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ABSTRACT. Partly of an expository nature, this article brings together a number
of notions related to sufficiency in an abstract measure theoretic setting. The
notion of a coherent statistical model, as introduced by Hasegawa and Perlman [6],
is studied in some details. A few results are generalized and their earlier proofs
simplified. Among other things, it is shown that a coherent model can be connect-
ed in the sense of Basu [2] if and only if no splitting set (Koehn and Thomas, [7])
exists.
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1. INTRODUCTION.

This article is partly of an expository nature and is written mainly for its
pedagogical interest. Given a mathematical model (X, A, 7) for a statistical
experiment, it is of some theoretical interest to inquire whether the family of
sufficient sub-;-fields (subfields) C has a minimum element in some sense. It is
now known that if the model is coherent in the sense of Hasegawa and Perlman [6]

then such a minimum sufficient subfield exists. The case of a coherent model is
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studied in some details in this article. Among other things it is demonstrated
that for a coherent model the notion of connectedness (Basu, [2]) and that of
the nonexistence of a splitting set (Koehn and Thomas, [7]) coincide.

2. NOTATION AND DEFINITIONS.

The basic statistical model is denoted by (X, A, P), where X is the sample

space, A a 0-field of subsets of X, and P = {P_.: 6 ¢ O} a family of probability

o
measures on A. By an A-measurable function we mean a measurable map of (X, A)
into (Rl, Bl). Any sub-0-field C of A will be referred to as a subfield. The
function f is C-measurable if f_lBl is contained in C. Given a family
{At: t € T} of measurable sets, we write O {At: t € T} for the subfield generated
by the family of sets. Likewise, O{ft: t € T} will stand for the smallest sub-
field C such that each £, is C-measurable. By CV D we denote 0 (C ] D), that is,
the smallest subfield containing both C and D.

A set N in A is P-null if Pg(N) = 0 for all 6 € 0. Let N denote the class
of all P-null sets. For A, B € A, the statement "A = B [P]" means that the
symmetric difference A A B is P-null. Similarly, for any two A-measurable func-
tions f and g, we write f = g [P] to indicate that {x: f(x) # g(x)} € N.

The completion C of a subfield C is defined as C = CV o(N). Accordingly,
a subfield C is called complete if NC C. Let C and D be two subfields. We
write Cc D[P] if Cc D, that is, corresponding to each set C in C, there exists
a set D € D such that C = D[P]. If CE€D[P] and PcC[P], then C = D[P]. By a
P-essentially C-measurable function we mean a function f such that f—leZC [r1,
i.e., f is C-measurable. This is also equivalent to the statement that there

exists a C-measurable function g such that f = g [P]. An A-measurable function

is P-integrable if fx fld Py < for all 6 € 0.
DEFINITION 1. (Halmos and Savage, [5]). The statistical model (X, A, P)
is called dominated if every probability measure in P is absolutely continuous

with respect to a fixed O-finite measure A on A.

In this case, we say that the family is dominated by A and write P << A.
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DEFINITION 2. (Basu and Ghosh, [3]). The statistical model (X, A, P) is
called discrete if

(i) each Pe is a discrete probability measure,

(ii) A is the class of all subsets of X, and

(iii) for each x € X, there exists a 0 € O such that Pe({x}) > 0.

Condition (iii) implies that the empty set is the only P-null set. A dis-
crete model with a countable sample space X is clearly dominated. If P is count-
able, then the model is dominated. We assume that both X and P are uncountable. In
this case, the model will be undominated. As we shall see in the next section,
dominated and discrete models are particular cases of what Hasegawa and Perlman
[6] called a coherent model.

Finally, let us state the notion of sufficiency as follows. A subfield C
is sufficient with respect to the model (X, A, P) if, corresponding to each A in
A, there exists a C-measurable function IZ such that 1t

A
A subfield C is pairwise sufficient with respect to (X, A, P} if, for each A in

= E9(1A|c) [Pyl for all 6 € ©.

A and each pair 91, 92 € O, there exists a C-measurable function IX such that

)

*
I: = Eei(IXIC) [Pei] for i =1, 2. (The function I, may depend on 6, and 62.

3. COHERENT STATISTICAL MODEL.

Let F denote the class of all measurable functions f: X - [0, 1] and let

s = {fe: 6

be a collection of members of F that is indexed by 8. Let S = {s} be the family

f, €F, 6 ¢ 0}

of all such collections s.

DEFINITION 3. A member {fG} of S is said to be pairwise coherent if, for

every pair 61, 62 in O, there exists a function f12 in F such that fei = f12
[Pe‘] for i = 1, 2.
i

DEFINITION 4. A member {fe} of S is said to be countably coherent if, for

every countable subfamily Cb = {91, 62, ...} of O, there exists a function fo
in F such that fei = fO[Pei] for all i = 1, 2,
DEFINITION 5. A member {fe} of S is said to be coherent if there exists

a function f in F such that fg= f£[Pg] for all 8 € O.
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DEFINITION 6. (Hasegawa and Perlman, [6]). The statistical model (X, A, P)
is said to be coherent if every countably coherent member of S is coherent.

In the following lemma, we show that the notions of pairwise coherence and
countable coherence do coincide.

LEMMA 1. 1If {fe} is a pairwise coherent member of S, then it is countably
coherent.

PROFF. Choose and fix a countable subfamily OO ={91, 92, ...} of O, For

each pair 61, Gj in @0, there exists a function fij in F such that

£..=f, [Po]and £.. = £, [Pa ].
ij ei ei ij ej 0,

J
Let
g, =sup £, , h, = inf £ and f = inf sup £, .
1 3 i3> 73 i i3’ i 3 ij
For each fixed i, the functions fil’ fiZ’ .. are Pe -equivalent to fe . The
i i

supremum of a countable number of Pe -equivalent functions is also Pe -equivalent
to those functions. Thus, gy = fe [Pe ]. Likewise, for each fixed j, we have
i i

h, = £, [P, ]. Therefore, it follows that g =h = f_ [P, ] forn =1, 2, ...
i 6. 6. n n

6 "6
n n

Observe that R for all n. It then follows that
&n

f = -

= hn = fen[Pen] for n =1, 2,
Hence, {fe} is countably coherent.
In general, the notions of pairwise coherence and coherence do not coincide
as the following example shows.
EXAMPLE 1. (Pitcher, [10]). Let X be the unit interval [0, 1], A the
o-field of Borel subsets of X, and P the family of all probability measures on
A which are either degenerate at a single point of X or else are absolutely
continuous with respect to the Lebesgue measure. For each Pe in P and each
x ¢ X, define fe(x) = Pe({x}). Then {fe} is pairwise coherent, but not coherent.
In this model, no proper subfield of A can be sufficient. To see this, let

C be an arbitrary sufficient subfield and let Px be the probability measure

degenerate at x. Then it follows from the sufficiency of C that, for all A in
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A, there exists a C-measurable function IZ such that
e = sy 1f ap, = Jy Tdp = I, (x).

Let C = {x: IZ(x) = 1}. Then A =C € C. Hence, C = A.

We now show that the model (X, A, P) is coherent if it is either dominated
or discrete.

LEMMA 2. (Hasegawa and Perlman, [6]). If (X, A, P) is dominated, then it
is coherent.

PROOF. Since P is dominated, it follows that there is a countable subfamily

S)

6., 06
0 t 1’ 2

that {fe} is countably coherent. Then there exists a function fO € F such that

, ...} of © such that PO = {Pe: 0 € OO} is equivalent to P. Suppose

0
{fg} is coherent. For each 6 £ O, consider Ol = Oo J {6}. Then there exists a

f = f6 [Pe ] forn=1, 2, ... . We now show that f, = fB[PG] for all 6 € O, so
n n

function f1 € F such that f1 = fen[Pen] forn=1, 2, ... . Thus, fo = fl[PO]
and so fO = fl[P]. Hence, f0 = fl = qa[Pe] as required.

LEMMA 3. If (X, A, P) is discrete, then it is coherent.

PROOF. Let {fe} be pairwise coherent. We must show that it is also coherent.
For each 6 ¢ 0, let Se = {x e X: PG({X}) > 0} denote the countable support of PG'

For each pair el, 62 in O, there exists a function f12 in F such that f12 =

f, [P, ] for i = 1, 2. Thus, we have
ei 61

fei(X) = flz(x) for all x ¢ Sei, i=1, 2. (1)
Hence, f (x) = £ (x) for all x e S ﬂ S . Now, choose and fix x € X. Let
81 9, 61 9,
0, = {6e0: x¢ Se}. Let 60 be a member of Ox' Note that x € Sg n Se for

0
all 6 € Ox' In view of (1), we have fg (x) = fg(x) for all 6 € @x, that is,
0

fg(x) is constant in 0 € O (for this prefixed x). Let Cx be the common value of
X

0
arbitrary, define a function f by f(x) = cy for all x € X. Clearly, f = fe

f, for 6 € Ox’ evaluated at x, that is, fe(x) = ¢ for all x € X. Since x is
X

[PS] for all 6 € O as required.
That the coherent case is not exhausted by the dominated and discrete

cases is shown in the following example.
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EXAMPLE 2. Let (Xl, Al' Pl) be a non-discrete dominated model, let (X2, A,

Pz) be an undominated discrete model, where X1 and X2 are disjoint, Pl

{pg: 8¢ 0}, and P, = {pg: 6 € 0} e X=X |JX,, A= {AcX: AX €A for
i =1, 2}, and extend Pl and P2 to A by defining

Pe(A) = Pe(AXi) for all g ¢ @i, i=1, 2.

It follows from Lemmas 2 and 3 that both (Xl, Al’

Pl) and (Xz, AZ’ Pz) are coherent.
Now we claim that (X, A, P) is also coherent, where P = PllJ P2 = {Pe: 8 € @l|J 02
= 0}. Suppose that {fe: 6 € O} is pairwise coherent with respect to (X, A, P).

Each fe, being an A-measurable function, can be written as

1
fe on X1

2
fe on Xj,
where fé is Ai-measurable for i = 1, 2. Since {fg: 0 e Oi}, being pairwise coherent

with respect to (Xi’ Ai’ Pi)’ is coherent, it follows that there exists an Ai—

measurable function 0 < fi < 1 such that

£, = fé [Pg] for all 6 € 0.

Define

g fl on X1

f2 on X2

Clearly, f is A-measurable. Observe that fe = f;[Pe] for all 6 € Oi, i=1, 2.
Therefore, f = fe[Pe} for all 6 ¢ ©. However, it should be noted that (X, A, P)

is neither dominated nor discrete.

4. SUFFICIENCY IN THE COHERENT CASE.

For each 6 ¢ 0, let Ne denote the class of all Pe—null sets, that is,
Ne = {N e A: PG(N) = 0}. For each subfield C of A, define
¢=N1pcVolNgl.
- Bed v 6

Then C is also a subfield of A. It is easy to see that a function f is E—measurable
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if and only if, for each 6 € O, there exists a C-measurable function fe such that
£ = £4[Py!. Clearly, Ce Te C.

Let (X, A, P) be a coherent model. Then, so is (X, A, PO) for any subfamily
PO of P. However, it is not true that (X, C, P) is coherent for every subfield
C of A. Such an example is explicitly included in Pitcher's [9] example.

EXAMPLE 3. Let X be the real line and let B be the 0-field of all Borel sub-
sets of X. Choose and fix a non-empty, non-Borel set E that excludes the origin
but is symmetric about the origin, i.e., E = -E = {x: -x € E}. Let O be also the
real line, and define a family P = {Pe: 8 € O} of probability measures as follows:

If 6 € E, then P, is the discrete measure allotting probabilities 1/2 and 1/2 to

0
the two points -6 and 6. If 6 ¢ E, then Pe is degenerate at 6. We claim that
(X, B, P) cannot be coherent. To see this, for e;ch 8 € O and each x € X, define
fq(x) = Pe({x}).
Then {fe: 6 € O} is pairwise coherent with respect to (X, B, P). Suppose, on the
contrary, that {fe: 0 € O} is coherent. Then there exists a B-measurable function
05 f =51 such that f = £,[P] for all 6 € 0. This implies that
1/2 if x € E
f(x) =
1 if x ¢ E,
which obviously contradicts the initial supposition that E ¢ B. However, if we
consider the class A of all subsets of X, then (X, A, P) is a discrete model and
hence is coherent.
In the following lemma, however, we show that if (X, A, P} is a coherent
model, then so is (X, E, P) for any subfield C of A.
LEMMA 4. If (X, A, P) is coherent and C is a subfield of A, then (X, ¢, P
is coherent.
PROOF. Let {fe: 8 € 0} be pairwise coherent with respect to (X, E, P).
Then it is also pairwise coherent with respect to (X, A, P). Since (X, A, P) is

coherent, there exists an A-measurable function 0 < f < 1 such that f = fe[Pe]

for all 6 € ©. Since each fe is C-measurable, it is seen that f must be
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measurable with respect to ¢ = C. This proves that (X, C, P) is coherent.

Let 5 denote the convex hull of P, that is, P = {Q: Q = ZaiPei, ai >0,
Zai =1, Gi e 0}.

LEMMA 5. (X, A, P) is coherent if and only if (X, A, P) is coherent.

PROOF. The '"only if" part is what needs to be proved. Let {fQ: Qe 5} be
pairwise coherent with repsect to (X, A, 5). Then the subset {fe: 0 € 0} of
{fQ: é e P} is pairwise coherent with respect to (X, A, P). Since (X, A, P) is
coherent, there exists an A-measurable function 0 £ f £ 1 such that f = fB[PQ]

for all 6 € 0. We now claim that f = fQ[Q] for all Q € P. Choose and fix Q ¢ P.

ther
g’ nere

Then Q = ZaiPe » where 6, ¢ 0, a; 2 0, and fa; = 1. For each pair Q, P
i i

exists an A-measurable function 0 < fi < 1 such that
£; = fQ[Q]
and

f. =1

. = f[P, ].
i 6 ei

i

Q, it follows that

Since {P, : i =1, 2, ...}
£=f = fQ[Pei] for i = 1, 2, ...
Hence, f = fQ[Q] as required.
LEMMA 6. Let C be a subfield of A such that (X, C, P) is coherent. If P
is closed for countable convex combinations (i.e., P = 5), then C = E.
PROOF. Since CC 6, it suffices to show that (~3C C. Let f be a E’—meaSurable

function such that 0 5 £ 5 1. Then, for each 6 € O, there exists a C-measurable

function 0 < fq < 1 such that f = fglPgl. For each pair 61, 62 € 0, let

Q= (P, +P, )/2. ThenQe P="Pand so f =f [Q]. Since {P, , P, } = Q, we have
5 8 Q 9 9

f,=f=1f, [P, ] for i = 1, 2. Thus, we have shown that {f.: 6 ¢ O} is pairwise

Q Gi 0 ]

coherent with respect to (X, C, P]. Therefore, there exists a C-measurable
function 0 X £ X 1 such that f = fg[Pq] for all 6 € O, and hence f = £,P1.
This shows that Cc C.

LEMMA 7. (X, C, P) is coherent if and only if (X, C, P) is coherent.
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PROOF. Let us first prove the "only if" part. Let {fe: 8 € 0} be pairwise
coherent with respect to (X, C, P). For each § ¢ O, there exists a C-measurable
function 0 £ gg < 1 such that fg = gglPgl. For each pair 61, 8, € O, there exists
a C-measurable function 0 < £, S 1 such that f19 = fe [pe ] for i = 1, 2. Since
there is a C-measurable function 0 £ 817 < 1 such thatif12 = ng[P]’ it follows
that 819 = gei[Pei] for i = 1, 2. Hence, {ge: 8 € 0} is pairwise coherent with
respect to (X, C, P). Since (X, C, P) is coherent, there exists a C-measurable
function 0 £ £ £ 1 such that f = gg = f4lPy] for all 6 € O. Therefore, (X, C, P)
is coherent.

To prove the "if" part, let {fe: 8 € O} be pairwise coherent with respect
to (X, C, P). Then, it is also pairwise coherent with respect to (X, C, P).

Thus, there exists a C-measurable function 0 f'? <1 such that f = fe[Pe] for all
6 € ©. Since there is a C-measurable function 0 S f S 1 such that f = £[P], we
have f = fe[Pe] for all 6 € O as required.

Under the assumption of coherence, we now prove a number of results on
sufficiency.

PROPOSITION 1. Suppose that (X, C, P) is coherent. If C is pairwise
sufficient, then C is sufficient.

PROOF. Chose and fix A € A. For each 6 € 0, let O < fei 1 be a version
of EG(IAIC)° Since C is pairwise sufficient, for each pair 61, 62 € O, there
exists a C-measurable function 0 < f1, <1 such that f12 = fei[Pei] for i = 1, 2.
Thus, {fe: 8 € 0} is pairwise coherent with respect to (X, C, P). Since (X, C, P)
is coherent, there exists a C-measurable function 0 < f < 1 such that f = fe[Pe]
for all ¢ ¢ ©. That is, C is sufficient.

COROLLARY 1. Suppose that (X, A, P) is coherent and C = C. 1If C is pairwise
sufficient, then C is sufficient.

PROOF. Since (X, A, P) is coherent, it follows from Lemma 4 that (X, E, P)
is coherent. Since C = 5, (X, C, P) is coherent. In view of Lemma 7, (X, C, P)

is coherent. Consequently, the result follows from Proposition 1.
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CORALLARY 2. Let CC D[Pe » Py ] for all pairs 91, 92 € ©. If C is pairwise
sufficient and (X, D, P) is cohirent? then D is sufficient.
PROOF. Since C is pairwise sufficient and CC D[Pel, Pez] for all 91, 92
€ 0, it is easy to verify that D is also pairwise sufficient. Since (X, D, P)
is coherent, it follows from Proposition 1 that D is sufficient.
COROLLARY 3. Suppose that (X, A, P) is coherent and C is sufficient. If

cc olp Py ] for all 6,5, 0, € 0 and 7 = D, then D is sufficient.
2

9 *

PROéF. Since (X, A, P) is coherent and D = D, it follows from Lemmas 4 and 7
that {X, D, P) is coherent. In view of Corollary 2, we therefore conclude that D
is sufficient.

We now show that if (X, A, P) is coherent, then so is (X, C, P) for any
sufficient subfield C. To this end, we shall need the following lemma.

LEMMA 8. (Pitcher, 1965). If C is sufficient, then C = C.

PROOF. Let A ¢ C. Since C is sufficient, there exists a C-measurable
function IX such that IZ = Ee(IA|C) [PG] for all 6 € O. Note that IA - IX is E-
measurable. Thus, for each € € O, there exists a C-measurable function fg such
that I, - If = £4[Pg] and so
[ (1, - IH%Rg = (1, - IPEqdP,

= [ Eel (1, - T fglCldrg

S yEQBg(Ty - IZ|C)dP
= 0.

Hence, IA = II[PG] for all 6 € O, Since IZ is C-measurable, it follows that
A € C. Therefore, C = C.

PROPOSITION 2. If (X, A, P) is coherent and C is sufficient, then (X, C, P)
is coherent.

PROOF. Since C is sufficient, C = C in view of Lemma 8. Since (X, A, P)
is coherent, it follows from Lemma 4 and 7 that (X, C, P} is coherent.
5. BASU'S THEOREM.

As before, (X, A, P) is our basic model, where P = {Pe: 6 € 0}, Two
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probability measures Pe and Pe in P are said to be overlapping if, for any set
1 2
A in A, P, (A) = 1 implies that P, (A) > 0. We write 0, <=> 6, if P and P
61 62 1 2 91 0

overlap. If there exists a finite number of parameter points 61, 62, cees ek

2

such that

61 <=> 02 <=> ces <E=> Gk <=> e')

then we say Py and Py' are connected. The family P is called connected if
every pair of probability measures in the family are connected.

THEOREM 1. (Basu, [2]). If T is a sufficient statistic, P is connected,
and V is a statistic which is independent of T for all © € O, then the distribution
of V does not depend on 6.

A set A in A is called splitting set if there is a partition 90, Ol’ of ©
such that

0 if 6 € Oy
Py(a) =
1 if g ¢ 0
The above theorem has been generalized by Koehn and Thomas [7] as follows:

THEOREM 2. Let T be a sufficient statistic. There exists a statistic V,
independent of T for all 6 € O, whose distribtuion depends on 0 if and only if
there exists a splitting set.

We now demonstrate that the two notions of connectedness of P and the
nonexistence of a splitting set are equivalent in the coherent case.

LEMMA 9. Let (X, A, P) be coherent. Then P is connected if and only if
there exists no splitting set.

PROOF. Clearly, the connectedness of P implies the nonexistence of a split-
ting set. For each 6 € O, let Ag be a set such that Pe(Ae) =1 and Pg(B) > 0 if
¢ # B C:Ae. Suppose that P is not connected. Choose and fix 60 € 0. Let
@0 = {6 eo0: Pg and Peoare comnected}. Since P is not connected, 91 = @\OO is
not empty. For each 6 € 0, let fe = IA . It is easy to show that {fe: 6 e 0}

is pairwise coherent. Since (X, A, P) is coherent, there exists an A-measurable
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function 0 £ £ £ 1 such that IAe = f£[Pg] for all 6 € O. Let A = ;i@ Ag-
Since Ae is the support of Pe, it is easily seen that 0
Pe(A) = PG(AG) =1 for all 6 ¢ 00.
Note that A[] Ag = ¢ if 6 € 0;. Thus,
PG(A) =0 for all 6 ¢ @1.
That nonexistence of a splitting set is weaker than the connectedness
property is seen from the following example.
EXAMPLE 4. Let P be a family consisting of all two-point distributions and
the standard normal distribution. Then P is not connected and this does not
possess a splitting set.
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