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ABSTRACT. By employing an anholonomic description of the governing equations,
certain geometric results are obtained for a class of non-dissipative magneto-
fluid flows. The stream lines are geodesics on a normal congruence of the sur-

faces which are the Maxwellian surfaces.
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1. INTRODUCTION.

In recent years in order to study the kinematic and kinetic properties of
fluid flows, the attention of research investigators has been directed toward
the application of differential geometry to fluid dynamics [ 1] - [9]. The
characterization of a three-dimensional vector field in terms of anholonomic

coordinates was first introduced by Vranceanu [10] and has been employed by

Marris and Passman [5], [7] to describe some kinematic properties in hydro-
dynamics. G. Purushotham and his group [ 6], [ 9] have also used anholonomic

geometric results in their study of fluid flows.
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This paper presents a kinematic study of the steady and non-dissipative
magneto-fluid flows with the use of anholonomic geometric results. It has been
shown that if at each point of the flow region the magnetic field line is in the
plane of the stream line and its binormal, there exists a normal congruence of
the surfaces which are the Maxwellian surfaces. The stream lines are the geo-
desics and their binormals are parallels on these surfaces. The speed and the
fluid pressure are constant along the binormals of the stream lines. The
Bernoulli equation in MHD has also been derived in a special case.

2. THE BASIC EQUATIONS

The basic equations governing the steady and non-dissipative magneto-fluid

flows given by Lundquist [ 11] are as follows:

(Wj),j =0, (2.1)

pvi Vi3 +pyy = qu Hi’j -%u(Hz),i, (2.2)

v ny =0, 2.3)

o ut - vi),j =0, (2.4)
and

H’fj =0, (2.5)

where p is the constant magnetic permeability, p the fluid pressure, p the fluid
density, n the entropy of the fluid, v‘j the velocity field vector, and H) the
magnetic field vector.

Using the substitution = JEHJ in (2.2), (2.4), and (2.5), we get

respectively
. % i
{ = 2.6
ovd viytPi=hong o (2.6)
& wl-ndvh ;=0 2.7
and
W =o, (2.8)
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where p* = p + %hz is the total pressure and h2 = hd hj' Equations (2.7) and

(2.8) imply
. h|
- j =
v hy ;b v -hlv, =0 2.9)

3. ANHOLONOMIC GEOMETRIC RESULTS

In this section we are going to state the results given by Marris and

i, bi} introduced along

Passman [ 5]. If we consider the orthonormal basis {ti, n
the stream lines, where ti, nl, and bi are the unit vectors along the tangents,

the principal normals, and the binormals of the stream lines, we have the results

j =
t ti,j k n; o, (3.1)
J = -
t ni,j k ti + cbi . (3.2)
and
3 b, . =-n (3.3)
i,j i”?

which are the Serret - Frenet formulae, where k and 7 are the curvature and

torsion of tJ-lines. The latter results are augmented by the intrinsic deriva-

tives along nl-lines and bl-lines given by, in terms of the eight parameters
. 3j . .
h) I R ¢ I . §
k, ¢, Qt, Qn’ n’j, b’j’ ent n t’j ni, ebt b t,j bi’
i i i
n t,j = ent n (¢ + Qn Qt)b , (3.4)
od ot = -6 f - @l (3.5)
3 nt >3
joi_ _ i i i
b= @ Ha -t + (b on, (3.6)
joi_ i i
b £ (t+2)n" + OpeP s (3.7)
j i
bl o’ = g+ et + o+l (3.8)
»J n >3
and
i i jo i
b b,j ebt t (k + n,j)n , (3.9)
J

where Qt and Qn are abnormalities of t”-lines and nj-lines respectively given by
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- ijk
Qt ti e (tk),j (3.10)
and

2 =n, e1ik @) ;- (3.11)

It should be noted that here we employ the parameter ﬂn instead of y = Qb-ﬂn

as employed by Marris and Passman; Q, the abnormality of bj—lines, is expressed

b

in terms of other parameters by the relation

Qb =-2r + Qt - Qu, (3.12)

The further results are

ijk _ i i
e (tk),j szt t +kb , (3.13)
ijk - _ d, 1 i i
e (nk),j (b’j)t +o n+e6 b, (3.14)
ijk - 33,1 _ i i
e (bk),J (k + n’j)t By @+ O b, (3.15)
and
4. =0+ . (3.16)

5] nt bt

4. INTRINSIC PROPERTIES OF THE FLOW.

Now we will derive some kinematic properties of magneto-fluid flows employing

the results of earlier section. First we will decompose the basic equations
governing the flow.

The velocity vector v} and magnetic field vector h? can be expressed as

I (4.1)
and

J . J 3 3
bl =h t/+h ol +h b, 4.2)

where q is the the magnitude of the velocity; and ht’ hn’ hb are the components
of magnetic field vectors along tj, nJ bj respectively.
Using (4.1), (4.2) and the geometric results (3.1) - (3.9), (3.16) in the

basic equations (2.1), (2.6), (2.8) and (2.9), we get the following decomposition

h] =
) (npa) ;+ 0, +06, =0, (4.3)
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3 3
+ k = - -
pq t q,j t p,j ht hn k + hn hb (27 + Znn QJ
2 2 i
hn ent hb ebt + ht t ht,j
+ h nj h + hb bj h (4.4a)
n t,j t,3 ° .
q2 k + nj P*. = h 2 k+h h_o - h (Q + 27)
P »J t n t nt hb t 'n ¢

Io_qn2 3 i
+h B bo- by (ktn’.) + bt h

n,j
+h odh _+h blh (4.4D)
n n,j b n,j’ :
I« = _ - _n 2.3
bl px, by b @ -2) - bl 4 n e
+h_h +ad) + 3 y
hb L (k n’j) ht t hb,j + hn n hb,j
+ b b3 h s (4.4¢)
3 .
. +mnd b, +b) hy  +h (6 +6 )+h nl +n bl -0 (4.5)
t,j n,j >3 t ot bt no,j b ,j ’ '

i 3 - J - =
hn n q,j + hb b q,j qt ht,j +qk hn q ht (ent + ebt) 0, (4.6a)

and

h| A =
hn t’ q j +qt hn,j + q hb Qn + hn q ebt 0, (4.6b)

bl

] b - -
hb t a + qt hb,j + hb Qe ., +h q(2z + e Qt) 0. (4.6c)

Let us assume that the component of magnetic field vector in the direction

of the principal normal of the stream line vanishes at each point of the flow

region.

Then the equations (4.4a) - (4.6c) are reduced respectively to

3 3 = -pn? 3 3
L R by By B € B+ B bR, (4.7a)
2 3 =nZy- on 2 i
Pq” k + 7 px, = h "k hbht(ﬂn+2c) hy (k+n’j) , (4.7b)
bl p*x, =h h 6 +h tI +h bl %.7¢)
5 T Py B Gpe TR T By gt R DRy .

] h| i o
t ht’j + b byt h (6  +6,)+h b’j o, (4.8)
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h] - ] - =
hb b q’j qt ht,j q ht (ent + ebt) o, (4.9a)
q hb Qn =0, (4.9b)
and
J h
t + = 0.
h.b q’j qt hb,j + hb q ent 0 (4.9¢c)

(4.9¢) can be written as

t3 (tn q B) [+ 8. =0, if B #0. (4.10)
(4.8) and (4.9a) imply
b n q B+ bfj =0, if h 0. (4.11)

If q = 0, the velocity vanishes; that means the fluid is stationary. [Since

the fluid is not stationary, q # 0]. Therefore, (4.9b) implies

Qn =0, if hb # 0; (4.12)

that is, the abnormality of the principal normal vanishes which is the necessary
and sufficient condition for the existence of normal congruence of the surfaces
containing tj—lines and bj-lines. Since the vector hj is in the plane of tj and
bj, the magnetic field lines lie on these surfaces. Hence, the normal con-
gruence of the surfaces is nothing but the family of the Maxwellian surfaces.
Since the principal normals of the stream lines are the normals of these surfaces,
the stream lines are the geodesics. Thus we have the theorem:

THEOREM 1. If at each point of the flow region the component of the magnetic
field vector in the direction of the principal normal of the stream line vanishes,
there exists a normal congruence of the surfaces containing the stream lines and
their binormals which are the geodesics and parallels respectively. These
surfaces are the Maxwellian surfaces.

If the magnetic field lines coincide with the binormals of the stream lines
and the density does not vary along the stream lines, the equations (4.3) -

(4.6c) will be put in the forms

3 =
tv q 3 +q (Ont + ebt) 0 (4.13)

>
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2

3 2 j
£ (apq") j+e p*; +h" 6 =0, (4.14a)
pqzk+nj * +h% (k4 ol ) =
PXy ( n’j) =0, (4.14Db)
J -
p =0 (4.14c)
J i
b Lo byt b,j =0 (4.15)
Jj -
b g =0, (4.16a)
4,0 ifh#o, (4.16b)
and
] J =
h t q,j +qt h,j + hgq ent 0. (4.16c)
Using (4.13) in (4.16c), we get
tSh.-he _ =o0. (4.17)

»J bt
From (4.l4c) and (4.16a) we have the theorem:

THEOREM 2. If the magnetic field lines coincide with the binormals of the
stream lines, the fluid pressure and magnitude of the velocity are constant a-
long the binormals.

Let us take the additional assumption that the magnetic intensity is con-

stant along the stream lines, i.e. t h P = 0, then (4.17) implies
’

e =0, (4.18)

that is the geodesic curvature of bj—lines vanishes. Thus we see that the mag-
netic £ield lines are the geodesics on the normal congruence of the surfaces,
and hence we get the theorem:

THEOREM 3. If the fluid density and the magnetic intensity do not vary
along the stream lines, the family of the Maxwellian surfaces is the normal
congruence of developables. The stream lines and the magnetic field lines are
orthogonal geodesics on these developables.

Employing (4.18) in (4.14a), we get
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) ‘
td @5 0q )y 6 pr =0,
that is
[ 2 2
ot Gq +p+%n°) =0,

[ . ;
where ¢ 18 the intrinsic derivative along the stream lines. Integrating (4.19),

we get

L pq2 +p + %hz = constant along the stream lines. (4.20)

This is the Bernoulli equation.
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