.25)
and for every t € [0, T],

t t
Jo (a(itn(s),un(s)) +j(gn(s),n(s)))ds = Jo (SN (), N (8))yr y ds. (2.26)

Using the weak convergence (2.21) and (2.22) and the strong convergence in L2(0,T;
L2(I3)) of (gn) to g, the limit of assertion (2.25) can be easily obtained and we get

T T
JO (a(u(t),v(t))+j(g(t),v(t)))dt2L (FO0(0)y ydt, Y eL(0,T;V).
(2.27)
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In order to study the limit of (2.26), we denote by N; the integer with tn, <t < tn,+1
and we write on each subdivision ]t;,, tn11, Un(S) = un(s) + (ty11 —S)uUn(s). We then

compute the integrals in (2.26) and we obtain

o Ni—1

%a(uN(t),uN(t))_%a(uo’u0)+7 2. a

n=0

h ’ h
t

t ~
+[ v i) ds = [ ) ans)yyds

0

Using (2.22), we have for every t € [0,T],
linjlvinfa(uN(t),uN(t)) >a(u(t),u(t)),

and since (1iy)y is bounded in L® (0, T;V), we have on one hand

(un+1 —Un Upt1l—Un

Ni—1 N-1
u —Up u -u u —Up u -—Uu
()Shz Z a( n+1 n’ n+1 n) Sh2 Z a( n+1 n’ n+1 n
n=0 h h n=0 h h

and on the other hand,

N-1 _ _ T
]’LZ za(un-ﬂ un,un-#l un) :hJ a(uN(t),uN(t))dt—O,
n=0 0

h h
thus
Nty Un U u
li 2 < n+1 — n’ n+1 — n>= )
it 2 e T )0

As (fN) strongly converge in L2(0,T;V’) to f, we get

r t
[, Uity ds — [ (F(5),05))y .

We now write

t t
[ ) an ) ds = [ Li@nes) ) —jla(s) ()] ds

t
+ [ ilats) () ds,
0

On one hand, we have (since (gy)n strongly converges to g in L?(0,T;L?(I3)))

t
tim [ [(n (5),n(9) = (g(5),ux (5)) 1 s =0,

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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and on the other hand (since j(g,-) is convex)

t t
liminfj jlg(s),un(s))ds ZJ jlg(s),u(s))ds. (2.36)
N 0 0

Passing to the inf-limit in (2.26), we obtain for every t in (0,T),

t t
%a(u(t),u(t))—%a(uo,uo)+J j(g(s),u(s))dssj (f($),1(8))yyds, (2.37)
0 0

and thus

t t t
JO a(u(s),u(s))ds+Joj(g(s),u(s))ds < JO (f($),1(s))yr yds. (2.38)

Combining this inequality with (2.27), with v = ©1 (o) as test function, we prove that
for almost every t,

t t t
L a(u(s),u(s))ds+Joj(g(s),ms))ds = JO (f($),1(8))y yds (2.39)

and hence for almost every t,
a(u(t), () +j(gt),u(t)) = (f(t), )y . (2.40)
Assertions (2.27) and (2.40) yield to

a(ut),v—u®)+j(gt),v)—jlgt),u(t))

= (f(),v—u())yy, YVEeEV, ae te(0,T), (2.41)

which proves that u is solution of (2.6).

This ends the existence part of the proof of Proposition 2.1 in the case of regular
data. If the data are H! with respect to the time variable, we can easily see that the
proof can be adapted. The uniqueness of the solution can be obtained making the
difference between two solutions and using Gronwall’s lemma. This ends the proof of
Proposition 2.2. O

REMARK 2.4. Taking the inf-limit in (2.20), we have proved that for almost every
t €]0,TI,

lhe@lly < C[H 190 | 2y + 17 ()] v']- (2.42)

PROOF OF PROPOSITION 2.3. We have to remark that in (2.19), the term
qu (Gn—Gn+1) | U1 —unlda (2.43)
3

is negative under the assumptions made in Proposition 2.3. This leads to a uniform
bound for the derivative with respect to the time variable. In order to obtain a similar
bound for the solution u, it is then sufficient to take v = 0 in (2.41). This ends the
proof of Proposition 2.3. |
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2.2. Existence and uniqueness in viscoplastic cases. In this section, we prove
Proposition 2.1 applying a Banach fixed point theorem. For n € L%(0,T;%), we con-
sider the following auxiliary problem:

t
o(t) =¢(e(u(t)) —e(u)) +UO+JO n(s)ds, ae.te(0,7T),

(o(t),e(v) —e(u(t)))y+j(gt),v) —j(g(t),u(t)) (2.44)
= (f(t),v=u(t))y y, VYveVyaete(0,T),
u(0) = u”.

Applying Proposition 2.2, we can easily see that there exists a unique solution u €
HY(0,T;V}) to (2.44). We introduce the map
A:L?(0,T;%) — L*(0,T;%)

2.45
n— G(o,e(u)), ( )

where (o,u) = (0p,uy,) is the solution of system (2.44).
We prove the following lemma.

LEMMA 2.5. The map A has a unique fixed point n* € L2(0, T;%).

PROOF. Letny,n, € L2(0,T;%) and t € [0, T]. For the sake of simplicity we denote
zi(t) = fot ni(s)ds, u; = uy,, oy = oy, for i = 1,2. Using (2.44) and choosing as test
function v = 1; in the inequality satisfied by u, we obtain

a(ur—uo, w1 —1up)

(2.46)
= *E(Zl —2zz,&(u1) —&(u2)) g+ (M —n2,&(u1) — €(u2)) g
We deduce
clur(t) —uz(t) |}
¢ (2.47)
< |zi(t) —z2(t) |%+JO [n1(5) =n2(8) |4 | ur(s) —ua2(s) | ds,
for all t € [0, T]. Hence,
2 t 2 t 2
clur(t)—u2(t) |y < JO [n1(s) —n2(s) \%dHL [ui(s) —ua(s) |y ds, (2.48)
and, by Gronwall-type inequality, we find
2 t 2
1 © =207 ¢ | Imis)=na() 5 ds. (2.49)

Using once more (2.44), we obtain

t
CRAGIFEr NN ETABIEED (2.50)
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Therefore, using (1.8), (2.49), and (2.50), we get

t
AL — A2 (D) |2 scjo Im1(s) = n2(s) | 2 ds, 2.51)

forall t € [0,T].
Iterating this inequality n times we obtain
chT"

7"71_’72&2(0_1;3{), (2.52)

2
[A™ 1 = A"n2 | 120,100 < al

which implies that for n large enough a power A™ of A is a contraction in L2(0, T; %)
which proves Lemma 2.5. |

3. Proof of Theorem 1.1: the bilateral contact problem. In this section, we prove
Theorem 1.1 beginning with the case where f € WH*(0,T;V’). We denote by |- |, the
L2(I3)-norm and we introduce the space

Lip = {g € C([0,T];L%(I3)) | 3k > 0, V(s,t) € [0,T], |g(t) —g(s)|, <klt—sl}, (3.1)

and for k > 0,
Lip? = C([0,T);L3(T 32
P 1“@6 (0.1 (3))‘{9(X,0):R(08)(x) onTs. (3.2)

The set Lip} is a closed convex subset of C ([0, T1;L?(I3)) and Lip} ¢ W (0, T;L?(I3)).
We endow the space Lip with the norm supy-;.7 g () |2.

Applying Proposition 2.1, for every g € Lip with g(0,x) = R(0'0)(x) on T3, there
exists a unique solution (u,0) € WH(0,T;V) x W1= (0, T;%) to problem (2.44) which
gives R(0,) € Lip. We then consider the map

T :Lip — Lip
(3.3)
g — R(ov).

It is clear that Theorem 1.1 will be proved (in regular case) if T has a fixed point. We
are now going to prove this with Schauder’s theorem.
We begin with the following lemma.

LEMMA 3.1. Let f € WL*(0,T;V’). There exists py > 0, such that for 0 < u < po,
there exists k > 0, with

T(LipY) c Lip{. (3.4)

PROOF. We first recall that (u,0) is solution of (2.44)if forO<t < T,

t
o(t) =0"—e(u®) +es(u(t)) + JO G(o(s),e(u(s)))ds, (3.5)
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and for every v € V,

a(u(t),v-ut))+j(gt),v)-jlgt),n())

t
= (f(),v—1(t))y - (00—%5(140) +L G(o(s),e(u(s)))ds,e(v) —s(t’t(t))) .
(3.6)

First, we estimate solutions o and u. Input v = 0 and then v = 21 € V; in (3.6), we
get

a(u(t),u(t))+jg),u(t))

t (3.7)
= (.00 - (008w + | Glots)e(uis))dse(iw)) .

£

Integrating in time on (0,t) for any 0 <t < T, we get
1 t
sa(u(n,um) +joj(g<s>,u<s))ds

t .
= OOy~ [ P Ul ds

B 0 1 0 340
(fO,u%)yy+5a(u,u’) (3.8)

- (UO—%e(uO) +J:G(U(s),s(u(s)))ds,e(u(t)))

+ (0% -¢e(u®),e(u)),,

%

+J0t (G(o(s),e(u(s))),e(u(s)))yds.

Using (1.8) and writing G(o,s(u)) = [G(o,e(u)) — G(0,0)] + G(0,0), there exists a
constant ¢ > 0 which does not depend on g and k such that

@y = c[\|u°||v+ 1003+ 1 e
(3.9)

t
+|G(0,0)|%+J (Hu(s)||v+|0(s)|%)ds]
0
From (3.5), we obtain with F(s) = [[u(s)llv + o (s)ls, (since Divo = @1)
t
’O—(t) |%1 < C|i||u0Hv + |O'0 | 1361 + \G(0,0) |%+ ”f”W]"”(O,T;V’) + JO F(S)ds]. (3.10)
Adding (3.9) and (3.10), we get
t
F(t) < c[||u0\|v+ I Fllwre v + | 004 + ] G(0,0) |%+LF(5)ds}, (3.11)

which, with Gronwall’s lemma, leads to
()l + [ (s) 4, = C[HMOHV +1Lf lwis o,rvn + 1005+ [G(0,0) |%]= (3.12)

where the constant ¢ > 0 does not depend on k and the function g.
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Now, we estimate ¢ and 1. Using the constitutive law and hypothesis (1.8), we have
on one hand (since Divo = ¢1)

[6(1) |, < c[lO)]]y +F(1) +[G(0,0) [+ | f (1)

v]

. . ; (3.13)
= C[||”(t)||v+||” Il + 11Lf lwie o, + [0 |5+ G (0,0) |g«:]

On the other hand, (2.42) applied in the framework of the variational formulation (3.6)
leads to

[ ()lly < eu g [, +c[1Go (@), e () [+ [ullly + [0 [+ | F )]y |. (B.14)
Using the same argument as previously, there then exists a constant ¢ > 0 such that

IR(6v(1) |5 < |0 (t) |5, < cpk+c[[[uClly + 1 Iy o, + [0 [+ G(0,0) |5 |-
(3.15)
There exists ¢,d > 0 which do not depend on k and p such that T (Lip}) C Lipguk+d. In
order to conclude, it is sufficient to prove that we can choose k such that cuk+d < k.
This is always possible if and only if

oSu<% (3.16)

which ends the proof of Lemma 3.1. a
We prove the following lemma.

LEMMA 3.2. (i) For every k > 0, there exists Cy > 0 such that for every (g1,92) €
(Lipp)?,

OsupT (H“/L] (t) _uz(t)| Vo 01 (t) - O'Z(t) ~%l> < Ck\/||u] —u2||C([O’T];L2(r3)d), (3.17)
<t<

where u; (i =1,2) is the displacement solution of (2.44) with g; as friction yield limit.
(ii) The application T maps Lip2 in a compact set of C([0,T];L2(I3)).

PROOF. We first notice that Lip} is bounded in C([0,T];L?(I3)) and

sup |g(t)|, < |R(c?)|, +kT. (3.18)

O<t<T

We write M = |[R(00)|» +kT.
(i) Using (3.5), (3.6), and (3.7), we can see that displacement u; for i =1 or i = 2
satisfies the inequality

a(ui(t),v)+j(gi(t),v)

t (3.19)
> (f(t),v)yy+ (UO—%s(uo) +JO G((ri(s),s(u(s)))ds,s(v)> i

Ed
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We take v = up —up in (3.19) for i = 1, v = u; — u, in the same inequality for i = 2,
and we add these two inequalities. We obtain
a(uz () —ui(t),us(t) —ui(t))

< j(gi(t),uz(t) —ui(t)) +j(g2(t),u2(t) —ui(t))

+ (J; [G(02(8),e(u2(5))) —G(01(s),e(ur(s)))]ds,e(ua(t)) 5(u1(t))> ,

¥
(3.20)
and, with (1.8), we deduce
lluz () —ur (B3 < c| 1M |uz () = w1 (£) ] 12y a
t
+JO (2 () =ur ([} + [02(8) = 1 (5) | %) dS]
B (3.21)
<c| uMlluz —uilleqo, 1102 ) d)

0

t
+J (Ihz () —ur ()ly + [02(8) = 01(8) | ) ds]_
On the other hand,

t
0o (t) —o (t) =€e(ur—ur)(t) +J0 (G(02(5),e(u2(5))) = G(01(5),e(u1(s)))) ds,

Div (o2 (t) — o1 (t)) =0,
(3.22)
thus

|0'2(t)—0'1(t)|g¢1

t (3.23)
< c[Huz(t) ful(t)||V+J0 (||u2(s) —ur(8)||y +]02(s) —01(s) |%)ds].

Adding (3.21) and (3.23) and using Gronwall’s lemma, we deduce (3.17) with Cy =
O(k)+1.

(ii) We proved in Lemma 3.1 (and in Proposition 2.1) that displacements and stresses
(u,o0) solution of (2.44) associated to friction bound g € Lip2 are bounded in
WL=(0,T;V) x WL (0, T;%;). This proves that the set of the traces on I3 of the dis-
placements is relatively compact in C([0,T];L2(I3)4). Then let (g,)» be a sequence
of functions in Lipg. Denoting by u, and o, the corresponding displacements and
stresses, we can extract a subsequence of (1), in order that their traces on I's; strongly
converge in C([0,T];L2(T3)4) and then realize a Cauchy sequence in that space. Using
Lemma 3.2(i), we deduce that the corresponding subsequence of (1), and (oy,), are
Cauchy sequences in C([0,T];V) and C([0,T];#,), respectively, and then strongly
converges in these spaces. Using the definition of the map T, this ends the proof of
Lemma 3.2. a

From now on, we choose k > 0 and u such that Lemma 3.1 is valid: we then have
T(Lip)) C Lip). Let Xy be the closure in C([0,T];L?(I3)) of T(LipQ). We still have
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T(Xx) C X and Lemma 3.2 proves that Xy is compact in C([0,T];L2(I3)). Applying
Schauder fixed point theorem, Theorem 1.1 will be proved if T is continuous on Xj.
We prove that T is continuous on Lipg. Let g, and g be in Lip2 such that

lim sup |gn(t)—g(t)],=0. (3.24)

n—+o 0<t<T

Using Lemma 3.2, the corresponding solution u,, and o, of (2.44) are bounded in
WL=(0,T;V) and Wh*(0,T;%, ), respectively, and are relatively compact in C([0,T;
V) and C([0,T];%), respectively. We can extract a subsequence still denoted by
(un,0y) which converges weakly -* in WL (0,T;V) x WL*(0,T;%,) and strongly in
C([0,TL;V)xC([0,T1;%:) to a point (u,0) € Wb (0, T, V) x WL=(0, T;%).

We still have to prove that (u, o) is solution of (2.44) associated to g. Using (1.8),
we can easily prove that

lim sup |G(on,e(ny))—G(o,e(u))]y =0 (3.25)

n—+oo O0<t<T

and thus
g=%c(n)+G(o,e(u)). (3.26)

In order to pass to the inf-limit in inequality (2.44), we write it for v € L2(0, T;V;) and
integrate in time on the interval (0, T). The only delicate point is the term

T
JO J(gn (), (1)) dL. (3.27)
We write
T T
[ tanm, i) dr = | 17(@n (0 (0) - (g0, 001t
0 0 (3.28)

T
+J J(gt),un(t))dt.
0

Using (3.24), the boundedness of (11,), in L?(0,T;V) and the convexity of j we get

T T
timint [ (g (0, in©) de = [ (g, u)dr. (329

We can see that (as in Section 2), this is sufficient to prove that (u,0) is a solution
of (2.44) and thus T(g) is a strong limit point of (T(gy))x. Since (2.44) possesses a
unique solution and that the sequence (T (gy,))» is relatively compact, we conclude
that the whole sequence converges and

lim T(gn) =T(g) inC([0,T];L*(I3)). (3.30)

The map T is continuous on the compact set Xx of C([0,T];L?(I3)), it then admits a
fixed point which solves Theorem 1.1 in regular cases.
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The case of data f € H'(0,T;V’) can easily be obtained by a density argument
(approximating f by a sequence (f,,), of functions in W1* (0, T;V")).

4. Proof of Theorem 1.2: Signorini’s contact model. In this section, we are con-
cerned with problem (1.5) and variational formulation (1.19). The steps of proofs used
in the previous section are no more valid and the reason is that, even if we could prove,
without a main change, existence of a solution to (2.3) where the bilateral contact con-
dition u, = 0 on I3 would be replaced by the Signorini’s model u, <0, o, <0, and
u,0oy, = 0 on I3, we could not prove uniqueness of a solution. Therefore, we could
only define a multivalued map T : g — {R(0y)}. As we could not prove the convexity
of each image set, we could not use Kakutani’s fixed point theorem.

Another fact which deserves to be point out concerns variational formulations for
unilateral contact problems. This can be found in [4] which we will follow: the proof of
Theorem 1.2 consists first in a time discretization method which allows to construct
a (convenient) sequence followed secondly by an asymptotic analysis. As we will see,
the study of this last step needs the use of two equivalent variational formulations of
the same problem.

We first describe the iterative method. Recall that T > 0 is fixed, N € N is an integer
and h = T/N. We construct a sequence (i, 0y )o<n<n Of elements u,, € V and o, € #;
with the following process: 1y = u° and oy = ¢ are the given initial data which appear
in (1.5).

CONSTRUCTION OF (u1,071). We introduce the continuous linear form on V de-
fined by

by (w) = (00 —€&(uo) + hG(00,&(uo)), €(w))y (4.1)
and we consider the variational formulation

o1 =€&(u1) + 09 —€e(uo) +hG (oo, €(uo)),
a(u,w-ui)+j(R(or),w—ug)—jR(o1y),u1 —ug) + by (w—1uy) o
2<flaw—ul>v’,v+<O'lv,wv—ulv>v VweV, -2

<O'1v:wv_u1v>v/,v,2 0, VweK.

We prove the following proposition.

PROPOSITION 4.1. There exists pig > 0 such that for every u® € K, o° € %, every
f1 V', and for 0 < u < ug, problem (4.2) has a unique solution (u,,01) € K X ¥;.

REMARK 4.2. The boundary py depends only on ¢, R and Q.

PROOF OF PROPOSITION 4.1. For g € L?(I3), we consider the auxiliary problem

a(u,w—u)+j(g,w—uo)-j(g,ur —uo) +b1(w—-u)
= (fi,w—ur)y y+ (0w, wy—u), Ywev, (4.3)

(o1v, wy—u1y) =20, VweK.
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Since for w € K, (o1y,w, —u1,) = 0, a solution of (4.3) is necessarily solution of

a(uy, w-uy)+j(g,w-uo)—j(g,ur—uo) + b1 (w—-u) s
Z(flyw_ul>vf’\/, Yw eK. ’

It is classical that (4.4) has a unique solution which is the minimizer over K of the
(strictly convex coercive and continuous) functional

1
Jw) = sa(w,w)+j(g,w—uo) + b1 (W) = {fi,w)yy. (4.5)
Writing o1 =€e(u1) + 09 —€e(ug) + hG (09, £(up)), inequality (4.4) can be written as
(o1, 6(w) —e(u1)) g +Jj(g,w —uo) —j(g,u1 —uo) = (fi,w-ui)y y, VweckK. (4.6)

Equivalence between (4.3) and (4.4) can be seen using the imbedding %(Q)4 c K and
the density of the set {u-|p;, u € K} in L2(T3)4 (see [4]).
We then consider the map

Ty : L%(I3) — L?(I3)

4.7)
g — R(O_IV)!

where o is defined above. We prove that for yu small enough, the map T; has a unique
fixed point. We use the Banach fixed point theorem. It is clearly sufficient to prove
that for u small enough,

llur —uilly <klg—g|., (4.8)

with 0 < k < 1 and where u,; (and u) are the solution of (4.3), with respect to g (and
g’), respectively.

Let w = u} € K in the inequality satisfied by u; and w = u; € K in the one satisfied
by u}, add them to obtain

a(uy —uj,u;—ul) < uL lg-g' | |lu1-—u} . |da. (4.9)
3

This last inequality proves that there exists g = 0 independent on u°, ¢°, and f; such
that for 0 < u < g, T1 is contractive. This ends the proof of Proposition 4.1. O

CONSTRUCTION OF (U +1,0,+1). We suppose that we have construct in a unique
way (uy,01) - - - (Uy,0y) in K X ¥ solutions of the following systems for 1 < k < n:

oy = ée(uy) + 09 —¢és(ug) + h(G(oo,e(up)) +- - - +G(o_1,6(ug_1))),
a(ug, w—ug) +j(R(ok), w—ur-1) = j(R(Oky), Uk —Ug-1) + b (w —ux)
(4.10)
> (fo,w—uk)yy + (Okv, Wy —Uky), YWEV,

(Oky, Wy —Upy) =0, Vw €K,
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where
br(w) = (09 —¢&(uo) + h(G(0o,&(uo)) ++ - -+ G(0k-1),&(Uk-1)),E(W))5. (4.11)

For g € L?(I3) and by, 1 (w) = by (w) + h(G(0n,c(uy)),(w))y, we then consider the
following problem at step »n + 1:
On+1 = %5(un+l) +0p _%E(u()) +h(G(O-O_5(uO)) toe +G(Unaf(un)))
a(unH:w _un+l) +j(g:w _un) _j(g,unﬂ —un) +bni (w —un+l)
2 (fus,w —un-v-l)v',v +{Oni1v, Wy —Unyi1y), YWEV,

(Onstv, Wy —Uns1v) 20, VYw eK.

(4.12)

For each g € L?(I3), we prove (as in the first step) that (4.12) has a unique solution
Un+1 € K minimizing over K the functional

J(w) = %a(w,w)+j(g,w—un) +hp1 (W) = (fusn, W)y (4.13)

We then define 0,11 = €e(uUyi1) + 09 —€e(Ug) + h(G(0p,e(Up)) + - - - + G(Op, e(Uy)))
and we consider the map

Tpi1:L%(13) — L*(T3)

(4.14)
g — R(oni1v).

Following the first step, we can prove that T, is contractive for u < py (independent
on n and po is the same as in the first step) and therefore possesses a unique fixed
point. We denote by (0y,+1,Uun+1) the corresponding solution, it solves (in a unique
way)
Oni1 =€e(Upi1) +00—€c(ug) +h(G(oo,e(ug)) +- - - +G(on,e(uy))), (4.15a)
a(Uni1,W—=uUni1)+j(ROns1v, W—Upn) = j(ROni1v, Uns1 —Un) +Dps1 (W—Up 1)

= <fn+l,w _un+l>v"v + <Un+1v,wv _un+lv>, YweV,
(4.15b)

(Oni1v, Wy —Uni1y) 20, Vw K. (4.15¢)

With this iterative process, we construct a sequence (Uy, 0n)o<n<n in KN*1 x 9‘6{‘”1 in
a unique way.

In what follows, for a given sequence (&, )o<n<n Of elements of a Banach X, we
denote by &y, EN, and £y the following functions defined on [0, T] by

Ev(t,x)=8&n+ %(&fwl *En)a
En(t,x) = Ens1, (4.16)
‘G:N(t,x) =&,

fort, <t <ty and 0 <n < N—1.The function (and only this one) Ey isin H' (0, T; X).
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This is done for (uy)yn, (On)n, and (fn)n and we recall that forces fy strongly
converge to f in H!(0,T;V’) whereas fy and fy only converge to f in L2(0,T;V").
We prove the following lemma.

LEMMA 4.3. The sequences (uy)y and (on)n are bounded, respectively in H' (0, T;V)
and H' (0, T; %) and any weak limit point (u, o) of these sequences is solution of prob-
lem (1.5).

PROOF. We first notice that, with w = 0 and then w = 2u,,; € K in (4.15c), we
obtainfor1 <n <N
(Tnv, uny) = 0. (4.17)

We now input w = u, € K in inequality (4.15) satisfied by 1 and w = u,,1 € K in
inequality (4.10) satisfied by u,, if n > 1 or in (1.20) if n = 0, we add them and we get
the following: if n > 1,
a(uru—l —Un,Un+1 — un)
= j(RO'nv, Un+1 — un—l) *J‘(Ro'nv,un - un—l) *J‘(Ro'nﬂv,un-v-l —Up)

+h(G(Unvf(7/Ln))af(un+l) - f(un))%"‘ <fn+1 = froUns1 —un>v',Vv

(4.18)
a(ui —uo, U1 —uo)
< j(Rooy,u1 —uo) — j(RO1y, U1 — Uo)
+{fi = fo,ur —uo)y y + (G (0% €(u)),e(ur) —£(uo)) -
Hence
Hun+l_un J RO—nv_Ro-rwl)v ‘u(nJrl)T_unT da
h
( e (1) M}L_’W) (4.19)
Fi4
+‘ Jn+e1—Jfn Un+1 — Un
h v’ h v
So, we have
HunJrl_un < cop On —On+1 +HG(0,0)||7€
h v n “ (4.20)
fn+1 fn

.

Since for t,, <t < t,,.1, we have N (t) = uy = un(ty) = un(0) + f(f"' nun(s)ds, we then
get

. +L{llonl e+ lleenl |y |-

[lin ()]l < comllon (©)]ls, +11G (0,0l + [l Ax (D)l
t (4.21)
+ 100 + [[lly +J0 [ [ ()ly + 1w ()]l ] ds

On the other hand, a simple computation gives

O'N(t)=($E(1;LN(t))+G(0’N(t),f(ﬂN(t))), 4.22)
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from which we deduce that

lon(®ly = o[l 0l + o+l
¢ (4.23)
6O+ [ [Ilintol +lov ol as).

Combining these two last inequalities, we obtain the existence of a constant ¢y > 0
such that for every 0 < u, we have with

¢ 1/2
Pt = | [ (lon I+ luxco ) as|

t
Fy() < o (uFNm il o +10°l, + 1l + GO, 00y + FN<s>ds).

(4.24)
Using Gronwall’s lemma and for u small enough, we deduce that for f € H'(0,T;V’),
the sequence (Fy)y is bounded in L?(0,T) and for f € Wl (0,T;V’), the sequence
(Fx)y is bounded in L* (0, T). Since u° and o© are fixed, we deduce the boundedness
of uy and oy, respectively in H'(0,T;V) and H'(0,T;%;) if f isin H'(0,T;V’) (and
respectively in W1=(0,T;V) and W1= (0, T;%;) if the force f isin W1 (0,T;V’)). The
proof of Lemma 4.3 needs the following lemma. O

LEMMA 4.4. Any weak limit point in H'(0,T;V) x H(0,T;%,) of the sequence
(un,on)N is a strong limit point in L2 ([0, T1;V) x L2([0, T1;%.).

PROOF. Denote by (u,0) a weak limit point of the sequence (uy,on)y in
HY(0,T;V)xH(0,T;%;). We first prove some estimates that will be useful. For sim-
plicity, we denote by zy € L2(0,T;%) the tensor

t
zn(t) = 00 —€e(u?) +J0 G(on(s),e(tin)(s))ds. (4.25)

Multiplying (4.15) by 1/h and rescaling with v = (w —u,)/h, we can see that uy and
oy are solutions of

O"N:C(gf(‘l/'LN)-FG(@'N,E(ﬂN)), (4.26a)

tl('l:LN(t),U —I;LN(t)) +j(R6'N(t),U) —j(Rd’N(t),uN(t)) + (ZN(t),S('U) —E(uN(t)))%

> (fn (0, v =1un())yry + (Onw, Uy —Uny), YU EV,

(4.26b)
(Ony (t),wy —1Tiny (1)) 20, Vw eK. (4.26¢)
Since for t,, <t < t,,+1, we have
_ T, .
llun (t) =N (D] < NH"/LN(t)HVa (4.27)

with (1ty)n bounded in L2(0,T;V), Lemma 4.4 will be proved if we prove that (u, o)
is a strong limit point of (fty,n)y in L2([0,T];V) x L2([0, T1;%;).
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If we input v = 0 and then v = 211y in (4.26), we obtain that for all v e V
a(in (), v) +j(Rony (0),v) + (2 (1), 6()) 5 = (Fn (), V) oy + (Grv (), 7). (4.28)

Let P > N be an integer. We first consider v = iip(t) — iix(t) in inequality (4.28) satis-
fied by 7ty. Since 7ip (t) € K, we have (Ony, lipy —Tiny) = 0 and we get
a(iin(t), ip(t) =iy (1)) + j(RONy (), Tip (£) —iin (1)) + (zn (1), &(TLp) (t) — € (Tn) (1)) 5
= (fi(0),1ip (8) =Ty (8)) -
(4.29)

We now consider inequality (4.28) satisfied by up in which we take v = iy (t) — iip(t)
and we obtain

a(ip(t),in(t) —ip(t)) +j(Rapy (), N (L) —ip(t)) + (zp(t),e(lin(t)) —e(ilp) (1))q

= (fp(t), i (8) —Tp (1)) .
(4.30)

Adding (4.29) and (4.30), we get

a(iy —ttp, iy —ip) < (fx = fo,lin —p)yry — (2n — zp, € (lin) —€(ip) )5

o 5 5 L 5 5 (4.31)
+Jj(RGpy, iy —Tip) + j(RONy, Ty — Tip)

which yields to

llin () = 1ip (D)l < c (1 (6) = Fo (0)lyr +]12n (8) = 2p (D)5 + [ 1w (8) = i2p ()] 257, a ) -

(4.32)
On another hand we have
t
2 () —zp(t) = JO (G(Gn(s),e(iin (5))) = G(0p(s), (it (5)))) ds, (4.33)
thus
t
llzn (8) = zp ()] SC(L [II(‘TN(S)—c'rp(s)llwllﬂN(S)—ap(S)IIV]dS)
(4.34)
1 t
< c(N +JO [||&N(s)&p(s);|%+||aN(s)ap(s)nv]ds).
Combining (4.32) and (4.34), we obtain
N N 1 - - ) )
||in () —ip (1) < c(ﬁ A () = Fo (©)] ]y +[[iin (6) = dip ()|}, a
(4.35)

t
+L [ ()= o () 5+ [ (5) —ap<s>||v]ds).
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Using (4.26), (4.35), and the definition of oy, we can easily prove

|G (£) = 39 (8)] |5,

t
< c(%] +J (116 (5) = G2 () [y + i () = 12p (5)]| | ds +] ity (1) —ap(t)uv).

0
(4.36)

Writing
Fnp(t) = ||on (8) = Gp (8)]|lg, + TN (8) —iLp (D]}, (4.37)

and mixing (4.35) and (4.36), we get

- - t
Fyp(t) < c(% [ A () = Fo O]y + a0 = 1ip (0|55 0 + L FN,p<s)ds). (4.38)

As the sequence (uy)y is bounded in H*([0,T],V), the sequence (unlr;)n is rela-
tively compact in L2([0,T1,L?(I3)4) (and in C([0,T1;L?(I3)%)). Moreover, as we have
consider weakly convergent sequences, there is just one possible strong limit point
of (unlry)n (Which is of course the trace of u). We deduce that the sequence (uy|r;)n
strongly converges in C([0,T1;L%(I3)%4) and L%([0,T],L2(I3)4) and therefore is a
Cauchy sequence in these spaces. Recalling the link between 7ty and uy, we conclude
that (7in|ry) N strongly converges in L2([0,T],L%(I3)%) (and satisfies Cauchy criterium).

We write Gy p(t) = f(f Fﬁ,‘P(s)ds. Let now p > 0. Using (4.38) and for N sufficiently
large, we conclude that

t
GN’p(t) Sp+CJ GN,p(S)dS (4.39)
0
which proves with Gronwall’s lemma that
Gnp(t) <peT, Vtel[0,T]. (4.40)

The sequence (iiy, On)n is then a Cauchy sequence in L2([0,T1;V) x L2([0, T]; %) and
this ends the proof of Lemma 4.4. |

THE END OF THE PROOF OF LEMMA 4.3. We prove that any (weak) limit point of
(un,oN)y is solution of (1.5) and for this we will use system (4.26). Let then (1,0 ) be
such a weak limit point in H' (0, T; V) x H* (0, T; %,).

Using Lemma 4.4, we easily have

Uun, N, iy — U strongly in L?(0, T; V),
. o, (4.41)
oN,ON,0n — o strongly in L=(0, T;%;).
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Using these convergences and the Lipschitz condition (1.8) on G, it is easy to prove
that
G(on,e(iin)) — G(o,e(u)) strongly in L?(0, T; %), (4.42)

hence (recalling (4.26a))
o=%s(n)+G(o,e(u)). (4.43)

Now we analyse the Signorini’s condition. Let 6 = 6(t) > 0 be any regular nonnegative
function. Multiplying the third inequality of (4.26) by 6, integrating over (0,T), and
use the strong convergence of &y to o in L2(0,T; %), we pass to the limit in (4.26¢)
and obtain

(ov,wy—uy) =0, VweK. (4.44)

It still remains to study the second inequality in (4.26). We multiply it again by any
nonnegative regular function 0 = 6(t), and integrate over (0, T). The only term which
is not straightforward is the term

j 0(1)j (R () (1), ity (1) dt—uj j (00wy) (1) | [tie (D) | dadt.  (4.45)
But we have

J J R(0Gny) (1) ] |uNT(t)\dadt>J J R(00y) ()| |un+(t) |dadt

_J J |9R(6-Nv(t)_0'v(t))||uNT(t)|dadt,
0 JI3

(4.46)
hence
T T
liminf | 0(6)(R(ow,) (D, i (D)t = | 0WI(R(@) 0w dr.  @47)

Assertions (4.43), (4.44), and (4.47) are sufficient in order to prove that the limit point
(u,0) solve problem (1.5).
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