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We present existence results in the study of nonlinear problem of frictional contact be-
tween an elastic-viscoplastic body and a rigid obstacle. We model the frictional contact
both by a Tresca’s friction law and a regularized Coulomb’s law. We assume, in a first part,
that the contact is bilateral and that no separation takes place. In a second part, we con-
sider the Signorini unilateral contact conditions. Proofs are based on a time-discretization
method, Banach and Schauder fixed point theorems.
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1. Introduction, notation, and main results. This paper deals with the analysis of

nonlinear frictional contact problems between an elastic-viscoplastic body and a rigid

obstacle. We present both cases of a bilateral contact between the two bodies and a

unilateral contact (involving Signorini model) and we consider nonlinear friction law.

Before stating the scientific context and our results, we first introduce some notation

that will be used in the paper.

Let Ω be a bounded and regular open set of Rd with boundary Γ . We suppose that

Γ is divided in three disjoint parts Γ = Γ1∪Γ2∪Γ3, with Γ1 being on nonzero measure.

We denote by Sd (d= 2 or 3) the space of symmetric tensors of order d on Rd and it

is endowed with its natural scalar product.

If ν is the unit exterior normal on the boundary Γ , and if v is a vector inRd, we write

vν = v ·ν and vτ = v−vνν the normal and tangential decomposition of the vector v .

In a same way, we write σν = σν ·ν and στ = σν −σνν the normal and tangential

components of the vector σν for a tensor σ .

We consider the following spaces (repeated convention indexes is used):

H = [L2(Ω)
]d,

�= {(σij) | σij = σji ∈ L2(Ω)
}= [L2(Ω)

]d2

s ,

H1 =
[
H1(Ω)

]d,
�1 =H(Div,Ω)= {σ ∈� | (σij,j)∈H}.

(1.1)

All these spaces are endowed with their natural norms and scalar products as fol-

lows:
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(u,v)H =
∫
Ω
uividx, (σ ,τ)� =

∫
Ω
σijτij dx,(

(u,v)
)
H1
= (u,v)H+

(
ε(u),ε(v)

)
�,(

(σ ,τ)
)

�1
= (σ ,τ)�+(Divσ,Divτ)H.

(1.2)

When no confusion can be made, we omit the index in the writing of these scalar

products.

The notation 〈 , 〉X′,X always denotes the duality bracket between a space X and its

dual X′.
We recall the Green formula (valid in regular cases)

(
σ,ε(v)

)
�+(Divσ,v)H = 〈σν,v〉H−1/2(Γ)d,H1/2(Γ)d ∀v ∈H1, (1.3)

which allows to define σν ∈ H−1/2(Γ)d for σ ∈ �1 in order that the Green formula

still holds.

We consider a Coulomb friction law and in fact a regularization of it in order that

the boundary terms in the formulation of our problem make sense. In the sequel R
will represent a normal regularization operator that is a linear and continuous oper-

ator R : H−1/2(Γ)→ L2(Γ). We will need it to regularize the trace of the stress tensor

on Γ . Notice that we do not make any hypothesis on compactness property of the

operator R.

The setting of our problem is as follows: an elastic-viscoplastic body occupies the

domain Ω and is acted upon by given forces and tractions. The body is clamped on

Γ1×(0,T ) and surface tractions ϕ2 act on Γ2×(0,T ). The solid is in frictional contact

with a rigid obstacle on Γ3×(0,T ) and this is where our main interest lies. Moreover,

a volume force of density ϕ1 acts on the body in Ω×(0,T ).
We assume a quasistatic process and we consider successively bilateral and uni-

lateral contact. The unilateral case is modelled by Signorini’s contact condition. With

these assumptions, the mechanical problem of frictional contact of the viscoplastic

body may be formulated as follows (see [5, 6, 7]).

Bilateral contact. Find a displacement field u : Ω× [0,T ] → Rd and a stress

field σ :Ω×[0,T ]→ Sd such that

σ̇ = �ε(u̇)+G(σ,ε(u)) in Ω×(0,T ),
Divσ +ϕ1 = 0 in Ω×(0,T ),
u= 0 on Γ1×(0,T ),
σν =ϕ2 on Γ2×(0,T ),
uν = 0,

∣∣στ∣∣≤ µ∣∣R(σν)∣∣ on Γ3×(0,T ),

with



∣∣στ∣∣< µ∣∣R(σν)∣∣ �⇒ u̇τ = 0,∣∣στ∣∣= µ∣∣R(σν)∣∣ �⇒∃λ≥ 0 such that στ =−λu̇τ,

u(0)=u0, σ(0)= σ 0 in Ω.

(1.4)
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Unilateral contact. Find a displacement field u :Ω×[0,T ]→ Rd and a stress

field σ :Ω×[0,T ]→ Sd such that

σ̇ = �ε(u̇)+G(σ,ε(u)) in Ω×(0,T ),
Divσ +ϕ1 = 0 in Ω×(0,T ),
u= 0 on Γ1×(0,T ),
σν =ϕ2 on Γ2×(0,T ),
uν ≤ 0, σν ≤ 0, uνσν = 0 on Γ3×(0,T ),∣∣στ∣∣≤ µ∣∣R(σν)∣∣ on Γ3×(0,T ),

with



∣∣στ∣∣< µ∣∣R(σν)∣∣ �⇒ u̇τ = 0,∣∣στ∣∣= µ∣∣R(σν)∣∣ �⇒∃λ≥ 0 such that στ =−λu̇τ,

u(0)=u0, σ(0)= σ 0 in Ω.

(1.5)

We now state hypotheses on the data involved in the constitutive law and forces.

Hypotheses on the tensor �: � :Ω×Sd → Sd is a symmetric definite positive tensor

which means
�ijkl ∈ L∞(Ω), ∀i,j,k,l= 1, . . . ,d,

�σ ·τ = σ ·�τ, ∀σ,τ ∈ Sd, a.e. in Ω,

∃α> 0 such that �σ ·σ ≥α|σ |2, ∀σ ∈ Sd.
(1.6)

Hypotheses on the nonlinearity G:

G :Ω×Sd×Sd �→ Sd (1.7)

provided that

∃L > 0 such that∣∣G(x,σ1,ε1
)−G(x,σ2,ε2

)∣∣≤ L(∣∣σ1−σ2

∣∣+∣∣ε1−ε2

∣∣),
∀σ1,σ2,ε1,ε2 ∈ Sd, a.e. in Ω,

x 
 �→G(x,σ ,ε) is Lebesgue measurable on Ω, ∀σ,ε ∈ Sd,
x 
 �→G(x,0,0)∈�.

(1.8)

Hypotheses on forces

ϕ1 ∈H1(0,T ;H), ϕ2 ∈H1
(
0,T ;L2(Γ2)d). (1.9)

These hypotheses make sense to the definition of an element f ∈ H1(0,T ;V ′) with

(γ0v is the trace over Γ of the vector v)

〈
f(t),v

〉
V ′,V =

∫
Ω
ϕ1(t)v+

(
ϕ2(t),γ0v

)
L2(Γ2)d . (1.10)

In order to prove existence results concerning these problems, we first give equivalent

variational formulations and to this aim, we need to introduce the following spaces:

V = {v ∈H1 | v = 0 on Γ1
}
, (1.11)
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and V0,K are subspace and convex set of admissible displacements, respectively (both

nonempty and closed in V ):

V0 = V ∩
{
v ∈H1 | vν = 0 on Γ3

}
,

K = V ∩{v ∈H1 | vν ≤ 0 on Γ3
}
.

(1.12)

We recall that Korn’s inequality leads to the following statement on V (see [5]):

∣∣ε(u)∣∣� ≥ C‖u‖V , ∀u∈ V (1.13)

which, with (1.6), implies that v → √
a(v,v) with

a(v,v)=
∫
Ω

�ε(v)(x)·ε(v)(x)dx (1.14)

defines an equivalent norm on V .

If a function g = g(t,a) is in L2(0,T ;L2(Γ3)), we introduce the functional

j
(
g(t),v

)= µ
∫
Γ3

∣∣g(t,a)∣∣∣∣vτ(a)∣∣da, (1.15)

where da is the surface measure on Γ3.

We can now state the variational formulations of problems (1.4) and (1.5).

Bilateral contact. Find u : [0,T ]→ V0 and σ : [0,T ]→�1 with

σ̇ (t)= �ε
(
u̇(t)

)+G(σ(t),ε(u(t))), a.e. t ∈ (0,T ),(
σ(t),ε(v)−ε(u̇(t)))�+j

(
R
(
σν
)
(t),v

)−j(R(σν)(t),u̇(t))
≥ 〈f(t),v−u̇(t)〉V ′,V , ∀v ∈ V0, a.e. t ∈ (0,T ),

u(0)=u0, σ(0)= σ 0.

(1.16)

It is known that we cannot expect existence of a solution without a compatibility

condition between u0, σ 0, and f(0). In the bilateral contact case, we will suppose that

u0 ∈ V0, σ 0 ∈�1,(
σ 0,ε(v)

)
�+j

(
R
(
σ 0
ν
)
,v
)≥ 〈f(0),v〉V ′,V , ∀v ∈ V0.

(1.17)

Unilateral contact. Following Cocu et al. [4] for the formulation of the unilat-

eral contact condition, we introduce the space H(Γ3) as the set of restrictions to Γ3
of the H1/2(Γ) functions which are null on Γ1. For every σ ∈ �1, let 〈·,·〉 denote the

duality pairing between H(Γ3) and its dual with

〈
σν,vν

〉=
∫
Γ3
σν(a)vν(a)da, ∀v ∈ V (1.18)
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in regular situations (and which involves the Green formula in nonregular ones). The

formulation is then as follows: find u : [0,T ]→K and σ : [0,T ]→�1 with

σ̇ (t)= �ε
(
u̇(t)

)+G(σ(t),ε(u(t))), a.e. t ∈ (0,T ),(
σ(t),ε(v)−ε(u̇(t)))�+j

(
R
(
σν
)
(t),v

)−j(R(σν)(t),u̇(t))
≥ 〈f(t),v−u̇(t)〉V ′,V +〈σν(t),vν−u̇ν(t)〉, ∀v ∈ V, a.e. t ∈ (0,T ),〈

σν(t),vν−uν(t)
〉≥ 0, ∀v ∈K,

u(0)=u0, σ(0)= σ 0.

(1.19)

The compatibility condition between the data is now

u0 ∈K, σ 0 ∈�1,(
σ 0,ε(v)

)
�+j

(
R
(
σ 0
ν
)
,v
)≥ 〈f(0),v〉V ′,V +〈σ 0

ν ,vν
〉
, ∀v ∈ V,〈

σ 0
ν ,vν−u0

ν
〉≥ 0, ∀v ∈K.

(1.20)

We prove the following theorem.

Theorem 1.1 (bilateral case). Suppose that (1.6), (1.8), (1.9), and (1.17) hold. Then,

there exists µ0 > 0, such that for 0 < µ ≤ µ0, there exists at least one solution, (u,σ)
with u ∈ H1(0,T ;V0) and σ ∈ H1(0,T ;�1), to problem (1.16). Furthermore, if the

given forces ϕ1 and ϕ2 are in W 1,∞(0,T ;H) and W 1,∞(0,T ;L2(Γ2)d), then (u,σ) ∈
W 1,∞(0,T ;V0)×W 1,∞(0,T ;�1).

Theorem 1.2 (unilateral case). Suppose that (1.6), (1.8), (1.9), and (1.20) hold. Then,

there exists µ0 > 0, such that for 0< µ ≤ µ0, there exists at least one solution, (u,σ)with

u∈H1(0,T ;V)∩C([0,T ];K) and σ ∈H1(0,T ;�1), to problem (1.19). Furthermore, if

the given forces ϕ1 and ϕ2 are in W 1,∞(0,T ;H) and W 1,∞(0,T ;L2(Γ2)d), then (u,σ)∈
W 1,∞(0,T ;V)×W 1,∞(0,T ;�1).

Theorem 1.2 was obtained by Cocu et al. in [4] when the constitutive law is an elastic

one (σ = �ε(u)) and for a compact operatorR. We recall that here, no such hypothesis

is made; the main meaning of this is that our friction law could be a local one on any

part of the contact zone where the term σν has a sense almost everywhere.

Considering now viscoelastic constitutive law,σ = �(ε(u̇))+G(ε(u))with Lipschitz

functions � (still coercive) and G, existence results for bilateral contact was proved by

Shillor and Sofonea in [8] and announced (with a sketch of the proof) by the authors

in [1] in case of unilateral contact.

Concerning uniqueness, we can read a paper of Ballard [3] where existence results

are given for the cinematic of a material point and where a counter example to unique-

ness is given. However no counter example have been exhibit in the PDE’s framework.

Finally, we mention [2] by Amassad and Sofonea where existence and uniqueness

results are proved for viscoplastic constitutive law when the friction is modelled with

a Tresca law involving a constant friction coefficient.
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We end this section detailing our plan: we present different proofs for bilateral

and Signorini contact formulations. In case of bilateral contact, we use a fixed point

method: we first study the case of friction Tresca’s law with a friction coefficient g
(instead of R(σν)) depending on the time variable. The fixed point will then involve

the map g→ R(σν). In case of unilateral contact of Signorini, the fixed point method

which was used before is no more valid. Indeed, the main point is that we can no more

define a map g → R(σν). This relation could just allow to define a multivalued map

for which we did not find a fixed point theorem that may be applied, and the reason

is a lack of convexity. This is the theoretical main difference between the two contact

conditions. In Section 2, we present the study of bilateral contact with Tresca friction

law. In Section 3, we prove Theorem 1.1 in bilateral case whereas the unilateral case

given in Theorem 1.2 is proved in Section 4.

2. Bilateral contact and Tresca’s law. In this section, we are interested in Tresca’s

friction law when the friction yield limit may depend on the time variable. Our moti-

vation for this is a fixed point method which will be used in Section 3.

The friction process is modelled with a function g = g(x,t) defined on Γ3× (0,T )
with

g ∈H1(0,T ;L2(Γ3)). (2.1)

We will also study the case where g ∈W 1,∞(0,T ;L2(Γ3)
)
.

Initial data are supposed to verify the following compatibility condition:

u0 ∈ V0, σ 0 ∈�1,(
σ 0,ε(v)

)
�+j

(
g(0),v

)≥ 〈f(0),v〉V ′,V , ∀v ∈ V0.
(2.2)

The model can then be written as

σ̇ = �ε(u̇)+G(σ,ε(u)) in Ω×(0,T ),
Divσ +ϕ1 = 0 in Ω×(0,T ),
u= 0 on Γ1×(0,T ),
σν =ϕ2 on Γ2×(0,T ),
uν = 0,

∣∣στ∣∣≤ µ∣∣g(t)∣∣ on Γ3×(0,T ),

with



∣∣στ∣∣< µ∣∣g(t)∣∣ �⇒ u̇τ = 0,∣∣στ∣∣= µ∣∣g(t)∣∣ �⇒∃λ≥ 0 such that στ =−λu̇τ,

u(0)=u0, σ(0)= σ 0 in Ω,

(2.3)
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and its variational formulation is given by

σ̇ (t)= �ε
(
u̇(t)

)+G(σ(t),ε(u(t))), a.e. t ∈ (0,T ),(
σ(t),ε(v)−ε(u̇(t)))�+j

(
g(t),v

)−j(g(t),u̇(t))
≥ 〈f(t),v−u̇(t)〉V ′,V , ∀v ∈ V0, a.e. t ∈ (0,T ),

u(0)=u0, σ(0)= σ 0.

(2.4)

We prove the following proposition.

Proposition 2.1. Suppose that (1.6), (1.8), (1.9), (2.1), and (2.2) hold. Then there

exists a unique solution (u,σ) to problem (2.4) and

u∈H1(0,T ;V0
)
, σ ∈H1(0,T ;�1

)
. (2.5)

Moreover, if g ∈W 1,∞(0,T ;L2(Γ3)), the solution is in W 1,∞(0,T ;V0)×W 1,∞(0,T ;�1).

Notice that Proposition 2.1 gives existence and uniqueness of the solution.

The proof of Proposition 2.1 is based on a time discretization method when the

plasticity map G is supposed to be null (Section 2.1) followed by a Banach fixed point

(see Section 2.2). This kind of proof is rather classical and has been used in [2] where

it was supposed that the friction coefficient g = g(x) was constant with respect to

the time variable.

2.1. Existence and uniqueness in the elastic case. In this section, we suppose that

the function G is null and that σ 0 = �ε(u0) which leads to the elastic constitutive law

σ(t)= �ε(u(t)).
We suppose that (1.6), (1.8), (1.9), (2.1), and (2.2) hold and we are interested in the

formulation

σ(t)= �ε
(
u(t)

)
, a.e. t ∈ (0,T ),(

σ(t),ε(v)−ε(u̇(t)))�+j
(
g(t),v

)−j(g(t),u̇(t))
≥ 〈f(t),v−u̇(t)〉V ′,V , ∀v ∈ V0, a.e. t ∈ (0,T ),

u(0)=u0.

(2.6)

For simplicity, we denote by ‖·‖(resp., |·|3) the H1(0,T ;V ′)-norm (resp., the L2(0,T ;

L2(Γ3))-norm).

We prove the following proposition.

Proposition 2.2. Under hypotheses (1.6), (1.8), (1.9), (2.1), and (2.2), there exists

a unique solution to problem (2.6) having the regularity u ∈ H1(0,T ;V0). Moreover,

there exists a constant c > 0, such that for every u0, f , and g satisfying, respectively
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(2.2), (1.9), and (2.1), we have

|u|H1(0,T ;V0) ≤ c
[
|g|3+‖f‖+

∣∣u0
∣∣
V

]
. (2.7)

If g ∈W 1,∞(0,T ;L2(Γ3)) and f ∈W 1,∞(0,T ;V ′), then u∈W 1,∞(0,T ;V0) and

|u|W1,∞(0,T ;V0) ≤ c
[
|g|W1,∞(0,T ;L2(Γ3))+|f |W1,∞(0,T ;V ′)+

∣∣u0
∣∣
V

]
. (2.8)

In the case where the friction coefficient g is a positive nondecreasing function with

respect to the time variable, we prove the following proposition.

Proposition 2.3. Suppose that for almost every x ∈ Γ3, t → g(t,x) is a positive

nondecreasing function on ]0,T [, then there exists c > 0, such that for every u0, f
satisfying (1.9) and (2.2), we have

|u|H1(0,T ;V0) ≤ c
[
‖f‖+∣∣u0

∣∣
V

]
. (2.9)

Proposition 2.3 adds a uniform bound with respect to the friction coefficient.

Proof of Proposition 2.2. We detail the proof when g ∈W 1,∞(0,T ;L2(Γ3)) and

f ∈W 1,∞(0,T ;V ′) (following it, we will then easily see that the same proof is valid for

other cases). We use a time discretization method with respect to the time variable

and we construct a sequence of time-continuous functions denoted by (uN)N in the

following way: the integer N being given, we write h = ∆t = T/N, and tn = nh for

0 ≤ n ≤ N. Let X be a Banach space and f be a function in H1(0,T ;X). We write

fn = f(tn) and we introduce the following functions

f̃N(t)= fn+1 on
]
tn,tn+1

]
,

fN(t)= fn+
(
t−tn

)(fn+1−fn
h

)
on

[
tn,tn+1

]
.

(2.10)

We recall that (fN)N strongly converges to f in H1(0,T ;X) and (f̃N)N strongly con-

verges to f in L2(0,T ;X). These properties will be useful for the forces f and the

friction coefficient g (with respectively X = V ′ and X = L2(Γ3)).
We consider the time-continuous function uN on (0,T ) and affine on each interval

]tn,tn+1[ defined by

uN(t)=un+
(
t−tn

)(un+1−un
h

)
on

[
tn,tn+1

]
, (2.11)

where the sequence of values at pointsnh, (un)0≤n≤N is characterized by the following

iterative process: u0 =u0 and un+1 ∈ V0 is solution of the optimization problem

Jn
(
un+1

)= min
w∈V0

Jn(w), (2.12)
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where (recall that gn = g(tn) and fn = f(tn))

Jn(w)= 1
2
a(w,w)+µ

∫
Γ3

∣∣gn+1

∣∣∣∣wτ−unτ
∣∣da−〈fn+1,w

〉
V ′,V . (2.13)

We write

jn+1(v)= µ
∫
Γ3

∣∣gn+1

∣∣∣∣vτ∣∣da. (2.14)

We can easily prove existence and uniqueness of the minimizer un+1 ∈ V0 of the

functional Jn. Furthermore, due to the convexity of Jn, un+1 satisfies the following

inequality:

a
(
un+1,w−un+1

)+jn+1
(
w−un

)−jn+1
(
un+1−un

)
≥ 〈fn+1,w−un+1

〉
V ′,V , ∀w ∈ V0.

(2.15)

We now prove that (uN)N is bounded in W 1,∞(0,T ;V). Taking w = 0 in (2.15), we

obtain for 0≤n≤N−1,

a
(
un+1,un+1

)≤ 〈fn+1,un+1
〉
V ′,V +jn+1

(
un
)−jn+1

(
un+1−un

)
≤ 〈fn+1,un+1

〉
V ′,V +jn+1

(
un+1

)
,

(2.16)

hence the sequence (uN)N is bounded in C([0,T ];V0) and

max
0≤t≤T

∥∥uN(t)∥∥V0
≤ c

[
‖f‖C([0,T ];V ′)+‖g‖C([0,T ];L2(Γ3))

]
. (2.17)

Now, taking w =un in inequality (2.15) satisfied by un+1 and w =un+1 in inequality

(2.15) satisfied by un, we obtain (using the compatibility condition (2.2) for the first

step)

a
(
un+1−un,un+1−un

)≤ 〈fn+1−fn,un+1−un
〉
V ′,V +jn

(
un+1−un−1

)
−jn−1

(
un−un−1

)−jn−1
(
un+1−un

) (2.18)

and hence (using the definition of jn)

a
(
un+1−un,un+1−un

)≤ 〈fn+1−fn,un+1−un
〉
V ′,V

+µ
∫
Γ3

(∣∣gn∣∣−∣∣gn+1

∣∣)∣∣u(n+1)τ−unτ
∣∣da. (2.19)

We deduce that the sequence (u̇N)N is bounded in L∞(0,T ;V) and that there exists

c > 0 such that for all µ > 0, we get

∥∥u̇N∥∥L∞(0,T ;V) = max
0≤n≤N−1

∥∥∥∥un+1−un
h

∥∥∥∥
V

≤ c
[
µ‖ġ‖L∞(0,T ;L2(Γ3))+

∥∥ḟ∥∥L∞(0,T ;V ′)
]
.

(2.20)
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Then, there exists u∈W 1,∞(0,T ;V0) such that (after extraction of a subsequence)

uN �→u in W 1,∞(0,T ;V) weak-*. (2.21)

Remark that this convergence implies that

∀t ∈ [0,T ], uN(t) �→u(t) weakly in V. (2.22)

Furthermore, since |uN(t)− ũN(t)|V ≤ h|u̇N(t)|V , for every t ∈ [0,T ], the sequence

(ũN(t))N converges weakly in V to u.

In order to prove that the vector-valued function u is solution of (2.6), we write

inequality (2.15) in another way; using the scaling w = hv +un and since un ∈ V0

and jn(hv) = hjn(v) (for every n), we can easily see that we can write (2.15) in the

following equivalent way:

a
(
un+1,v− un+1−un

h

)
+jn+1(v)−jn+1

(
un+1−un

h

)

≥
〈
fn+1,v− un+1−un

h

�
V ′,V

, ∀v ∈ V0,
(2.23)

or

a
(
ũN(t),v−u̇N(t)

)+j(g̃N(t),v)−j(g̃N(t),u̇N(t))
≥ 〈f̃N(t),v−u̇N(t)〉V ′,V , ∀v ∈ V0, ∀t ∈

]
tn,tn+1

]
.

(2.24)

In order to pass to the limit when N tends to infinity, we note that this is equivalent

to

∫ T
0

(
a
(
ũN(t),v(t)

)+j(g̃N(t),v(t)))dt ≥
∫ T

0

〈
f̃N(t),v(t)

〉
V ′,V dt, ∀v ∈ L2(0,T ;V0

)
,

(2.25)

and for every t ∈ [0,T ],

∫ t
0

(
a
(
ũN(s),u̇N(s)

)+j(g̃N(s),u̇N(s)))ds =
∫ t

0

〈
f̃N(s),u̇N(s)

〉
V ′,V ds. (2.26)

Using the weak convergence (2.21) and (2.22) and the strong convergence in L2(0,T ;

L2(Γ3)) of (g̃N) to g, the limit of assertion (2.25) can be easily obtained and we get

∫ T
0

(
a
(
u(t),v(t)

)+j(g(t),v(t)))dt ≥
∫ T

0

〈
f(t),v(t)

〉
V ′,V dt, ∀v ∈ L2(0,T ;V0

)
.

(2.27)
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In order to study the limit of (2.26), we denote by Nt the integer with tNt < t ≤ tNt+1

and we write on each subdivision ]tn,tn+1], ũN(s)=uN(s)+(tn+1−s)u̇N(s). We then

compute the integrals in (2.26) and we obtain

1
2
a
(
uN(t),uN(t)

)− 1
2
a
(
u0,u0)+ h2

2

Nt−1∑
n=0

a
(
un+1−un

h
,
un+1−un

h

)

+
∫ t

0
j
(
g̃N(s),u̇N(s)

)
ds ≤

∫ t
0

〈
f̃N(s),u̇N(s)

〉
V ′,V ds.

(2.28)

Using (2.22), we have for every t ∈ [0,T ],

liminf
N

a
(
uN(t),uN(t)

)≥ a(u(t),u(t)), (2.29)

and since (u̇N)N is bounded in L∞(0,T ;V), we have on one hand

0≤ h2
Nt−1∑
n=0

a
(
un+1−un

h
,
un+1−un

h

)
≤ h2

N−1∑
n=0

a
(
un+1−un

h
,
un+1−un

h

)
(2.30)

and on the other hand,

h2
N−1∑
n=0

a
(
un+1−un

h
,
un+1−un

h

)
= h

∫ T
0
a
(
u̇N(t),u̇N(t)

)
dt �→ 0, (2.31)

thus

lim
h→0

h2
Nt−1∑
n=0

a
(
un+1−un

h
,
un+1−un

h

)
= 0. (2.32)

As (f̃N) strongly converge in L2(0,T ;V ′) to f , we get

∫ t
0

〈
f̃N(s),u̇N(s)

〉
V ′,V ds �→

∫ t
0

〈
f(s),u̇(s)

〉
V ′,V ds. (2.33)

We now write

∫ t
0
j
(
g̃N(s),u̇N(s)

)
ds =

∫ t
0

[
j
(
g̃N(s),u̇N(s)

)−j(g(s),u̇N(s))]ds
+
∫ t

0
j
(
g(s),u̇N(s)

)
ds.

(2.34)

On one hand, we have (since (g̃N)N strongly converges to g in L2(0,T ;L2(Γ3)))

lim
N

∫ t
0

[
j
(
g̃N(s),u̇N(s)

)−j(g(s),u̇N(s))]ds = 0, (2.35)
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and on the other hand (since j(g,·) is convex)

liminf
N

∫ t
0
j
(
g(s),u̇N(s)

)
ds ≥

∫ t
0
j
(
g(s),u̇(s)

)
ds. (2.36)

Passing to the inf-limit in (2.26), we obtain for every t in (0,T ),

1
2
a
(
u(t),u(t)

)− 1
2
a
(
u0,u0)+

∫ t
0
j
(
g(s),u̇(s)

)
ds ≤

∫ t
0

〈
f(s),u̇(s)

〉
V ′,V ds, (2.37)

and thus

∫ t
0
a
(
u(s),u̇(s)

)
ds+

∫ t
0
j
(
g(s),u̇(s)

)
ds ≤

∫ t
0

〈
f(s),u̇(s)

〉
V ′,V ds. (2.38)

Combining this inequality with (2.27), with v = u̇1(0,t) as test function, we prove that

for almost every t,

∫ t
0
a
(
u(s),u̇(s)

)
ds+

∫ t
0
j
(
g(s),u̇(s)

)
ds =

∫ t
0

〈
f(s),u̇(s)

〉
V ′,V ds (2.39)

and hence for almost every t,

a
(
u(t),u̇(t)

)+j(g(t),u̇(t))= 〈f(t),u̇(t)〉V ′,V . (2.40)

Assertions (2.27) and (2.40) yield to

a
(
u(t),v−u̇(t))+j(g(t),v)−j(g(t),u̇(t))

≥ 〈f(t),v−u̇(t)〉V ′,V , ∀v ∈ V0, a.e. t ∈ (0,T ), (2.41)

which proves that u is solution of (2.6).

This ends the existence part of the proof of Proposition 2.1 in the case of regular

data. If the data are H1 with respect to the time variable, we can easily see that the

proof can be adapted. The uniqueness of the solution can be obtained making the

difference between two solutions and using Gronwall’s lemma. This ends the proof of

Proposition 2.2.

Remark 2.4. Taking the inf-limit in (2.20), we have proved that for almost every

t ∈]0,T [, ∥∥u̇(t)∥∥V ≤ c
[
µ
∣∣ġ(t)∣∣L2(Γ3)+

∥∥ḟ (t)∥∥V ′
]
. (2.42)

Proof of Proposition 2.3. We have to remark that in (2.19), the term

µ
∫
Γ3

(
gn−gn+1

)∣∣un+1−un
∣∣da (2.43)

is negative under the assumptions made in Proposition 2.3. This leads to a uniform

bound for the derivative with respect to the time variable. In order to obtain a similar

bound for the solution u, it is then sufficient to take v = 0 in (2.41). This ends the

proof of Proposition 2.3.
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2.2. Existence and uniqueness in viscoplastic cases. In this section, we prove

Proposition 2.1 applying a Banach fixed point theorem. For η ∈ L2(0,T ;�), we con-

sider the following auxiliary problem:

σ(t)= �
(
ε
(
u(t)

)−ε(u0))+σ 0+
∫ t

0
η(s)ds, a.e. t ∈ (0,T ),(

σ(t),ε(v)−ε(u̇(t)))�+j
(
g(t),v

)−j(g(t),u̇(t))
≥ 〈f(t),v−u̇(t)〉V ′,V , ∀v ∈ V0, a.e. t ∈ (0,T ),

u(0)=u0.

(2.44)

Applying Proposition 2.2, we can easily see that there exists a unique solution u ∈
H1(0,T ;V0) to (2.44). We introduce the map

Λ : L2(0,T ;�) �→ L2(0,T ;�)

η �→G(σ,ε(u)), (2.45)

where (σ ,u)= (ση,uη) is the solution of system (2.44).

We prove the following lemma.

Lemma 2.5. The map Λ has a unique fixed point η∗ ∈ L2(0,T ;�).

Proof. Let η1,η2 ∈ L2(0,T ;�) and t ∈ [0,T ]. For the sake of simplicity we denote

zi(t) =
∫ t
0 ηi(s)ds, ui = uηi , σi = σηi , for i = 1,2. Using (2.44) and choosing as test

function v = u̇i in the inequality satisfied by uj , we obtain

a
(
u1−u2, u̇1−u̇2

)
≤− d

dt
(
z1−z2,ε

(
u1
)−ε(u2

))
�+

(
η1−η2,ε

(
u1
)−ε(u2

))
�.

(2.46)

We deduce

c
∣∣u1(t)−u2(t)

∣∣2
V

≤ ∣∣z1(t)−z2(t)
∣∣

�+
∫ t

0

∣∣η1(s)−η2(s)
∣∣

�

∣∣u1(s)−u2(s)
∣∣
V ds,

(2.47)

for all t ∈ [0,T ]. Hence,

c
∣∣u1(t)−u2(t)

∣∣2
V ≤

∫ t
0

∣∣η1(s)−η2(s)
∣∣2

�ds+
∫ t

0

∣∣u1(s)−u2(s)
∣∣2
V ds, (2.48)

and, by Gronwall-type inequality, we find

∣∣u1(t)−u2(t)
∣∣2
V ≤ c

∫ t
0

∣∣η1(s)−η2(s)
∣∣2

�ds. (2.49)

Using once more (2.44), we obtain

∣∣σ1(t)−σ2(t)
∣∣2

� ≤ c
∫ t

0

∣∣η1(s)−η2(s)
∣∣2

�ds. (2.50)
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Therefore, using (1.8), (2.49), and (2.50), we get

∣∣Λη1(t)−Λη2(t)
∣∣2

� ≤ c
∫ t

0

∣∣η1(s)−η2(s)
∣∣2

�ds, (2.51)

for all t ∈ [0,T ].
Iterating this inequality n times we obtain

∣∣Λnη1−Λnη2

∣∣2
L2(0,T ;�) ≤

cnTn

n!

∣∣η1−η2

∣∣2
L2(0,T ;�), (2.52)

which implies that for n large enough a power Λn of Λ is a contraction in L2(0,T ;�)
which proves Lemma 2.5.

3. Proof of Theorem 1.1: the bilateral contact problem. In this section, we prove

Theorem 1.1 beginning with the case where f ∈W 1,∞(0,T ;V ′). We denote by |·|2 the

L2(Γ3)–norm and we introduce the space

Lip= {g ∈ C([0,T ];L2(Γ3)) | ∃k > 0, ∀(s,t)∈ [0,T ], ∣∣g(t)−g(s)∣∣2 ≤ k|t−s|
}
, (3.1)

and for k > 0,

Lip0
k =


g ∈ C([0,T ];L2(Γ3))

∣∣∣∣∣

∀(s,t)∈ [0,T ],

∣∣g(t)−g(s)∣∣2 ≤ k|t−s|,
g(x,0)= R(σ 0

ν
)
(x) on Γ3.


. (3.2)

The set Lip0
k is a closed convex subset of C([0,T ];L2(Γ3)) and Lip0

k ⊂W 1,∞(0,T ;L2(Γ3)).
We endow the space Lip with the norm sup0≤t≤T |g(t)|2.

Applying Proposition 2.1, for every g ∈ Lip with g(0,x) = R(σ 0
ν )(x) on Γ3, there

exists a unique solution (u,σ)∈W 1,∞(0,T ;V)×W 1,∞(0,T ;�) to problem (2.44) which

gives R(σν)∈ Lip. We then consider the map

T : Lip �→ Lip

g �→ R(σν). (3.3)

It is clear that Theorem 1.1 will be proved (in regular case) if T has a fixed point. We

are now going to prove this with Schauder’s theorem.

We begin with the following lemma.

Lemma 3.1. Let f ∈ W 1,∞(0,T ;V ′). There exists µ0 > 0, such that for 0 ≤ µ ≤ µ0,

there exists k > 0, with

T
(
Lip0

k
)⊂ Lip0

k . (3.4)

Proof. We first recall that (u,σ) is solution of (2.44) if for 0≤ t ≤ T ,

σ(t)= σ 0−�ε
(
u0)+�ε

(
u(t)

)+
∫ t

0
G
(
σ(s),ε

(
u(s)

))
ds, (3.5)
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and for every v ∈ V0,

a
(
u(t),v−u̇(t))+j(g(t),v)−j(g(t),u̇(t))

≥ 〈f(t),v−u̇(t)〉V ′,V −
(
σ 0−�ε

(
u0)+

∫ t
0
G
(
σ(s),ε

(
u(s)

))
ds,ε(v)−ε(u̇(t)))

�
.

(3.6)

First, we estimate solutions σ and u. Input v = 0 and then v = 2u̇∈ V0 in (3.6), we

get

a
(
u(t),u̇(t)

)+j(g(t),u̇(t))

= 〈f(t),u̇(t)〉V ′,V −
(
σ 0−�ε

(
u0)+

∫ t
0
G
(
σ(s),ε

(
u(s)

))
ds,ε

(
u̇(t)

))
�
.

(3.7)

Integrating in time on (0, t) for any 0< t < T , we get

1
2
a
(
u(t),u(t)

)+
∫ t

0
j
(
g(s),u̇(s)

)
ds

= 〈f(t),u(t)〉V ′,V −
∫ t

0

〈
ḟ (s),u(s)

〉
V ′,V ds

−〈f(0),u0〉
V ′,V +

1
2
a
(
u0,u0)

−
(
σ 0−�ε

(
u0)+

∫ t
0
G
(
σ(s),ε

(
u(s)

))
ds,ε

(
u(t)

))
�

+(σ 0−�ε
(
u0),ε(u0))

�

+
∫ t

0

(
G
(
σ(s),ε

(
u(s)

))
,ε
(
u(s)

))
�ds.

(3.8)

Using (1.8) and writing G(σ,ε(u)) = [G(σ,ε(u))−G(0,0)]+G(0,0), there exists a

constant c > 0 which does not depend on g and k such that

∥∥u(t)∥∥V ≤ c
[∥∥u0

∥∥
V +

∣∣σ 0
∣∣

�+‖f‖W1,∞(0,T ;V ′)

+∣∣G(0,0)∣∣�+
∫ t

0

(∥∥u(s)∥∥V +∣∣σ(s)∣∣�

)
ds
]
.

(3.9)

From (3.5), we obtain with F(s)= ‖u(s)‖V +|σ(s)|�1 (since Divσ =ϕ1)

∣∣σ(t)∣∣�1
≤ c

[∥∥u0
∥∥
V +

∣∣σ 0
∣∣

�1
+∣∣G(0,0)∣∣�+‖f‖W1,∞(0,T ;V ′)+

∫ t
0
F(s)ds

]
. (3.10)

Adding (3.9) and (3.10), we get

F(t)≤ c
[∥∥u0

∥∥
V +‖f‖W1,∞(0,T ;V ′)+

∣∣σ 0
∣∣

�+
∣∣G(0,0)∣∣�+

∫ t
0
F(s)ds

]
, (3.11)

which, with Gronwall’s lemma, leads to

∥∥u(s)∥∥V +∣∣σ(s)∣∣�1
≤ c

[∥∥u0
∥∥
V +‖f‖W1,∞(0,T ;V ′)+

∣∣σ 0
∣∣

�+
∣∣G(0,0)∣∣�

]
, (3.12)

where the constant c > 0 does not depend on k and the function g.
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Now, we estimate σ̇ and u̇. Using the constitutive law and hypothesis (1.8), we have

on one hand (since Div σ̇ = ϕ̇1)

∣∣σ̇ (t)∣∣�1
≤ c

[∥∥u̇(t)∥∥V +F(t)+∣∣G(0,0)∣∣�+
∣∣ḟ (t)∣∣V ′

]
≤ c

[∥∥u̇(t)∥∥V +∥∥u0
∥∥
V +‖f‖W1,∞(0,T ;V ′)+

∣∣σ 0
∣∣

�+
∣∣G(0,0)∣∣�

]
.

(3.13)

On the other hand, (2.42) applied in the framework of the variational formulation (3.6)

leads to

∥∥u̇(t)∥∥V ≤ cµ∣∣ġ(t)∣∣2+c
[∣∣G(σ(t),ε(u(t)))∣∣�+

∥∥u0
∥∥
V +

∣∣σ 0
∣∣

�+
∣∣ḟ (t)∣∣V ′

]
. (3.14)

Using the same argument as previously, there then exists a constant c > 0 such that

∣∣R(σ̇ν(t))∣∣2 ≤ c
∣∣σ̇ (t)∣∣�1

≤ cµk+c
[∥∥u0

∥∥
V +‖f‖W1,∞(0,T ;V ′)+

∣∣σ 0
∣∣

�+
∣∣G(0,0)∣∣�

]
.

(3.15)

There exists c,d > 0 which do not depend on k and µ such that T(Lip0
k)⊂ Lip0

cµk+d. In

order to conclude, it is sufficient to prove that we can choose k such that cµk+d≤ k.

This is always possible if and only if

0≤ µ < 1
c

(3.16)

which ends the proof of Lemma 3.1.

We prove the following lemma.

Lemma 3.2. (i) For every k > 0, there exists Ck > 0 such that for every (g1,g2) ∈
(Lip0

k)2,

sup
0≤t≤T

(∥∥u1(t)−u2(t)
∥∥
V ,
∣∣σ1(t)−σ2(t)

∣∣
�1

)
≤ Ck

√∥∥u1−u2

∥∥
C([0,T ];L2(Γ3)d), (3.17)

where ui (i= 1,2) is the displacement solution of (2.44) with gi as friction yield limit.

(ii) The application T maps Lip0
k in a compact set of C([0,T ];L2(Γ3)).

Proof. We first notice that Lip0
k is bounded in C([0,T ];L2(Γ3)) and

sup
0≤t≤T

∣∣g(t)∣∣2 ≤
∣∣R(σ 0

ν
)∣∣

2+kT . (3.18)

We write M = |R(σ 0
ν )|2+kT .

(i) Using (3.5), (3.6), and (3.7), we can see that displacement ui for i = 1 or i = 2

satisfies the inequality

a
(
ui(t),v

)+j(gi(t),v)

≥ 〈f(t),v〉V ′,V +
(
σ 0−�ε

(
u0)+

∫ t
0
G
(
σi(s),ε

(
u(s)

))
ds,ε(v)

)
�
.

(3.19)
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We take v = u2−u1 in (3.19) for i = 1, v = u1−u2 in the same inequality for i = 2,

and we add these two inequalities. We obtain

a
(
u2(t)−u1(t),u2(t)−u1(t)

)
≤ j(g1(t),u2(t)−u1(t)

)+j(g2(t),u2(t)−u1(t)
)

+
(∫ t

0

[
G
(
σ2(s),ε

(
u2(s)

))−G(σ1(s),ε
(
u1(s)

))]
ds,ε

(
u2(t)

)−ε(u1(t)
))

�

,

(3.20)

and, with (1.8), we deduce

∥∥u2(t)−u1(t)
∥∥2
V ≤ c

[
µM

∣∣u2(t)−u1(t)
∣∣
L2(Γ3)d

+
∫ t

0

(∥∥u2(s)−u1(s)
∥∥2
V +

∣∣σ2(s)−σ1(s)
∣∣2

�

)
ds
]

≤ c
[
µM

∥∥u2−u1

∥∥
C([0,T ];L2(Γ3)d)

+
∫ t

0

(∥∥u2(s)−u1(s)
∥∥2
V +

∣∣σ2(s)−σ1(s)
∣∣2

�

)
ds
]
.

(3.21)

On the other hand,

σ2(t)−σ1(t)= �ε
(
u2−u1

)
(t)+

∫ t
0

(
G
(
σ2(s),ε

(
u2(s)

))−G(σ1(s),ε
(
u1(s)

)))
ds,

Div
(
σ2(t)−σ1(t)

)= 0,
(3.22)

thus∣∣σ2(t)−σ1(t)
∣∣

�1

≤ c
[∥∥u2(t)−u1(t)

∥∥
V +

∫ t
0

(∥∥u2(s)−u1(s)
∥∥
V +

∣∣σ2(s)−σ1(s)
∣∣

�

)
ds
]
.

(3.23)

Adding (3.21) and (3.23) and using Gronwall’s lemma, we deduce (3.17) with Ck =
�(k)+1.

(ii) We proved in Lemma 3.1 (and in Proposition 2.1) that displacements and stresses

(u,σ) solution of (2.44) associated to friction bound g ∈ Lip0
k are bounded in

W 1,∞(0,T ;V)×W 1,∞(0,T ;�1). This proves that the set of the traces on Γ3 of the dis-

placements is relatively compact in C([0,T ];L2(Γ3)d). Then let (gn)n be a sequence

of functions in Lip0
k. Denoting by un and σn the corresponding displacements and

stresses, we can extract a subsequence of (un)n in order that their traces on Γ3 strongly

converge in C([0,T ];L2(Γ3)d) and then realize a Cauchy sequence in that space. Using

Lemma 3.2(i), we deduce that the corresponding subsequence of (un)n and (σn)n are

Cauchy sequences in C([0,T ];V) and C([0,T ];�1), respectively, and then strongly

converges in these spaces. Using the definition of the map T , this ends the proof of

Lemma 3.2.

From now on, we choose k > 0 and µ such that Lemma 3.1 is valid: we then have

T(Lip0
k) ⊂ Lip0

k. Let Xk be the closure in C([0,T ];L2(Γ3)) of T(Lip0
k). We still have
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T(Xk) ⊂ Xk and Lemma 3.2 proves that Xk is compact in C([0,T ];L2(Γ3)). Applying

Schauder fixed point theorem, Theorem 1.1 will be proved if T is continuous on Xk.
We prove that T is continuous on Lip0

k. Let gn and g be in Lip0
k such that

lim
n→+∞

sup
0≤t≤T

∣∣gn(t)−g(t)∣∣2 = 0. (3.24)

Using Lemma 3.2, the corresponding solution un and σn of (2.44) are bounded in

W 1,∞(0,T ;V) and W 1,∞(0,T ;�1), respectively, and are relatively compact in C([0,T ];
V) and C([0,T ];�1), respectively. We can extract a subsequence still denoted by

(un,σn) which converges weakly -* in W 1,∞(0,T ;V)×W 1,∞(0,T ;�1) and strongly in

C([0,T ];V)×C([0,T ];�1) to a point (u,σ)∈W 1,∞(0,T ,V)×W 1,∞(0,T ;�1).
We still have to prove that (u,σ) is solution of (2.44) associated to g. Using (1.8),

we can easily prove that

lim
n→+∞

sup
0≤t≤T

∣∣G(σn,ε(nu))−G(σ,ε(u))∣∣� = 0 (3.25)

and thus

σ̇ = �ε(u̇)+G(σ,ε(u)). (3.26)

In order to pass to the inf-limit in inequality (2.44), we write it for v ∈ L2(0,T ;V0) and

integrate in time on the interval (0,T ). The only delicate point is the term

∫ T
0
j
(
gn(t),u̇n(t)

)
dt. (3.27)

We write

∫ T
0
j
(
gn(t),u̇n(t)

)
dt =

∫ T
0

[
j
(
gn(t),u̇n(t)

)−j(g(t),u̇n(t))]dt
+
∫ T

0
j
(
g(t),u̇n(t)

)
dt.

(3.28)

Using (3.24), the boundedness of (u̇n)n in L2(0,T ;V) and the convexity of j we get

liminf
n→+∞

∫ T
0
j
(
gn(t),u̇n(t)

)
dt ≥

∫ T
0
j
(
g(t),u̇(t)

)
dt. (3.29)

We can see that (as in Section 2), this is sufficient to prove that (u,σ) is a solution

of (2.44) and thus T(g) is a strong limit point of (T(gn))n. Since (2.44) possesses a

unique solution and that the sequence (T(gn))n is relatively compact, we conclude

that the whole sequence converges and

lim
n→+∞T

(
gn
)= T(g) in C

(
[0,T ];L2(Γ3)). (3.30)

The map T is continuous on the compact set Xk of C([0,T ];L2(Γ3)), it then admits a

fixed point which solves Theorem 1.1 in regular cases.
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The case of data f ∈ H1(0,T ;V ′) can easily be obtained by a density argument

(approximating f by a sequence (fn)n of functions in W 1,∞(0,T ;V ′)).

4. Proof of Theorem 1.2: Signorini’s contact model. In this section, we are con-

cerned with problem (1.5) and variational formulation (1.19). The steps of proofs used

in the previous section are no more valid and the reason is that, even if we could prove,

without a main change, existence of a solution to (2.3) where the bilateral contact con-

dition uν = 0 on Γ3 would be replaced by the Signorini’s model uν ≤ 0, σν ≤ 0, and

uνσν = 0 on Γ3, we could not prove uniqueness of a solution. Therefore, we could

only define a multivalued map T : g → {R(σν)}. As we could not prove the convexity

of each image set, we could not use Kakutani’s fixed point theorem.

Another fact which deserves to be point out concerns variational formulations for

unilateral contact problems. This can be found in [4] which we will follow: the proof of

Theorem 1.2 consists first in a time discretization method which allows to construct

a (convenient) sequence followed secondly by an asymptotic analysis. As we will see,

the study of this last step needs the use of two equivalent variational formulations of

the same problem.

We first describe the iterative method. Recall that T > 0 is fixed, N ∈N is an integer

and h= T/N. We construct a sequence (un,σn)0≤n≤N of elementsun ∈ V and σn ∈�1

with the following process:u0 =u0 andσ0 = σ 0 are the given initial data which appear

in (1.5).

Construction of (u1,σ1). We introduce the continuous linear form on V de-

fined by

b1(w)=
(
σ0−�ε

(
u0
)+hG(σ0,ε

(
u0
))
,ε(w)

)
� (4.1)

and we consider the variational formulation

σ1 = �ε
(
u1
)+σ0−�ε

(
u0
)+hG(σ0,ε

(
u0
))
,

a
(
u1,w−u1

)+j(R(σ1ν
)
,w−u0

)−j(R(σ1ν
)
,u1−u0

)+b1
(
w−u1

)
≥ 〈f1,w−u1

〉
V ′,V +

〈
σ1ν ,wν−u1ν

〉
, ∀w ∈ V,〈

σ1ν ,wν−u1ν
〉
V ′,V ,≥ 0, ∀w ∈K.

(4.2)

We prove the following proposition.

Proposition 4.1. There exists µ0 > 0 such that for every u0 ∈ K, σ 0 ∈ �1, every

f1 ∈ V ′, and for 0< µ ≤ µ0, problem (4.2) has a unique solution (u1,σ1)∈K×�1.

Remark 4.2. The boundary µ0 depends only on �, R and Ω.

Proof of Proposition 4.1. For g ∈ L2(Γ3), we consider the auxiliary problem

a
(
u1,w−u1

)+j(g,w−u0
)−j(g,u1−u0

)+b1
(
w−u1

)
≥ 〈f1,w−u1

〉
V ′,V +

〈
σ1ν ,wν−u1ν

〉
, ∀w ∈ V,〈

σ1ν ,wν−u1ν
〉≥ 0, ∀w ∈K.

(4.3)
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Since for w ∈K, 〈σ1ν ,wν−u1ν〉 ≥ 0, a solution of (4.3) is necessarily solution of

a
(
u1,w−u1

)+j(g,w−u0
)−j(g,u1−u0

)+b1
(
w−u1

)
≥ 〈f1,w−u1

〉
V ′,V , ∀w ∈K. (4.4)

It is classical that (4.4) has a unique solution which is the minimizer over K of the

(strictly convex coercive and continuous) functional

J(w)= 1
2
a(w,w)+j(g,w−u0

)+b1(w)−
〈
f1,w

〉
V ′,V . (4.5)

Writing σ1 = �ε(u1)+σ0−�ε(u0)+hG(σ0,ε(u0)), inequality (4.4) can be written as

(
σ1,ε(w)−ε

(
u1
))

�+j
(
g,w−u0

)−j(g,u1−u0
)≥ 〈f1,w−u1

〉
V ′,V , ∀ω∈K. (4.6)

Equivalence between (4.3) and (4.4) can be seen using the imbedding �(Ω)d ⊂ K and

the density of the set {uτ |Γ3 , u∈K} in L2(Γ3)d (see [4]).

We then consider the map

T1 : L2(Γ3) �→ L2(Γ3)
g �→ R(σ1ν

)
,

(4.7)

where σ1 is defined above. We prove that for µ small enough, the map T1 has a unique

fixed point. We use the Banach fixed point theorem. It is clearly sufficient to prove

that for µ small enough, ∥∥u1−u′1
∥∥
V ≤ k

∣∣g−g′∣∣2, (4.8)

with 0< k < 1 and where u1 (and u′1) are the solution of (4.3), with respect to g (and

g′), respectively.

Letw =u′1 ∈K in the inequality satisfied by u1 andw =u1 ∈K in the one satisfied

by u′1, add them to obtain

a
(
u1−u′1,u1−u′1

)≤ µ
∫
Γ3

∣∣g−g′∣∣∣∣u1,τ−u′1,τ
∣∣da. (4.9)

This last inequality proves that there exists µ0 ≥ 0 independent onu0, σ 0, and f1 such

that for 0< µ ≤ µ0, T1 is contractive. This ends the proof of Proposition 4.1.

Construction of (un+1,σn+1). We suppose that we have construct in a unique

way (u1,σ1)···(un,σn) in K×� solutions of the following systems for 1≤ k≤n:

σk = �ε
(
uk
)+σ0−�ε

(
u0
)+h(G(σ0,ε

(
u0
))+···+G(σk−1,ε

(
uk−1

)))
,

a
(
uk,w−uk

)+j(R(σkν),w−uk−1
)−j(R(σkν),uk−uk−1

)+bk(w−uk)
≥ 〈fk,w−uk〉V ′,V +〈σkν,wν−ukν

〉
, ∀w ∈ V,〈

σkν,wν−ukν
〉≥ 0, ∀w ∈K,

(4.10)
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where

bk(w)=
(
σ0−�ε

(
u0
)+h(G(σ0,ε

(
u0
))+···+G(σk−1

)
,ε
(
uk−1

))
,ε(w)

)
�. (4.11)

For g ∈ L2(Γ3) and bn+1(w)= bn(w)+h(G(σn,ε(un)),ε(w))�, we then consider the

following problem at step n+1:

σn+1 = �ε
(
un+1

)+σ0−�ε
(
u0
)+h(G(σ0−ε

(
u0
))+···+G(σn,ε(un)))

a
(
un+1,w−un+1

)+j(g,w−un)−j(g,un+1−un
)+bn+1

(
w−un+1

)
≥ 〈fn+1,w−un+1

〉
V ′,V +

〈
σn+1ν ,wν−un+1ν

〉
, ∀w ∈ V,〈

σn+1ν ,wν−un+1ν
〉≥ 0, ∀w ∈K.

(4.12)

For each g ∈ L2(Γ3), we prove (as in the first step) that (4.12) has a unique solution

un+1 ∈K minimizing over K the functional

J(w)= 1
2
a(w,w)+j(g,w−un)+bn+1(w)−

〈
fn+1,w

〉
V ′,V . (4.13)

We then define σn+1 = �ε(un+1)+σ0−�ε(u0)+h(G(σ0,ε(u0))+···+G(σn,ε(un)))
and we consider the map

Tn+1 : L2(Γ3) �→ L2(Γ3)
g �→ R(σn+1ν

)
.

(4.14)

Following the first step, we can prove that Tn+1 is contractive for µ ≤ µ0 (independent

on n and µ0 is the same as in the first step) and therefore possesses a unique fixed

point. We denote by (σn+1,un+1) the corresponding solution, it solves (in a unique

way)

σn+1 = �ε
(
un+1

)+σ0−�ε
(
u0
)+h(G(σ0,ε

(
u0
))+···+G(σn,ε(un))), (4.15a)

a
(
un+1,w−un+1

)+j(Rσn+1ν ,w−un
)−j(Rσn+1ν ,un+1−un

)+bn+1
(
w−un+1

)
≥ 〈fn+1,w−un+1

〉
V ′,V +

〈
σn+1ν ,wν−un+1ν

〉
, ∀w ∈ V,

(4.15b)〈
σn+1ν ,wν−un+1ν

〉≥ 0, ∀w ∈K. (4.15c)

With this iterative process, we construct a sequence (un,σn)0≤n≤N in KN+1×�N+1
1 in

a unique way.

In what follows, for a given sequence (ξn)0≤n≤N of elements of a Banach X, we

denote by ξN , ξ̃N , and ξ̄N the following functions defined on [0,T ] by

ξN(t,x)= ξn+ t−tnh
(
ξn+1−ξn

)
,

ξ̃N(t,x)= ξn+1,

ξ̄N(t,x)= ξn,
(4.16)

for tn < t ≤ tn+1 and 0≤n≤N−1. The function (and only this one) ξN is inH1(0,T ;X).
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This is done for (un)n, (σn)n, and (fn)n and we recall that forces fN strongly

converge to f in H1(0,T ;V ′) whereas f̃N and f̄N only converge to f in L2(0,T ;V ′).
We prove the following lemma.

Lemma 4.3. The sequences (uN)N and (σN)N are bounded, respectively inH1(0,T ;V)
and H1(0,T ;�1) and any weak limit point (u,σ) of these sequences is solution of prob-

lem (1.5).

Proof. We first notice that, with w = 0 and then w = 2un+1 ∈ K in (4.15c), we

obtain for 1≤n≤N 〈
σnν,unν

〉= 0. (4.17)

We now input w =un ∈ K in inequality (4.15) satisfied by un+1 and w =un+1 ∈ K in

inequality (4.10) satisfied by un if n≥ 1 or in (1.20) if n= 0, we add them and we get

the following: if n≥ 1,

a
(
un+1−un,un+1−un

)
≤ j(Rσnν,un+1−un−1

)−j(Rσnν,un−un−1
)−j(Rσn+1ν ,un+1−un

)
+h(G(σn,ε(un)),ε(un+1

)−ε(un))�+
〈
fn+1−fn,un+1−un

〉
V ′,V ,

a
(
u1−u0,u1−u0

)
≤ j(Rσ0ν ,u1−u0

)−j(Rσ1ν ,u1−u0
)

+〈f1−f0,u1−u0
〉
V ′,V +h

(
G
(
σ 0,ε

(
u0)),ε(u1

)−ε(u0
))

�.

(4.18)

Hence
∥∥∥∥un+1−un

h

∥∥∥∥
2

V
≤ µ

∫
Γ3

∣∣∣∣Rσnν−Rσ(n+1)ν

h

∣∣∣∣
∣∣∣∣u(n+1)τ −unτ

h

∣∣∣∣da
+
(
G
(
σn,ε

(
un
))
,
ε
(
un+1−un

)
h

)
�

+
∥∥∥∥fn+1−fn

h

∥∥∥∥
V ′

∥∥∥∥un+1−un
h

∥∥∥∥
V
.

(4.19)

So, we have ∥∥∥∥un+1−un
h

∥∥∥∥
V
≤ c0µ

∥∥∥∥σn−σn+1

h

∥∥∥∥
�1

+∥∥G(0,0)∥∥�

+
∥∥∥∥fn+1−fn

h

∥∥∥∥
V ′
+L

[∥∥σn∥∥�+
∥∥un∥∥V

]
.

(4.20)

Since for tn < t ≤ tn+1, we have ūN(t)=un =uN(tn)= uN(0)+
∫ tn
0 u̇N(s)ds, we then

get

∥∥u̇N(t)∥∥V ≤ c0µ
∥∥σ̇N(t)∥∥�1

+∥∥G(0,0)∥∥�+
∥∥ḟN(t)∥∥V ′

+∥∥σ 0
∥∥

�+
∥∥u0

∥∥
V +

∫ t
0

[∥∥u̇N(s)∥∥V +∥∥σ̇N(s)∥∥�

]
ds.

(4.21)

On the other hand, a simple computation gives

σ̇N(t)= �ε
(
u̇N(t)

)+G(σ̄N(t),ε(ūN(t))), (4.22)
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from which we deduce that

∥∥σ̇N(t)∥∥� ≤ c0

(∥∥u̇N(t)∥∥V +∥∥σ 0
∥∥

�+
∥∥u0

∥∥
V

+∥∥G(0,0)∥∥�+
∫ t

0

[∥∥u̇N(s)∥∥V +∥∥σ̇N(s)∥∥�

]
ds
)
.

(4.23)

Combining these two last inequalities, we obtain the existence of a constant c0 > 0

such that for every 0< µ, we have with

FN(t)=
[∫ t

0

(∥∥σ̇N(s)∥∥2
�+

∥∥u̇N(s)∥∥2
V

)
ds
]1/2

,

FN(t)≤ c0

(
µFN(t)+

∥∥fN∥∥H1(0,T ;V ′)+
∥∥σ 0

∥∥
�1
+∥∥u0

∥∥
V +

∥∥G(0,0)∥∥�+
∫ t

0
FN(s)ds

)
.

(4.24)

Using Gronwall’s lemma and for µ small enough, we deduce that for f ∈H1(0,T ;V ′),
the sequence (FN)N is bounded in L2(0,T ) and for f ∈ W 1,∞(0,T ;V ′), the sequence

(FN)N is bounded in L∞(0,T ). Since u0 and σ 0 are fixed, we deduce the boundedness

of uN and σN , respectively in H1(0,T ;V) and H1(0,T ;�1) if f is in H1(0,T ;V ′) (and

respectively in W 1,∞(0,T ;V) and W 1,∞(0,T ;�1) if the force f is in W 1,∞(0,T ;V ′)). The

proof of Lemma 4.3 needs the following lemma.

Lemma 4.4. Any weak limit point in H1(0,T ;V) × H1(0,T ;�1) of the sequence

(uN,σN)N is a strong limit point in L2([0,T ];V)×L2([0,T ];�1).

Proof. Denote by (u,σ) a weak limit point of the sequence (uN,σN)N in

H1(0,T ;V)×H1(0,T ;�1). We first prove some estimates that will be useful. For sim-

plicity, we denote by zN ∈ L2(0,T ;�) the tensor

zN(t)= σ 0−�ε
(
u0)+

∫ t
0
G
(
σ̄N(s),ε

(
ūN

)
(s)

)
ds. (4.25)

Multiplying (4.15) by 1/h and rescaling with v = (w−un)/h, we can see that uN and

σN are solutions of

σ̇N = �ε
(
u̇N

)+G(σ̄N,ε(ūN)), (4.26a)

a
(
ũN(t),v−u̇N(t)

)+j(Rσ̃N(t),v)−j(Rσ̃N(t),u̇N(t))+(zN(t),ε(v)−ε(u̇N(t)))�

≥ 〈f̃N(t),v−u̇N(t)〉V ′,V +〈σ̃Nν ,vν−u̇Nν〉, ∀v ∈ V,
(4.26b)〈

σ̃Nν(t),wν−ũNν(t)
〉≥ 0, ∀w ∈K. (4.26c)

Since for tn < t ≤ tn+1, we have

∥∥uN(t)−ũN(t)∥∥V ≤ T
N
∥∥u̇N(t)∥∥V , (4.27)

with (u̇N)N bounded in L2(0,T ;V), Lemma 4.4 will be proved if we prove that (u,σ)
is a strong limit point of (ũN,σ̃N)N in L2([0,T ];V)×L2([0,T ];�1).
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If we input v = 0 and then v = 2u̇N in (4.26), we obtain that for all v ∈ V

a
(
ũN(t),v

)+j(Rσ̃Nν(t),v)+(zN(t),ε(v))� ≥
〈
f̃N(t),v

〉
V ′,V +

〈
σ̃Nν(t),vν

〉
. (4.28)

Let P >N be an integer. We first consider v = ũP (t)−ũN(t) in inequality (4.28) satis-

fied by ũN . Since ũP (t)∈K, we have 〈σ̃Nν ,ũPν−ũNν〉 ≥ 0 and we get

a
(
ũN(t),ũP (t)−ũN(t)

)+j(Rσ̃Nν(t),ũP (t)−ũN(t))+(zN(t),ε(ũP)(t)−ε(ũN)(t))�

≥ 〈f̃N(t),ũP (t)−ũN(t)〉V ′,V .
(4.29)

We now consider inequality (4.28) satisfied by uP in which we take v = ũN(t)−ũP (t)
and we obtain

a
(
ũP (t),ũN(t)−ũP (t)

)+j(Rσ̃Pν(t),ũN(t)−ũP (t))+(zP(t),ε(ũN(t))−ε(ũP)(t))�

≥ 〈f̃P (t),ũN(t)−ũP (t)〉V ′,V .
(4.30)

Adding (4.29) and (4.30), we get

a
(
ũN−ũP ,ũN−ũP

)≤ 〈f̃N− f̃P , ũN−ũP〉V ′,V −(zN−zP ,ε(ũN)−ε(ũP))�

+j(Rσ̃P,ν , ũN−ũP)+j(Rσ̃N,ν ,ũN−ũP) (4.31)

which yields to

∥∥ũN(t)−ũP (t)∥∥V ≤ c
(∥∥f̃N(t)− f̃P (t)∥∥V ′ +∥∥zN(t)−zP(t)∥∥�+

∥∥ũN(t)−ũP (t)∥∥1/2
L2(Γ3)d

)
.

(4.32)

On another hand we have

zN(t)−zP(t)=
∫ t

0

(
G
(
σ̄N(s),ε

(
ūN(s)

))−G(σ̄P (s),ε(ūP (s))))ds, (4.33)

thus

∥∥zN(t)−zP(t)∥∥� ≤ c
(∫ t

0

[∥∥σ̄N(s)− σ̄P (s)∥∥�+
∥∥ūN(s)−ūP (s)∥∥V

]
ds
)

≤ c
(

1
N
+
∫ t

0

[∥∥σ̃N(s)− σ̃P (s)∥∥�+
∥∥ũN(s)−ũP (s)∥∥V

]
ds
)
.

(4.34)

Combining (4.32) and (4.34), we obtain

∥∥ũN(t)−ũP (t)∥∥V ≤ c
(

1
N
+∥∥f̃N(t)− f̃P (t)∥∥V ′ +∥∥ũN(t)−ũP (t)∥∥1/2

L2(Γ3)d

+
∫ t

0

[∥∥σ̃N(s)− σ̃P (s)∥∥�+
∥∥ũN(s)−ũP (s)∥∥V

]
ds
)
.

(4.35)
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Using (4.26), (4.35), and the definition of σN , we can easily prove

∥∥σ̃N(t)− σ̃P (t)∥∥�1

≤ c
(

1
N
+
∫ t

0

[∥∥σ̃N(s)− σ̃P (s)∥∥�+
∥∥ũN(s)−ũP (s)∥∥V

]
ds+∥∥ũN(t)−ũP (t)∥∥V

)
.

(4.36)

Writing

FN,P (t)=
∥∥σ̃N(t)− σ̃P (t)∥∥�1

+∥∥ũN(t)−ũP (t)∥∥V , (4.37)

and mixing (4.35) and (4.36), we get

FN,P (t)≤ c
(

1
N
+∥∥f̃N(t)− f̃P (t)∥∥V ′ +∥∥ũN(t)−ũP (t)∥∥1/2

L2(Γ3)d
+
∫ t

0
FN,P (s)ds

)
. (4.38)

As the sequence (uN)N is bounded in H1([0,T ],V), the sequence (uN|Γ3)N is rela-

tively compact in L2([0,T ],L2(Γ3)d) (and in C([0,T ];L2(Γ3)d)). Moreover, as we have

consider weakly convergent sequences, there is just one possible strong limit point

of (uN|Γ3)N (which is of course the trace of u). We deduce that the sequence (uN|Γ3)N
strongly converges in C([0,T ];L2(Γ3)d) and L2([0,T ],L2(Γ3)d) and therefore is a

Cauchy sequence in these spaces. Recalling the link between ũN and uN , we conclude

that (ũN|Γ3)N strongly converges in L2([0,T ],L2(Γ3)d) (and satisfies Cauchy criterium).

We write GN,P (t) =
∫ t
0 F

2
N,P (s)ds. Let now ρ > 0. Using (4.38) and for N sufficiently

large, we conclude that

GN,P (t)≤ ρ+c
∫ t

0
GN,P (s)ds (4.39)

which proves with Gronwall’s lemma that

GN,P (t)≤ ρecT , ∀t ∈ [0,T ]. (4.40)

The sequence (ũN,σ̃N)N is then a Cauchy sequence in L2([0,T ];V)×L2([0,T ];�1) and

this ends the proof of Lemma 4.4.

The end of the proof of Lemma 4.3. We prove that any (weak) limit point of

(uN,σN)N is solution of (1.5) and for this we will use system (4.26). Let then (u,σ) be

such a weak limit point in H1(0,T ;V)×H1(0,T ;�1).
Using Lemma 4.4, we easily have

uN,ūN,ũN �→u strongly in L2(0,T ;V),

σN,σ̄N,σ̃N �→ σ strongly in L2(0,T ;�1
)
.

(4.41)
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Using these convergences and the Lipschitz condition (1.8) on G, it is easy to prove

that

G
(
σ̄N,ε

(
ūN

))
�→G(σ,ε(u)) strongly in L2(0,T ;�

)
, (4.42)

hence (recalling (4.26a))

σ̇ = �ε(u̇)+G(σ,ε(u)). (4.43)

Now we analyse the Signorini’s condition. Let θ = θ(t)≥ 0 be any regular nonnegative

function. Multiplying the third inequality of (4.26) by θ, integrating over (0,T ), and

use the strong convergence of σ̃N to σ in L2(0,T ;�1), we pass to the limit in (4.26c)

and obtain 〈
σν,wν−uν

〉≥ 0, ∀w ∈K. (4.44)

It still remains to study the second inequality in (4.26). We multiply it again by any

nonnegative regular function θ = θ(t), and integrate over (0,T ). The only term which

is not straightforward is the term

∫ T
0
θ(t)j

(
R
(
σ̃Nν

)
(t),u̇N(t)

)
dt = µ

∫ T
0

∫
Γ3

∣∣R(θσ̃Nν)(t)∣∣∣∣u̇Nτ(t)∣∣dadt. (4.45)

But we have∫ T
0

∫
Γ3

∣∣R(θσ̃Nν)(t)∣∣∣∣u̇Nτ(t)∣∣dadt ≥
∫ T

0

∫
Γ3

∣∣R(θσν)(t)∣∣∣∣u̇Nτ(t)∣∣dadt
−
∫ T

0

∫
Γ3

∣∣θR(σ̃Nν(t)−σν(t))∣∣∣∣u̇Nτ(t)∣∣dadt,
(4.46)

hence

liminf
N→+∞

∫ T
0
θ(t)j

(
R
(
σ̃Nν

)
(t),u̇N(t)

)
dt ≥

∫ T
0
θ(t)j

(
R
(
σν
)
(t),u̇(t)

)
dt. (4.47)

Assertions (4.43), (4.44), and (4.47) are sufficient in order to prove that the limit point

(u,σ) solve problem (1.5).
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