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ABSTRACT. Our primary objective here is to extend the concept of Banach *-algebraic
bundle to the setting where the bundle product and involution are just measurable,

i.e. not necessarily continuous. Our secondary objective is to introduce the *-algebra
operations into such a bundle by means of operator fields and study the smoothness of
these operations in terms of the smoothness of the fields.
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0. INTRODUCTION.

Let G be a locally compact group and A a Banach *-algebra. The question we are
interested in here is how to construct a Banach *-algebra from Ll(G,A) which general-
izes the canonical one (with pointwise operations). Alternately, how generally can
we introduce multiplication and involution in Ll(G,A) so as to make it a Banach *-al-
gebra? The most general existing responses to this question are quite different.
They are:

(1) The cross-section algebras of Fell [1,2] and their underlving Banach
*-algebraic bundles.

(2) The generalized Ll-algebras of Leptin [3] or the equivalent twisted
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group algebras of Busby and Smith [4]. The underlying Banach bundles in these con-
structions are trivial (see [5]).

Neither of the previous approaches is more general than the other. However,
they were designed for the same purpose. Thus, it seems desirable that they be
unified as part of a more general theory which includes them both--as well as their
bundles. This is our overall goal in this manuscript.

Since multiplication and involution are just measurable in the trivial bundles
associated with the Leptin and Busby-Smith constructions, this should be true of the
bundles in the general theory. This is the main shortcoming of the Fell approach via
bundles. On the other hand, since Fell's approach allows for non-isomorphic fibers
in the bundles (i.e. non-trivial bundles), this should also be true of the bundles in
the general theory. This is the main shortcoming of the Leptin and Busby-Smith con-
structions. Consequently, our primary objective is to extend Fell's Banach
*-glgebraic bundle approach to the setting where the multiplication and involution
need only be measurable. This extension will then include the Leptin and Busby-Smith
constructions. However, the method by which we realize the measurable *-algebra
structure in a (Banach) bundle will be quite different from that of Fell., In fact,
it will be more consistent with the other two approaches in that it Qill be done by
means of operator fields. This is our secondary objective. There 1is good reason for
our choosing this approach which is explained very well by some recent remarks of
Rieffel [6]:

"Fell's approach in terms of bundles has some great advantages over those used
in various other papers concerned with establishing a general framework,... in that
Fell can work everywhere with continuous functions, thus avoiding many measure-
theoretic arguments, and he has no need to become entangled in lengthy cocycle com-
putations and the like. On the other hand, in many specific situations which one may
want to study, the bundle structure is often not entirely evident so that the trans-
lation between the immediately evident structure and Fell's bundle structure may be
tedious., Thus while the theory developed by Fell in these notes is of very consider-

able philosophical comfort, more experience will be needed before it will be clear
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exactly how incisive a technical tool it is for dealing with specific examples.”

To elaborate on Rieffel's remarks, observe that in the Fell construction the
bundle structure is introduced axiomatically. On the other hand, in the Leptin and
Busby-Smith constructions, the bundle structure is introduced operator-theoretically.
The latter approach is characteristic of how the "immediately evident'! bundle
structure arises in specific examples, Thus, in short, our aim is to develop a
general theory of group algebras via bundles which includes the existing theories
and utilizes thelr respective advantages.

Taking all the above facts and comments into consideration, we have chosen to
proceed as follows. Replace A by a field {Ax:xec} of Banach spaces indexed by
G . In Section 1, we review the notion of continuity structure A in HAx and the
equivalent notion of Banach bundle. In Section 2, we study certain continuity
structures which can be derived from A--the induced structures. The notion and
properties of bundle morphism are developed in Section 3. Then the notions of pro-
duct and involution are introduced in Sections 4 and 5 by means of operator fields
P and I having the appropriate algebraic properties. By requiring these fields
to be continuous (resp. measurable, ultra-measurable), we obtain a continuous (resp.
measurable, ultra-measurable) Banach *-algebraic bundle. A group-algebra bundle is
defined to be a measurable Banach *-algebraic bundle and is studied in Section 6.
Section 7 studies to what extent the various notions and properties of bundle ap-
proximate identity extend from the continuous to the measurable case. Section 8
does the same for multipliers. In Section 9, we construct the Ll-algebra corre-
sponding to G, {Ax} s, A, P, I. In Section 10, we investigate the extent to
which bundle homogeneity extends from the continuous to the measurable case.
Unitary factor systems and twisting pairs, as well as their bundles and correspond-
ing algebras, are reviewed and compared in Sections 11 and 12, Next we construct
the bundle corresponding to a locally compact group extension 1-N-H+G»1 . Fell's
original construction was direct, in that he specified the bundle ingredients and
then verified the equivalence of Ll(H) with the resulting cross-section algebra.

In Section 13, we show that these ingredients arise naturally as a consequence of
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our Ll—induction procedure for regular representations. The equivalence of Ll(ﬂ)
with the cross-section algebra is-then an automatic consequence of induction-in-
stages.

In what follows, it will be convenient to use the following general notation.
The symbols N, Z, R, € will denote (as usual) the natural numbers, integers, real
numbers, complex numbers respectively, If S is any set, then Es will denote
the identity mapping on S and YS its characteristic function., If A and B
are Banach spaces, then Hom(A,B) will denote the Banach space of bounded linear
operators from A into B . If X 1is a locally compact Hausdorff space and 1y
is a positive Radon measure on X , then C(X,A) (resp. CC(X,A)) will denote the
linear space of continuous (resp. compactly supported) A-valued functions on X
and M(X,A,H) the linear space of (equivalence classes of) such u-measurable
functions. The phrase "for H-almost all x in G" will be abbreviated by

"Uu-a.a. x in G."

1. CONTINUTTY STRUCTURES,

Let X be a locally compact Hausdorff space and {Ax:xeX} a field of Banach
spaces over X . Let A denote the disjoint union of the Ax’ xeX . Define m:/AX
by W_l(x) = Ax,xEX . Note that HAx is a linear space. An element of HAx will
be called a vector field. Of fundamental significance here is the notion of con-
tinuity for a vector field. Since there is no canonical meaning for this notion in
general, it must be introduced axiomatically. This was first accomplished by
Godement in [7] (see also [8]) by means of a "continuity structure." Actually,
Godement's original terminology was "fundamental family of continuous vector
fields." The term "continuity structure" is taken from Fell [9].

DEFINITION 1.1. A continuity structure A in HAx is a subset satisfying:

(i) A 1is a subspace of HAx .
(ii) For each h in A , the scalar function x>|lh(x)]|| is continuous on X .
(iii) For each x in X , the subspace {h(x):heA} of Ax is dense.

Given a continuity structure, we define continuity for a vector field as

follows:
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DEFINITION 1.2. Let xOEDQX and feHDAx . Then f is A-continuous at X,
if, given €>0 , there exists a neighborhood N of X in X and h in A
such that ||[f(x) - h(x)|l<ke , for x in NID . The field f (defined on D) is
A-continuous 1if it is so at each point of D . Denote the space of such fields by
c(,N) ; if D= X , we write C(A) for C(X,A) . Clearly, A £ Cc(A) in general.
Hence, in this context, to say that f is a continuous vector field means that f
is an element of the linear space C(A) . (See sections 1 and 5 of [8].) Let
Cc(A) = {feC(N): f has compact support} .

DEFINITION 1.3. A subset T of A is total if {h(x):heT} is dense in Ax ,

for each x in X . Thus, A itself is total.

LEMMA 1.4, Let T be total in A . In 1.2, £ is A-continuous at X, if
and only if the element h in A can be chosen from T .

Some time after Godement, Fell introduced the notion of continuity into our
context in a very different way--by axiomatically topologizing A[l] . For this
purpose, it will be convenient to speak of the elements of IIAx as cross—sections

and denote the space of them by S(X,A) .

DEFINITION 1.5. (A,m) is a Banach bundle over X if A is a Hausdorff space,
M 1is a continuous, open surjection and:
(1) The function a - [ja|| is continuous on A .
(ii) The operation + is continuous from
{(a,b)eAxA : m(a) = m(b)}
into A .
(iii) For each B in & , the mapping on A given by a - Ba 1is continuous.
(iv) If xeX and {ai} is a net in A such that ”ai” +0 and m(a;) »> x in X
then a; > 0x (the zero of Ax) in A .
Let CS(X,A) denote the subset of S(X,A) consisting of continuous cross-sections.
Observe that the relative topology of A on each fiber Ax is precisely the

norm topology [1, p.10]. More importantly, we have the following:

LEMMA 1.6. The space CS(X;AY is a continuity structure in I[AX with
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equality holding in part (iii) of 1l.1.

PROOF. Part (i) of 1.1 follows from [1, p. 11]. Part (ii) is clear. Part
(11i) is a very recent development and follows from the fact that (A,m) has enough
continuous cross-sections [1, Thm. 11].

Letting A = CS(X,A) , we obtain that C(A) = A [8, p. 13]. Therefore, start-
ing with a Banach bundle, we obtain a continuity structure in HAx which is the
largest such structure in its equivalence class [8, Prop. 1.23]. (Recall that
Ay ~ A2 if C(MA)) = C(A2) .) Conversely, it has been known for some time that this

process is reversible (up to equivalence).

LEMMA 1.7, Let A be a continuity structure in HAx . Then there exists a

unique topology on A making (A,7m) a Banach bundle. Furthermore,
A € cS(X,A); in fact, C(A) = CS(X,A) .

LEMMA 1.8. Let x €D € X and fEl'lDA.x , so that f:D»A , Then the cross~-
section f 1is A-continuous at x, 1if and only if the vector field f is A-con-
tinuous at X . Hence, c(Db,A) = Cs(D,A) .

Thus, starting with a continuity structure A , we obtain a Banach bundle
(A,m) for which A~CS(X,A) . This shows that the two methods for obtaining con-
tinuous vector fields in HAx are equivalent, i.e. C(A) = CS(X,A) . For the re-
mainder of this paper, we will let A be a continuity structure in ﬂAx and (A,m)
the unique Banach bundle guaranteed by 1.7. In particular, if X is discrete then
HAx itself is the essentially unique continuity structure [8,1.22] in ]'IAx .

Next we turn to the notion of measurability, Let u be a positive Radon

measure on X , First we consider the vector field context.

DEFINITION 1.9. Let D be a locally compact subspace of X and f an
element of HDAx . Then f 1is (A,u)-measurable if, given compact K £ X and
€ > o , there exists compact Ke € K such that u(KrK€)<€ and f 1is A-continuous
on Ke . Denote such f by M(D,A,u) . If D= X, delete it.

Analogously, we wish to introduce measurability in S(X,A) (as in [10]).
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DEFINITION 1.10. Let D and f be as in 1.9 . Then f is (A,u)-
measurable if, given compact K S D and €>o0 , there exists compact KEQ K such
that u(K-Ke)<e and f:Ke*A is continuous for the A-topology of A . Denote such

£ by MS(D,A,u) .

REMARK 1,11, On p. 22 of [1], Fell defines the notion of measurable cross-
section in a different way. However, as can be verified by the results on p. 23 of

[1], the two definitions are equivalent.,

LEMMA 1.12, If D 1is a locally compact subset of X , then
MS(D,A,u) = M(D,A,u) .
In particular,
MS(X,A,u) = M(A,W)
PROOF. This follows from 1.8.
REMARK 1.13. Since continuity and u-measurability depend only on the equiva-
lence class of A [8,5§51,3), we may replace A by C(A) = CS(X,A) without loss

of generality. (Of course, this is false if we find it necessary to consider equi-

continuous families of vector fields [8 , §2])., Thus, we may (and will) assume

A = C(A) = CS(X,A) . Actually, this is advantageous because of the last equality,
as well as the fact that {h(x) : heC(A)} is equal to A , for x in X. In
what follows, C(A) or A will be used according to which is appropriate when
they are not assumed to be equal.

The remainder of this section is devoted to separability considerations.

DEFINITION 1,14, [1, p.15]. The Banach bundle (A,m) 1is strongly separable

if X 4s second countable and A is countably dense, i.e. A contains a count-

able, total subset [8 , 1.1].

LEMMA 1,15. The bundle (A,T) is strongly separable if and only if it is

second countable.

PROOF, This is Prop. 1.8 of [1]. Recall that (A,m) automatically has

enough cross-sections,
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Suppose for the moment that A is arbitrary again, i.e. A & C(A) in general.
Recall [8, p.10] also that A is separable if C(A) 1is countably dense and A is

locally separable if, for each compact K & X, the restricted continuity structure

A|K [8, p.9] is separable. In this context, we have: A strongly separable
implies A separable. The converse is false in general. However, if we again
assume A = C(A) , then: A is separable if and only if A is countably dense.

Therefore, under this assumption, we have the following separability summary:

LEMMA 1.16. The following are equivalent:
(i) A 1is second countable, i.e. strongly separable.
(ii) A 1is countable dense and X 1is second countable.

(iii) A 1is separable and X is second countable.

EXAMPLE 1.17. Let
1> N>H>G~>1
be an exact sequence of locally compact groups. If H is second countable, then so
is G and the group algebra Ll(N) is separable. In Section 9, we will construct
a Banach bundle over G with fibers isometrically isomorphic to Ll(N) . In this
case, the continuity structure will be countably dense, so that the Banach bundle

will be second countable.

2. INDUCED CONTINUITY STRUCTURES,

The objectives of subsequent sections suggest that we study certain continuity
structures "induced" from given ones. This section is devoted to defining these
structures and establishing their basic properties for use later on.

Suppose {By:st} is a field of Banach spaces over the locally compact
Hausdorff space Y with A a continuity structure in HBy . Let (B,T) denote the
corresponding bundle. Suppose also that Y:X*Y is a continuous mapping from X

into Y . The induced bundle [11] (Bw,rw) over X 1is then given by:

BY = {(x,b) : xexX, beB, T(b) = Y(®)} ,
'rw(x,b) =x, (x,b) € Bw
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We then have the following commutative diagram:

& +8
Yoy Vot
X > Y
]

where the top mapping is the projection (x,b) > b . (Also see [2, p.101] in this
regard.) The set Bw is (roughly) the disjoint union of the field {Bw(x) : xeX} .
If ¢ 1is one-to-one, then Bw can be identified with r'l(w(x)) .

The cross-sections S(X,Bw) are in one-to-one correspondence with

B = {f:X+B : £(x)eB ),xex}

Y(x) W(x

via the mapping f <> (EX’f) . For such f , the diagram
Blp + B

o -

is commutative.

Suppose Bw is equipped with the relativized topology of X x B .

LEMMA 2.1. Let A - {Exka : keA} . Then A ois a continuity structure in

N

118 .

Y (x)

LEMMA 2.2, Let fell B for DS X and x €D . Then the following are
DY (x) o
equivalent:
(1) The vector field (Ex,f) is Aw-continuous at x_ .

(ii) The cross-section (Ex,f) in S(D,Bw) is continuous at X .

From 2,2, it follows that
csx, B = c(a%)

= {(Ex,f):feC(X,B),f(x)eB , XeX}

Y(x)

and

MS(X,Bw,u) = M(A¢,u) .

EXAMPLE 2.3. If X S£Y and Y is the injection mapping, then Aw is simply
the restriction A|X of A to X [8, p.9]. In this case, ¥ s homeomorphic to

to THX) € B and ¥ = Tle .
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EXAMPLE 2.4, If y:X*Y 1is a homemorphism, then Bw = B and Tw = w-lT

essentially, Of course, C(Aw) <« C(A) , i.e. (Ex,hw)**h , heC(d) .

EXAMPLE 2.5. TIf U:YXX*Y dis the left projection A , then A" dis the lifted

continuity structure obtained from A [8, §4]. The corresponding bundle (BA,TA)

can be identified with (XxB, ExXT) . (See p.27 of [1].)

3. BUNDLE MORPHISMS .

In later sections, it will be necessary to identify bundles (up to isomorphism)
as well as consider products of bundles in studying multiplication. Accordingly, we
need to develop suitable notions about mappings from direct products of bundles to
bundles. Nevertheless, in going through this section, it would be worthwhile for
the reader to give special attention to the case where the domain is a single bundle-
-and not a product.

Let Xl,...,Xn,Y be locally compact Hausdorff spaces, {Axlleexl} yeeey

{Axn:xnexn} . {By:er} fields of Banach spaces over these base spaces, Al,....An,B

the bundle spaces and HI:Al*xl,...,Hn:An*Xn, T:B+*Y the projections. Let (A,T)
denote the product bundle over X = X,X...x X  given by A= Alx...xAn and
TEm Xo.oxm . (Recall (11].) 1In this context, an (abstract) bundle morphism

(¢,9) from the product (A,m) into (B,t) will be a pair of mappings
$:A>B Y: X+ Y

satisfying TtT¢=ym . Thus, such ¢ 1s fiber preserving in the sense that

c - =
¢(AX) ¢ B¢(x) , X€EX , where x (xl,...,xn) and Ax Axlx...xAx . Note that we
are not requiring that ¢ or Y be continuous. In fact, our objective here is to
develop the notions of continuity and measurability for (¢,V¥) .

Clearly, a bundle morphism (¢,y) may be viewed as a pair (&,y) consisting

of a mapping Y:X»Y together with a family of mappings ¢ = {¢x:xex} , satisfying

c
Ox(Ax) < BW(x) , XEX . The connection between ¢ and ¢ 1is then given by

0(a) = &, (a), ach ,

i.e. ¢ = ¢|Ax , xeX .
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DEFINITION 3.1. A Banach bundle morphism from (A,7) into (B,T) 1is a bundle

morphism (¢,y) satisfying

n
Qx € Hom (Ax, Bw(x)) , x€X .

(See the Appendix for the definition and required properties of such spaces of bound-
ed n-linear mappings.) Thus, ¢ may be viewed as a vector field in the product
n
Hxﬂom (Ax’Bw(x)) .
c - -
Now let D1 < X1 , fienDiAxi , 174=n , with D=D X...XDn and f (fl,...,fn) .
Then ¢ defines a mapping ¢f:D+B given by

0EGO = O (EG= 0, | () g ()

= $(f(x))
= ¢(f1(x1),...,fn(xn)) , XED
Clearly, ¢f = ¢.f . Moreover, since fi(xi)eAx , 1<i<n , we have

i
f(x)eAx , 80 that ¢£(x)enw(x) , X€D ., Thus, °f€nDBw(x) , 1.e.

¢:H1HDiAxi -+ HDBW(x) .

However, ninDiAxi may be viewed as I'IDAx , 1.e,

®:HDAx +> HDBW(x) .
Next suppose that Al,...,An , A are continuity structures in the spaces

HAx ,...,HAx ,HBy . If Y 1is continuous, then it induces a continuity structure
1

n
Aw in st(x) as in section 2. On the other side, we have the product
A= Alx...XAn of the continuity structures Al,...,An in TA x...XHAx = LA, .

1 n
DEFINITION 3.2, Let (¢,y) be as in 3,1 with acA . Then (¢,y) is con-

tinuous at a (relative to A,A) if ¢ 1is continuous at a and | 1is continuous
at m(a) .

DEFINITION 3.3. The operator field ¢ is continous at x in X (relative
to A,A) 1f, for each h in A , the mapping ¢h=d.h 1is continuous at x . The
field ¢ is locally bounded at x in X if, for each compact subset K of X

containing x , the set



220 I.E. SCHOCHETMAN

{l o Il : ek}
of operator norms is bounded in R .

LEMMA 3.4, (1) If ¢ 4is continuous at X , then y 1s continuous at x .
(2) I1If Y is continuous on X , then & is continuous at x in X if and only

if, for each h in A , the vector field oh in HBw(t) is Aw—continuous at x

PROOF. (1) If x, > x in X , the zero element O = (Oi) of A satisfies:

h|
© -+0 . (2) This follows from 2.2.
xj x
For f, € TA. , let
i X
i
- . <
Il = oup I, Gxpllongex,), sisn .

PROPOSITION 3.5. For (¢,¥) as in 3.2, we have:

el = sup{lle (EG)I « £=(£ , .., £ DEMC (A, NIE,lly <1,i=1,...,n}, xeX .
i

PROOF. The proof of 9.2 of [8] can be adapted to this proposition.
COROLLARY 3.6. If ¢ is continuous at x in X , then it is locally bounded

at x--assuming Ai = C(Ai) , 1<i<n .
PROOF. By hypothesis, ®f:X*B 1is continuous at x for each fEHiCC(Ai) .

Hence, the scalar functions ||®f(+)|| are also continuous. This corollary then
follows from 3.5, together with the fact that the supremum of continuous functions
is lower semi-continuous and hence, locally bounded.

REMARK 3.7. If we were not assuming Ai = C(Ai),lgiSn , then the two versions
of continuity for & in 3.3 would be equivalent for locally bounded ¢ [7, p.84].
This is reasonable in view of 3.6.

THEOREM 3.8. Let x€X . Then (9,y) is continuous at each a in A, if and

only if @ is continuous at x (as in [1, p.32]).
COROLLARY 3.9. Let xieDigxi , 1<i<n . Suppose (¢,¥) is continuous at

each a in Ax s i.e. & 1is continuous at x = (xl,...,xn) . If fi in HDiAxi

is Ai—continuous at x, , then for f = (fl""’fn) , the mapping



GENERALIZED GROUP ALGEBRAS AND THEIR BUNDLES 221

®f:D.%X,,.x D+ B
1 n

is continuous at x for the A-topology of B -

Next we develop measurability for (¢,y) and ¢ . Let 1} be a positive
Radon measure on Xi , 1<i<n . Then U= "1 ﬂ...ﬂun is a positive Radon measure on
x [10].

DEFINITION 3.10. The Banach bundle morphism (¢,J) (resp. operator field ¢)
is measurable (relative to A, A, u) if, for each h in A , the mapping ¢h
(resp. ¢h) of X into B 1is measurable. Thus, (¢,}) 1is measurable if and only

if ¢ is measurable (recall 3.8).

LEMMA 3.11., (1) If ¢ 1is measurable, then Y 1is measurable (recall 3.4).
(2) If Y is continuous, then ¢ is measurable if and only if, for each h in
A , the vector field ¢h in HBw(x) is (Aw,u)-measurable (recall 2.2).

There is a stronger notion of measurability for ¢ and (¢,9) (as in [8,810])

which is useful for our needs.

DEFINITION 3.12. The Banach bundle morphism (¢,y) (resp. operator field )

is ultra-measurable if, for each compact subset K of X and €>0 , there exists a

compact subset Ke of K such that u(K—K€)<€ and (¢,¢) (resp. ¢) 1is continu-

ous on Ke . Thus, (¢,y) is ultra-measurable if and only if ¢ is.

THEOREM 3.13. If ¢ is ultra-measurable, then it is measurable. The converse
is true if, in addition, ¢ is locally bounded and each Ai is countably dense,

1=isn .
PROOF. This is proved as in Prop. 20 of [7].

THEOREM 3.14. Suppose ¢ is measurable. If f=(f,,...,f ) 1is an element of
1 >’n

]TiM(Ai,ui) , then O&feM(X,B,u) .

REMARK 3.15. Once again, if we were not assuming Ai - C(Ai) , 1<i<n , then
there would be two versions of measurability for ¢ given in 3.10. However, in view

of 3.14, these would be equivalent,

REMARK 3,16, As we indicated at the beginning of this seciton, the case n=1
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is of special interest. Specifically, for this case, this section contains the de-
finitions and properties of continuous, measurable, and ultra-measurable Banach

bundle morphisms.

4, PRODUCT FIELDS.

Having established the foundations for our analytical needs, we turn to our
algebraic needs--namely multiplication (i.e. convolution) and involution. In this
section we develop multiplication in A by means of a product field of operators.

Suppose G 1s a locally compact group and {Ax:xeG} is a field of Banach
spaces over G with A as before. Then Homz(AXXAy,Axy) is the Banach space
(A3) of bounded bilinear operators from AxxAy into Axy , (x,y)eGxG ., Consequent-
1y,

{HomzAxxAy,Axy) : (x,y)EGXG}
is a field of Banach spaces over GXG and

2
MTHom (AxxAy ’Axy)

is a linear space of operator fields. If P 1is such a fleld, then for (x,y)eGxG ,
the mapping
Pt AXA +A
X,y Xy

is8 a bounded bilinear operator with range contained in Axy . Let the field of

identity operators on the {szxec} be denoted by {Ex:xec} . (This is in

HGHom(Ax).)
DEFINITION 4.1. Let PsHHomz(AxXAy,Axy) . Then P 1is a product (or multi-
plicatien or convolution) field if "Px y"SI and
’
X = x
ny,z(Px,y Ez) Px,yz(Ex Py,z) s X,¥,26G ,

For convenience, let P = HHomz(AxxA ’Axy) . Note that an element of P is not
necessarily a product field. Moreover, let p denote the mapping of AxA-A
defined by

p(a,b) = Pﬂ(a),ﬂ(b)(a’b) , a,beA .

Since the mapping :GXG*G given by group multiplication satisfies
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Y(mxm) = mp , it follows that (p,J) is a Banach bundle morphism of (AXA,nn) into
(A,T™) . Furthermore, since VY is continuous, if A 1s a continuity structurz in

HAx , then we obtain the induced continuity structure Aw in

defo
Ty = M,y = Ty

as in Section 2, We will denote Aw by A', Aw by A' and v by w' .
We will also require that product fields be measurable relative to A and
(right) Haar measure U on G as in Section 3. It will be instructive to

summarize the results of Section 3 for (p,P,¥) .

THEOREM 4.2, Let P be an element of P with p as above. Then the
following are equivalent for (xo,yo)erG:
(1) P 1is continuous at (xo,yo) .
(11) For each h,k in A, the mapping P(h,k):GxG*A (as in §3) is
continuous at (xo,yo) .
(111) For each h,k in A , the vector field P(h,k) in HAxy 1s A" -continuous
at  (x,y) .
(1v) For each h,k in A the cross-section P(h,k) in S(GXG,A') is
continuous at (xo,yo) .
(v) The bundle morphism (p,y) 1s continuous at each point (a,b) in Ax XAy .
o ’o

(vi) The mapping p 1s continuous at each point (a,b) in Ax XAy .
o o

PROOF. Combine 1.8, 3.2, 3.3, 3.4, and 3.8.
PROPOSITION 4,3, Let DI’DZ c G, xOED1 s yoeD2 . Suppose P 1is continuous

, geHDZAy are A-continuous at XY, respectively,

at (xo,yo) . If feHDIAx

then the mapping P(f,g):DlxDZ*A is continuous at (xo,yo) (resp. A'-continuous

at (x°9y°)) .

PROOF. Recall 2,2, 3.9.

THEOREM 4.4. Let PeP ., Then the following are equivalent:
(1) P 1is measurable.

(1i) For each h,k in A , the mapping P(h,k):GXG+A 1s measurable.
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(ii#* For each h,k in A, the vector field (E P(h,k)) in TA is

GxG’ Xy
(A',uﬂu)-measurable.

(iv) For each h,k in A , the cross-section ( P(h,k)) 1is measurable

Eoxe?
relative to A' and uey .

PROOF. Combine 3,10, 3.11, and 1.12.

THEOREM 4.5. Let PeP . Then the following are equivalent:
(i) P 41s ultra-measurable.
(ii) For each compact subset K of GXG and €>0 , there exists a compact
subset Ke of K such that uﬁu(K—K€)<€ and P is continuous on Ke .
If P 1is a product field and A is countably dense, then the previous are
equivalent to:

(iii) P 1is measurable.
PROOF. Combine 3.12, 3.13, and 4.1.

PROPOSITION 4.6. Suppose P in P is measurable and £f,geM(A\,n) . Then

P(f,g)EM(GXG,A,un) .
PROOF. Recall 3.14

5. INVOLUTION FIELDS .

The other algebraic operation we need is involution, which will also be intro-
duced by means of a field of operators. Of course, such fields will have to be
suitably compatible with product fields in order that the resulting operations yield
a *-algebra structure in A .

For each x in G , let A; denote the Banach space conjugate to Ax .

i.e. A; and Ax are identical except for scalar multiplication which is given in

Ax by:

aea = 0a , acC , aeAx .
Consider the fields {A;:XEG} s {AX_I!XEG} of Banach spaces over G . The spaces
{Hom(A;,Ax_l)} form a field of Banach spaces over G and HHom(A;,Ax_l) is a

linear space of operator fields. Note that the linear mappings from A; into Ax—l
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are precisely the conjugate linear mappings from Ax into Ax‘l . Thus, if I 1is
an element of HHom(A;,Ax_l) , then,for each x in G , the mapping
Ix:Ax+A (resp. Ix:Ax*A)

is bounded and linear (resp. conjugate linear) with range contained in Ax-l .
For convenience, let

S tA XA > A XA

X,y X ¥ y X

denote the switching mapping (a,b) > (b,a) , aeAx, bEAy , X , YEG .
DEFINITION 5.1, Let I be an element of HHom(A;,Ax_l) . Then 1 is an

involution field if (T /=1, I ;=1-1 and
X X X

= X €
LeyPryy = Pyl 10y TSy y o %0¥E6

for each product field P in P ., For convenience, let

1= HHom(AX,Ax_l) .

Note that the elements of I are not necessarily involution fields.
For the purposes of this section, let Y:G*G be the inversion homeomorphism
Y(x) = X-l,XEG . If f is a mapping defined on G , it is customary to write

fV for £ Consequently, the induced continuity structure 4 in HAw(x) = HAx—l

v
v

will be denoted by A, i.e.

AV = {nV:neA} .
Also, denote by A~ the continuity structure A viewed as being in HA; = HAx .
Hence, for oel and h €A™ | we have

(@h7) (x) = oh(x) , X€G .
Now let i denote the mapping of A into itself given by

i(a) = In(a)(a) , agA .

Then (i,¥) is a bundle morphism of (A”,m) into (AY,m’) where:
i) A =A= UA; (disjoint) , with conjugate scalar multiplication in the
fibers.

(11) AV = A =uA -1 (disjoint) , with A -1 the fiber over x in G .
x x
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(iii) T (a) = T(a) = x , for a€A; = A, xG .

TT(a)-1 = x_1 , for aeA ) - A -1 xeG .
X

(iv) T (a) ”

As in the previous section, an involution field will be required to be
measurable relative to A and u . Here also, it will be instructive to summarize
Section 3 for (i,I,y) .

THEOREM 5.2. Let Iel with i as above. Then the following are equivalent

for x in G :
()

(i) I is continuous at X, .
(ii) For each h in A , the mapping I(h):GA 1is continuous at X, .

(iii) For each h in A , the vector field I(h ) in TA -1 is
X

AV-continuous at X .
(iv) For each h in A , the cross-section I(h") in S(G,Av) is continuous
at x .
o

(v) The bundle morphism (i,) 1is continuous at each point a in A .

(vi) The mapping i 1is continuous at each point a ﬁIQA; .
(o]

PROOF. Combine 1.8, 3.2, 3.3, 3.4,Qend 3.8.

PROPOSITION 5.3, Let DgG , xD . Suppose I in [ is continuous at x .
If feHAy is A-continuous at x , then the mapping I(f~):D»A 1is continuous at

x (resp. AV-continuous at x ) .
PROOF. Recall 2.2 and 3.9.

THEOREM 5.4. Let 1Iel . Then the following are euqivalent:
(1) I 4is measurable.
(ii) For each h in A , the mapping I(h~): G*A 1is measurable.
(iii) For each h in A , the vector field I(h~) in TJA -1 is (Av,u)—measurable.
X

(iv) For each h in A , the cross-section Th™ :G+AY 1is measurable realtive to

v
(A .
PROOF. Recall 1.12, 3.10, and 3.11.

THEOREM 5.5. Let 1Iel . Then the following are equivalent:
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(i) I is ultra-measurable.
(11) For each compact subset K of G and €>0 , there exists a compact subset
Ke of K such that U(K-KE)<€ and I 1is continuous on Ke (resp. 1i 1is
continuous on (1) () = TL(K)).
If I is an involution field and A 1is countably dense, then the previous are

equivalent to:

(iii) I is measurable.
PROOF. Combine 3.12, 3,13, and 5.1.

PROPOSITION 5.6. Suppose I is measurable and feM(A,u) . Then

I(£-)eM(G,A, ) .
PROOF. Recall 3.14.

6. GROUP ALGEBRA BUNDLES .

We are now ready to construct a measurable analogue of Fell's Banach
*-algebraic bundle [1]. Let {Ax:xeG} once again be a field of Banach spaces over
the locally compact group G , with A,A,7m,u as above. Suppose also that P is a
product field in P with p the corresponding product bundle mapping. To intro-~
duce multiplication into A , define

a*b = p(a,b) = Pﬂ(a),ﬂ(b)(a,b), a,beA .

PROPOSITION 6.1. We have:
(1) arbeA  , for acA , bEA , d.e., A A CA , X,VEG .

(ii) For each x,y€G , the mapping (a,b)>a*b of AxxAy into Axy is bilinear.

(iii) (a*b)*c = a*(bec) , a,b,ceA .
(v) llasbll < Hall < Ibll , a,beA .
To obtain continuity for the product mapping p:AXA*A , recall 4.1:
PROPOSITION 6.2. The product in A 1is continuous if and only if P is
continuous.
One of our goals is to generalize the above to the case where the convolution is

just measurable--and not necessarily continuous. In this regard, we have:

PROPOSITION 6.3. The product in A 1is measurable if and only if P is
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measurable. It is ultra-measurable if and only if P is ultra-measurable. If A
is countably dense, then these are equivalent to measurability for P (4.5).

To introduce involution into A , suppose further that I is an involution
field in T with i as before. For a in A , define

a* = i(a) = Iﬂ(a)(a) .

PROPOSITION 6.4. We have:
(1) ma*) = 1@ = V@) , achA , i.e. (AD* S A _j, €6 .
(ii) For each x in G , the mapping a+a* from Ax into Ax’l (resp. A;
into Ax_l) is conjugate linear (resp. linear).
(iii) (a*b)* = b*ea* | a,beA .
(iv) a** = a , aeA ,
To obtain continuity and measurability for the involution mapping i:A*A ,

recall 5.1 and 5.4:

PROPOSITION 6.5. The involution in A is continuous if and only if I 1is

continuous.

PROPOSITION 6.6, The involution in A is measurable if and only if I is
measurable, It is ultra-measurable if and only if I is. If A is countably

dense, then these are equivalent to the measurability of I .

DEFINITION 6.7. By a (measurable) Fell bundle (A,m; P,I) over G , we will

mean a Banach bundle (A,m) over G together with measurable product and in-
volution fields P and I . (The underlying continuity structure A will be
understood to be CS(G,A) as before.) If P and I are continuous, we will say

that (A,T;P,I) is a continuous Fell bundle over G (equivalently, a Banach

*-algebraic bundle over G ).

In Section 3 of [1], Fell defines a continuous Fell bundle (A,m:*,*) over G
to be a Banach bundle (A,m) over G with product ¢ and involution * given
axiomatically. Clearly, the corresponding product and involution fields P and I

are then determined as follows:
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Px,y(a’b) = a*b ,

Ix(a) = a* | aEAx . beAy, X,¥€G .

Of course, these fields are continuous relative to A = CS(G,A) , since * and *
are continuous operations on A (6.2, 6.5). To extend his construction to that of
a measurable Fell bundle, the appropriate measurability requirements on °* and *

would be given by 4.4 and 5.4.

EXAMPLE 6.8 [2 ,p.130]. Let B be the 2-dimensional Banach *-algebra Ez with
*-algebra structure given by
(a,b) (a',b"') = (aa',bd") ,
(a,b)* = (b7,a")

and norm given by
lla,b)!| = max(|a},|b]) , a,a’,b,b'eC .

Let G be the cyclic group {1,-1} of order 2 and (Al,A_l} the closed

subspaces of B given by

A

1 {(a,a):aet} ,

A, = {(a,-a):act} .

Since G is discrete, we have A = A XA_

1 Define P and 1 by

1
Px’y((a,xa),(b,yb)) = (ab, xyab) ,
I_((a,xa)) = (a",xa’) , x,y€G, acA_, bea, .
Of course, P and I are continuous.
EXAMPLE 6.9 [2,p.131]. Let D = {z6C:|z|<1} and 9D the ususal boundary of
D . Let B be the Banach *-algebra C(D) with pointwise *-algebra structure. For

G = {1,-1} , 1let Al’A—l be the closed subspaces of B given by

>
]

{fec(D) : f(-2z) f(z) , zedb} ,

f(z) , zedD} .

>
]

_y = (feCc(D):f(-2)

Then A = A xA_

1 once again and continuous P and I are given by

1
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Px’y(f,g) = xy(f+g) ,
I_(f) = £, x,y€G, feA_, geA,

Before leaving this section, we wish to point out one of the main consequences

of replacing a continuous Fell bundle by a measurable one.

DEFINITION 6.10 [2,p.115). A measurable Fell bundle (A,m:P,I) over G is

saturated if the span of A_°*A is dense in A__, i.e. the range of P has
saruratec x 'y Xy X,y

dense span in Axy , for all x,yeG .

PROPOSITION 6.11 [2,p.115]. If (A,m;P,I) is saturated, then:
(i) The span of A *A_ is dense in A , x€G .
e 'x x

(ii) The span of Ax'Ax_ is dense in Ae , XEG .

1
Conversely, if P is continuous, then (i) and (ii) imply saturation.

Hence, the converse implication is questionable for measurable Fell bundles
since its proof depends on the continuity of the product in A . This also affects

Propositions 11.4 and 11.5 of [2] in the same way.

7. BUNDLE IDENTITIES,

The purpose of this section is to extend (and rephrase) Fell's study of approxi-
mate identities (units) in [1,2] to the context of a measurable Fell bundle.
Let (A,H;P,I) be such a bundle. It is clear then that the fiber Ae over the

identity e in G 1is a Banach *-algebra.

DEFINITION 7.1 [1,p.34]. A (bounded) approximate identity in A 1is a net {uj}

in Ae satisfying:

(i) ”uj” <8, all j , for some B>0 .

(ii) ”Uj'a - all >0, acA .

(iii) ||a°uj -all >0, acA .
In particular, {“j} is an approximate identity in Ae in the usual sense.

DEFINITION 7.2 [1,p.34]. The net {uj} in A, is a strong approximate

identity if it is an approximate identity and (ii) and (iii) of 7.1 hold uniformly



GENERALIZED GROUP ALGEBRAS AND THEIR BUNDLES 231

on compact subsets of A .

In Prop. 11.1 of [2], Fell showed that these two notions agree in the case of
continuous Fell bundles. This appears to be false in the measurable case. To
determine what is true, we proceed as follows.

Let DSG , feHDAx and aEAe . The left and right translates of f by a are
defined by

af(x) = a.f(x) = Pe,x(a,f(x))

and

fa(x) f(x)ea = Px’e(f(x),a) s XeD .,

Then af N fa belong to HDAx which is a linear space, i.e. HDAx is a (two-

sided) A -module in general. Now consider c(D,N) ¢ ]'[DAx .

PROPOSITION 7.3. Let ' be a total subset of C(A) . Then the following are
equivalent:
(i) c(@,\) is a left (resp. right) Ae—module.
(ii) For each h in I , a in Ae , the vector field ah(resp. ha) is

A-continuous on D .

DEFINITION 7.4. We say that C(\) is locally an Ae;module if C(K,A) is an
Ae-module, for each compact subset K of G .

The following is our measurable Fell bundle version of Prop. 11.1 of [2].

THEOREM 7.5. Let {uj} be an approximate identity in A . If C(A) is
locally an Ae-module, then {uj} is a strong approximate identity in A . 1In
particular, if multiplication in A is continuous, then C(A) is actually

(globally) and Ae—module.

REMARY 7.6. Observe that if C(A) is locally an Ae-module, then the
corollaries 11.2 and 11.3 of [2] are valid.
8. MULTIPLIERS.

There are two additional significant distinctions between continuous and
measurable Fell bundles which involve multipliers. We will briefly discuss here the

multiplier theory [1,84] we require in this and succeeding sections.
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DEFINITION 8.1, If x is an element of G , then a multiplier m of order

x for the measurable Fell bundle (A,m;P,I) is a pair (ml,mz) satisfying the
following:
(1) m,m, are continuous mappings of A into itself which are bounded in the
sense that
lmy |l = sup{llm; (a)ll :acA}
is finite for i = 1,2 .
(ii) For each yeG , ml(resp. m2) is a linear mapping of Ay into Ax

y
(resp. Ayx) .

(iii) a-ml(b) = mz(a)-b , a,beA
(iv) ml(a-b) = ml(a)-b , a,beA
(v) mz(a-b) = a-mz(b) , a,beA

For convenience, as usual, we will write ma for ml(a) and am for mz(a) .
a€A . Let MX(A) denote the set of multipliers of order x and M(A) = UGMx(A) .
Also, let 7°:M(A)>G be the canonical projection.
Each Mx(A) is a Banach space under the canonical linear operations and norm
given by
”m”o = max(”mln,"mzﬂ), meMx(A) , XeG .
Thus, (M(A),no) is algebraically a Banach bundle. Moreover, there is a product and
an involution in M(A) given by
(m-ml)a = m(m'a) , a(mem') = (am)m’'
and
m*a = (a*m)* , am* = (ma*)* ,
for afA , m,m'eM(A) . The operations have the following properties:
(1) 1f msMx(A),m’eMy(A) , then mm'aMxy(A) .
(2) The product is bilinear on MX(A)XMy(A) .
(3) The product is associative.

(4) 1f meMX(A) , then m*eM __(A) .

1
b

(5) The involution is conjugate linear on MX(A) .
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(6) The involution is anti-multiplicative.
(7) The involution is self-invertible,

@) lom' | < fml_+In'll, and [l = fnl] .

(9) The left and right identity mappings of A fotm the identity of

M(A) in M (A) .

We are now ready to describe one of the distinctions between continuous and
measurable Fell bundles referred to at the beginning of this section.

If the Fell bundle (A,m;P,I) is continuous, then A can be mapped into M(A)
by right and left multiplication:

ma=ba, am = ab, a,beA .

However, in the measurable (non-continuous) case, this does not seem possible, since
the left and right multiplications may fail to be continuous.

The remaining distinction involves the notion of unitary multiplier.

DEFINITION 8.2. If meM(A) , then m is unitary if |[ml| =1 and
m*m = mm* = 1 , the canonical identity in M(A) .

The unitary multipliers U(A) in M(A) form a group under multiplication.
Also, if Ux(A) = U(A)ﬂMx(A) , then

U(A) = UGUX(A)

and

m*EUx_l(A) , if mEUx(A) , XEG .

DEFINITION 8.3. A measurable Fell bundle has enough unitary multipliers if,

for each x in G, UX(A)#¢ [2,p.122].

LEMMA 8.4, 1f (A,m;P,I) has enough unitary multipliers, then the Banach

spaces {Ax:xeG} are all isometrically isomorphic [2,p.123].

LEMMA 8.5. If P 1is continuous and A has an approximate unit as well as

enough unitary multipliers, then A is saturated (6.10 and [2,prop.11.5]).

REMARK 8.6. In general, if A is saturated, then it may not have enough

unitary multipliers even if P is continuous and A has an identity [2,p.130].
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The implication in 8.5 is questionable in the measurable case because its
proof, namely Prop. 11.4 of [2], is questionable for non-continuous P . (Recall
the end of Section 6.)

There is a notion stronger than "enough unitary multipliers'" called "homo-
geneity" which we will study in detail in Section 10.

Finally, M(A) can be equipped with a topology called the strong topology

[1,85]. In this topology, a net {Mj} in M(A) converges to m in M(A) if
mja “* ma , amj *+ am , agA .

For this topology, involution is continuous and the product is separately continuous.
The mapping T :M(A) > A  is continuous relative to this topology but possibly not
open. Consequently, ﬂolU(A) is a continuous homomorphism of U(A) into G (onto
if there exist enough unitary multipliers). Note that multiplication in U(A) is

separately continuous but possible not jointly continuous.

Let Mt (A) = {meM(A) :lmll =1} .
The following will be useful in Section 10.

PROPOSITION 8.7. If A has a strong approximate identity and P is ultra
measurable, then the mappings (m,a)?ma and (m,a)*am of Ml(A)XA ‘into A are
measurable in the sense of 3.10. In particular, if P (i.e., p) 1is continuous,

then these mappings are continuous (compare with [1,Prop.5.1]).

9. GENERALIZED GROUP ALGEBRAS .

To construct a Banach *-algebra from a measurable Fell bundle (A,T;P,I) over
G , let Ll(A,U) denote the Banach space of (null equivalence classes) of (A,u)-
measurable vector fields f which are u-integrable, i.e. for which

Il = JGlEGllanGo< .

(See [7,8) for the details.) The subspace CC(A) of C(A) consisting of vector
fields with compact support is well-known to be dense in Ll(A,U) . Also, in view of
the results in Section 1, Ll(A,u) is the vector field version of the space

Ll(A,u) of p-measurable integrable cross-sections [1,§2]. Let § be the (right)

modular function for G . Before proceeding further, let us record an important
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result for future use. Once again, let A:GXG*G be the left projection (recall

2.5).
LEMMA 9.1. Let feLl(AA,Hﬂu) . Then for p-a.a.x in G , the integral
ToE G, y)du(y)
belongs to A~ and the resulting (l-a.e. defined) vector field
x > [ E(x,y)du(y)
1
belongs to L (A,u) .

PROOF. This is the vector field analogue of Prop. 2.11 of [1].
Now, for f,g in Ll(A,u) , consider the vector field
-1 -1
(x,y) > £(y ") *glyx) = P(f,8)(y ~,yx)
in A .
)‘(X’Y)

PROPOSITION 9.2. This vector field is (Al,uﬁu)—measurable.

LEMMA 9.3. The vector field of 9.2 belongs to Ll(Ax,uQu) and its Ll—norm is
at most £l “llgl
PROOF. This is a straightforward application of the scalar Fubini Theorem.
COROLLARY 9.4. For f,g in LY(A,1) , the vector field
x > [EG D g du(y)
(defined u-a.e. on G) belongs to Ll(A,U) .
PROOF. Apply 9.1 to the integrand.

As a result of the previous discussion, for f,g in Ll(A,u) , we may define a

vector field feg in LY(A,u) by

(feg) (x) = fo(y_l)‘g(yx)du(y) , H—a.a. x in G .
We thus obtain a binary operation * (multiplication or convolution) on Ll(A,u)
which satisfies

lewgll, = fel Nl » £.get A .

REMARK 9.5. Before going any further, observe that Fell defines convolution
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first in CC(A) [1,88] and then extends it to all of Ll(A,u) . Note that in his
case (that of a continuous Fell bundle), CC(A) is closed under multiplication as a
consequence of the continuity of multiplication in A . However, this is not true
for a measurable Fell bundle. Hence, for us, there is less advantage in first

multiplying elements of CC(A) , since the products may not be in Cc(A) .

PROPOSITION 9.6. Under multiplication, Ll(A,u) is a Banach algebra which we
denote by Ll(A,u;P) .
*
Next, we define involution in Ll(A,u;P) . For f in HAx, define f in
HAx by
* = 656 Yoo lyx = Sy~ Lres = 8¢y~ L
fx(x) = 0(x) f(x ")* = O0(x) "I(f) (x) = 0(x) Ix(f(x)), x€G .
LEMMA 9.7. For each f in Ll(A,U;P) , the field f* also belongs to
Ll(A,U;P) ; in fact, ”f*ul = ”f”l . Hence, we obtain a mapping * (involution)

from Ll(A,u;P) into itself.

PROPOSITION 9.8. Under involution Ll(A,U;P) is a Banach *-algebra which we

denote by Ll(A,U;P,I) .

LEMMA 9.9. If the conditions of 1.16 hold, then Ll(A,u;P,I) is separable.

N

PROOF. The underlying Banach space Ll(A,U) is separable by the Corollary
to Proposition 2.2 of [1,p.20].

Next in this section, we turn to a study of identities in Ll(A,u;P,I) .

Suppose A has a strong approximate identity. In the proof of Prop. 8.2 of

[1], Fell shows how to construct an approximate identity for Ll(A,u;P,I) . Also

observe that this proof does not use the A-continuity of P or I . Consequently,

we have:

LEMMA 9.10. If A has a strong approximate identity (recall 7.5), then

Ll(A,u;P,I) contains an approximate identity (with the same bound).

PROPOSITION 9.11. The Banach *-algebra Ll(A,p;P,I) contains an identity

if and only if G 1is discrete and A has an identity.

PROOF. The proof of the corresponding result for classical group algebras



GENERALIZED GROUP ALGEBRAS AND THEIR BUNDLES 237

[12,319] can be adapted to the vector field context. In particular, the identity
u of A and the identity f of . Ll(A,u:P,I) are related by f(e) = u .

For the remainder of this section, we investigate the correspondence between two
generalized group algebras whose underlying Fell bundles are connected by a '"Fell
bundle morphism," i.e. a Banach bundle morphism having the appropriate additional
algebraic properties.

Suppose (B,T:Q,J) 1is another Fell bundle over G and Ll(A,u:Q,J) is the
corresponding generalized group algebra. Let ¢:(A,m)>(B,T) be a Banach bundle

morphism as in section 3 (with Y=E Then we have a field

G)'

o = {¢x:xec} € HGHom(Ax,Bx) ,

where ®x = ¢kAx , X€G . If f is a vector field in HAx , then it follows that
®f is a vectar field in HBx . Furthermore, the correspondence f -+ ¢f is linear

between the underlying linear spaces of vector fields; notationally, we have
9 : maﬂmx.

Now suppose that ¢ is measurable (3.10). Then by 3.14, we have a linear mapping
@ : M(Au) M(A,n)

which is constant on null equivalence classes. If ¢ is continuous, then (3.9)

®

c(h)~»C(n) .
In particular,

9 : Cc(A)*Cc(A) R

since supp (%f) & supp(f) .

For convenience, let H@“G denote
sup {H@x" :xeG} .
We will say that & is bounded if HQHG <o , Then we have:

PROPOSITION 9.12. If ¢ (i.e.$) is measurable and ¢ is bounded, then (modulo
nullity) ¢ is a bounded, linear mapping of Ll(A,u) into Ll(A,u) with norm at
most H@HG . In particular, if each ®x,x€G , is an isometry, then ¢ 1is an

isometry.
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In order that @ be a *-algebra homomorphism as well, we will have to require

more of @ .
DEFINITION 9.13. The mapping
¢ : (A,m;P,T) (B,73Q,0)

is a Fell bundle morphism if ¢:(A,ﬁ)*(B,T) is a measurable Banach bundle morphism

and:

Q (@ x2),

() OBy = U,y PP s feen O P o= O

E ]
(ii) ¢Ix = Jx¢ , il.e. @XIX = Jxéx s
for x,y in G .
THEOREM 9.14. If ¢(as in 9.13) is a bounded Fell bundle morphism, then
1 1
¢ : L (A,u3P,I)>L7(A,u3Q,J)

is a Banach #*-algebra homorphism.
Conversely, suppose ¢_1 : B>A exists and is a Banach bundle morphism, so that

9.12 and 9.13 apply.

PROPOSITION 9.15. If ¢,¢-1 are bounded Fell bundle morphisms for (A,m;P,I)
and (B,T;Q,J) as above, then Ll(A,u;P,I) and Ll(A,u;Q,J) are isomorphic Banach
*-algebras which are equivalent as Banach spaces. In particular, if each ®x is an

invertible isometry, x€G , then these algebras are isometrically isomorphic.

10. HOMOGENEITY.

Our objective here is to extend the main ideas and results of sections 6 and 9
of [1] to the setting of (measurable) Fell bundles. This will be useful in
Section 11 for comparing Leptin bundles with Fell bundles.

Recall that the unitary multipliers U(A) for the Fell bundle A form a

group and a topological space with the relativized strong topology.

DEFINITION 10.1. The Fell bundle A is (measurably) homogeneous if:
(1) A has enough unitary multipliers, i.e. m°(U(A)) = G .
(ii) The mappings (m,a) > ma and (m,a) > am of U(A)XA into A are measurable

(as in 3.10).
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REMARK 10.2. For each x,y in G and m in Ux(A) , the mapping a -+ ma of
Ay into Axy is a linear isometry. Therefore, if m° is onto (in particular, if

A is homogeneous), then the fibers {Ax:st} are all isometrically isomorphic.

LEMMA 10.3. If A has a strong approximate identity and P 1is ultra-measur-
able, then A is homogeneous if and only if A has enough unitary multipliers.

(Compare with Remark 3 of [1,p.49].)

PROOF. It follows from 8.5 that (ii) of 10.1 is automatically satisfied under

the given hypotheses.

REMARK 10.4. 1In particular, if A is a continuous Fell bundle with approxi-
mate identity, then A is homogeneous if and only if m|U(A) 1s onto (7.5).
Thus, for the case of such bundles, homogeneity is simply the existence of suf-
ficiently many unitary multipliers. Consequently, this latter property is really
the crux of the homogeneity property--both technically and intuitively.

In Section 9 of [1], Fell shows that all continuously homogeneous Fell bundles
can be constructed (up to isomorphism) from a given set of "ingredients." We will
next extend this construction to the measurable case. Moreover, we will do this in
the setting of vector fields, describing the underlying continuity structure
specifically.

Of even greater significance--especially for the needs of Section 13--is the
description of the underlying field of Banach spaces. This field is constructed in
the same way as is the field in Section 4 of [13]. However, the contexts in which
these constructions take place are different in point of view. Consequently, we
will also adopt the viewpoint of Section 14 of [13]--namely, that of group repre-
sentations. This will allow the results of Section 13 to follow immediately from
[13] and this section.

Let A be a Banach *-algebra with (bounded) approximate identity. Let N be
a subgroup of the topological group U(A) of unitary multipliers on A . Suppose
also that H is a topological group extension of N with q:H*H/N the canonical

epimorphism on the space of right cosets, Assume also that G=H/N is locally
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compact in the usual quotient topology.

REMARK 10.5. The local compactness of G 1is not assumed by Fell in [1]. This
is essential for us here, since G will play the role of a base space X , i.,e. all
of Section 1 must apply to G . However, this is not a severe additional assump-
tion, since Fell assumes G 1is locally compact for the main purposes of [l1]--for
example, cross-sectional algebras, induced representations, etc.

Given such A, N and H, Fell constructs a field of Banach spaces over G by
defining an equivalence relation N in the space HXA . Consistent with our stated
point of view, observe that the topological group N 1is represented on A by:

-1

Rt(a) = at , atA , teN .

Such R 1is a bounded, strongly continuous representation of N on A which we

call the right regular representation. If (x,a) and (y,b) are elements of

H*XA , define:
(x,a) -~ (y’b)
if there exists t in N for which

b = Rt(a) = at—l , ¥y = tx .

This defines an equivalence relation =~ in HxA . Denote the space (HxA)/~
of equivalence classes (x,a)” by A , equipped with the quotient topology from
HXA . Observe that A can be viewed as the orbit space of HXA under the right

topological transformation group

(HXA)XN - HXA ,
where ((x,a),t) »> (tx,Rt(a)) , atA, te€N , x€H .
The projection mapping T:A+G is then given by
T(x,a)") = q(x) , ac€A, x€H .
For each & in G, let AE = ﬂ—l(i). Then A is the disjoint union of the
non-empty) fibers AE , E6G . If we define

J A A xe&eG

g ’
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Jx(a) = (x,a)” , a€A ,
then Jx is a (well-defined) bijection, since
th(a) = Jx(Rt(a)) , teN , acA , xeH .
Therefore, we may transfer the Banach space structure of A to Ag by such Jx .
Specifically,
(x,a)” + (x,b)” = (x,a +b)" ,
B.(x,a)" = (x,Ba)” ,
l(x,a)~]l

llall , BeC,a,beA , xe€H .
In this way, we obtain a field {AE:£€G} of Banach spaces over G .
The continuity structure underlying the bundle (A,m) over G is
A= C(A) = CS(G,A) . This is obtained from C(H,A) in the following way. For D
a "saturated" subset of H , i.e. D a union of N-cosets, define

CN(D,A) = {feC(D,A) : f(tx) = Rt(f(x)) , X€H , teN} .

Then CN(D,A) is a linear subspace of C(D,A) . For f in CN(D,A), define

£7(x) = (%EGE)7 = I () , xeH .
The mapping f~ 1is constant on cosets and hence, defines a mapping £ :G*A which is
easily seen to be a cross-section. Since f~ 1is also the composition of continuous
mappings, it is also continuous, i.e. f>f~ is a mapping of CN(D,A) into
CS(q(D),A). In particular,

{£7:feCy(H,A)} € C(A) = CS(G,A) .

LEMMA 10.6. The mapping f->f~ of CN(H,A) into A is a linear bijection.

Furthermore, if heA , then h=f" , for the unique f in CN(H,A) given by

f£(x) =3 _;(h@ax))) , xeH .
X

Next suppose we are given a mapping T of H into the topological group
Autl(A) of isometric *-automorphisms of A having the following "admissibility"
properties:

(i) T 1is a group homomorphism.

1

(ii) Tt(a) = tat = Rt(Rt(a*))*) , acA , teN .
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' -
(iii) Tx(t) xXtx 1 , XEH , teN , where T; is the unique extension of Tx to

M(A) defined by:
' = - .
Tx(m)Tx(a) Tx(ma) , acA , meM(A) .
The *-algebra structure of A is defined by means of T . In terms of
operator fields, this structure is given by:
P T ALX > A
g,n A T Aen o

Ig : AE > Ag-l » &,NEG ,

where

Pg’n((x,a)~,(y,b)~) = (xy,art (B)7,

I((x,a)7) = 1T _ (@)% ,-a, beA , xeE , yen .
X

LEMMA 10.7. The fields P and I are product and involution fields respec-
tively.

EXAMPLE 10.8. (One-dimensional fibers [1,p.75]) If A 1is the complex numbers
C , then N = U(A) is the circle group. Also, T must be trivial, since Autl(m)

is trivial. Thus, for H as above, we have:

Cy(H,A) = {feC(H) : f(tx) = tf(x) , teN , xeH} ,
P p((xa)7, 5,007 = (xy,ab)” ,
IE((x,a)~) = (x'l,'z})~ , X€EEG , yeENeG , a,bel .
In order to motivate suitable definitions of measurability for T (as above),
consider the following characterizations of continuity:

PROPOSITION 10.9. Let T:H - Autl(A) . The following are equivalent for X,

in H :
(i) T 1is strongly continuous at X -
(ii) The mapping of HXA into A given by (x,a) »> Tx(a) is continuous on
{x Ixa .
o
(iii) For each f in C(H,A) , the mapping of HxH into A given by

(x,y) > Tx(f(y)) is continuous on {xo}XH .
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(iv) For each a in A , the mapping of H into A given by x ~ (x,'rx(a))~
is continuous at xo .
(v) The mapping of HXA into A given by (x,a) ~* (x,'rx(a))~ is continuous
on {x }xa .
o
Moreover, under the above conditions, for each f,g in C(H,A) , the mapping of

HXH into A given by (x,y) > f(x)°Txg(y) is continuous on {xo}XH .

PROOF. All implications are straightforward with the exception of "(iv)
implies (i)" , which follows from Lemma 9.1 of [1,p.70].

In view of 10.9, we propose the following:

DEFINITION 10.10. A mapping T:H - Autl(A) is measurable if, for each a in
A , the mapping x*Tx(a) is measurable in the following serse: For each compact

subset K of G and €>0 , there exists a compact subset Ke a of K such that
’

H(K-K_ ) < € and the mapping x = T _(a) 1is continuous on q-l(K ) .
€,a X €,a
There is also a stronger notion of measurability as in the case of bundle

morphisms.

DEFINITION 10.11. A mapping T:H - Autl(A) is ultra-measurable if, for each

compact subset K of G and € > 0 , there exists a compact subset Ke of K such

1

that u(K—Ke) <€ and T 1is continuous on q (Ke) to Autl(A) for the topology

of pointwise convergence, i.e.
1:q H(K) > Aut, (A)
€ 1
is strongly continuous.
As before, these two notions of measurability are equivalent in the presence of
separability.
LEMMA 10.12. If T 1is measurable and A 1is separable, then T {is ultra-’

measurable.

PROOF. This follows from Prop. 2 of [14,p.170] as in the proof of 3.13.

PROPOSITION 10.13. Suppose T is an admissible mapping of H into AutltA) .

Let P and I be as above.
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(1) TIf T is measurable, then the overator fields P and I are measurable.
(2) If T {is ultra-measurable, then P and I are ultra-measurable.

(3) If T 1is continuous, then P and 1 are continuous (relative to A ).

It follows from the above that the ingredients (A,N,H,T) yield a Fell bundle
A when T is admissible and measurable. The obvious next question is whether or

not A 1is homogeneous. For each y in H , define:

My(x,a)~ = (yx,Ty(a))~ ,
and
(x,a)~My = (xy,a)” , xcH , acA .
LEMMA 10.14, For each y in H , My is a unitary multiplier of A , i.e.
M eU(A) .
. (A)

PROOF. See p. 71 of [1].

The previous lemma shows that m°(U(A)) = G for the bundle A . Consequently,
A will be measurably homogeneous if (ii) of 10.1 holds. In particular, this will
be the case if (1) T 1is ultra-measurable, and (2) A has a strong approximate
identity (10.3). (Note that if {uj} is an approximate identity in A , then
{(e,uj)~} is an approximate identity in A .) These appear to be false in general--
unless T is continuous (7.5). Hence, it seems unlikely that A is homogeneous
in the techncial sense of 10.1. However, in view of 10.4, we feel that A is as
homogeneous as it can be under the circumstances.

In the opposite direction, Fell shows [1,Thm.9.1] that every (continuously)
homogeneous Banach *-algebraic bundle is isomorphic to one obtained from ingredients
(A,N,H,T) with T continuous. In particular, the group extension H is chosen to
be U(A) . This is not possible in the measurable setting, since it is not clear
that U(A) 1is a topological group. Perhaps there is another way of obtaining a
measurable generalization of his Theorem 9.1. For example, it may be possible to
replace U(A) by its image in U(Ll(A,u:P,I)) [2,pp.137-139]. We refer the reader

to Section V of [5] for further information regarding this possibility.
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11. UNITARY FACTOR SYSTEMS.

The other two (equivalent) bundle constructions referred to in the introduction
are due to Leptin (3] and to Busby and Smith [4]. These constructions are quite
similar to each other, but very different from that of Fell. Although their objects
are quite familiar (vector-valued functions), their algebraic operations are not.

In this section, we review Leptin's approach (as in [5]) and show how it gives rise
to a homogeneous Fell bundle.

Let G be a locally compact group and A a Banach *-algebra with approximate
identity. Let M(A) , U(A) and Autl(A) be as above. The ingredients for the
Leptin construction [5] are G,A together with the following:

DEFINITION 11.1. A unitary factor system (T,W) for (G,A) is a pair of

strongly measurable mappings

T:G*Autl(A) , W:GXG>U(A)

satisfying:

W, )= , X,¥,z in G (multiplication in M(A)).

W T W W
xy,z -1 7x,y X,¥2 Y,z

(1)

(ii) aW =W T (a) , where T -1 for x,v in G, a in A .

=T T T
X,Y X,Y X,Y X,y y"l X-l y—lx-l >

(iii) we’x = wx’e = (EA’EA)’ Te = EA’ x,y in G, a in A .

REMARK 11.2. As in the case of T , there is a notion of measurability for

W,T betw2en strong measurability and strong continuity--namely Bourbaki measur-

ability [10,p.169]. This is what we will call ultra-measurability for W,T for

obvious reasons. As in 10.12, we have:

LEMMA 11.3. For W(resp. T) strongly measurable and A separable, W(resp. T)
is ultra-measurable.

Let (A,m) be the trivial bundle GXA over G (product topology) with
m(x,a) = x , x€G , atA . Let Ax be the Banach space {x}XA canonically isomor-

phic to A, x€G . For each f in C(G,A) , let fG be the mapping

EGXf ¢ OXG > GxA .
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Then {fG : feC(G,A)} 1is a continuity structure A in HAx for which

A = C(A) = CS5(G,A) .

The algebraic structure in A 1is defined as follows in terms of operator
fields:

(x,a)(y,b) = Px’y((x,a).(y,b)) = (xy,Wx, T _,(2)b)

Y y
(x,a)* = Ix(x,a) = (x-l,w*
X,X

_1T~il(a*)) , X,y€G , a, beA .
X

PROPOSITION 11.4. (1) The field P (resp.I) is a measurable product (resp.
involution) field.
(2) 1f W,T are ultra-measurable, then so are P,I .

(3) If W,T are (strongly) continuous, then so are P,I (relative to A ).

PROOF. Parts (1) and (3) are straightforward. Part (2) is proved as in
Section 10.
The resulting Fell bundle (A,T;P,I) will be called a Leptin bundle and will

be denoted by (G,A:T,W) .
PROPOSITON 11.5. Every Leptin bundle has enough unitary multipliers.

PROOF. As on p. 329 of [5], for z in G , define:

M, (x,a) = (zx,Wz’xa) ,

(x,a)Mz = (xz,wx T _l(a)) , (x,a) € GxA .

s Z

Hence, every Leptin bundle is a homogeneous Fell bundle in the weak sense of
having enough unitary multipliers.

Observe that if {uj} is an approximate identity in A , then {(e,uj)} is
an approximate identity in A , where:

(e,uj)(x,a) = (x,Tx_l(uj)a)

and

(xaa)(e)uj) = (x,auj) , (x,a) € A

PROPOSITION 11.6. If T is strongly continuous, then {(e,uj)} is a strong
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approximate identity for A .,

PROOF¥. This can be proved directly or obtained as a consequence (by 7.5) of

the following result,

PROPOSITION 11.7. Let (G,A;T,W) be a Leptin bundle. Then:

(1) c()) is locally a right A-module.

(2) If T 4is strongly continuous, then C(A) is locally a (two-sided) A-module.
COROLLARY 11.8. If A 1is separable and T is strongly continuous, then the

Leptin bundle (G,A;T,W) is homogeneous in the sense of 10.1.
PROOF. This follows from 10.3 together with 11.3, 11.4, 11.5, and 11.6.
PROPOSITION 11.9. Every Leptin bundle is saturated.

PROOF. This would normally follow from Prop. 11.5 of [2]. However, since the
validity of this proposition is questionable in the case of measurable bundles, its

conclusion has to be verified directly.

The generalized Ll-algebra Ll(G,A;T,W) corresponding to the underlying Leptin
bundle is the Banach space Ll(G,A,u) with convolution and involution (for‘iight
Haar measure) given by:

-1

frxg(x) = S W

. x,yry_lf<xy'1>g<y)du(y) :

G0 = S0 T L THEGTDR |, 6,
X ,X

for f and g in Ll(G,A,u) . This Banach *-algebra is isometrically isomorphic

to our generalized group algebra Ll(A,u;P,I) of Section 9 by the mapping

£ £, eerl(c,a;T,W) .

Moreover, by 11.6 and 9.11, Ll(G,A;T,w) will have an approximate identity if T
is continuous.

As observed in Section IV of [5], certain homogeneous bundles give rise to
equivalent Leptin bundles. Suppose (A,N,H,T) are the ingredients for a homo-
geneous Banach *-algebra bundle as in Section 10. Let (A,m;P,I) denote the

corresponding Fell bundle, where A = HxA/v and 7(x,a)” = q(x) , xcH , acA .
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Assume also that G = H/N is locally compact (as before) and that there exists a
measurable cross-section 0 : G > H . If we define

Te = Toe-1y o

and

Yen T TO(EH)_IO(E)c(n) > E,MEG ,

then we obtain a Leptin bundle (G,A;T,W) [5,p.333]. Leinert also shows that the
group algebras Ll(A,ﬂ;P,I) = Ll(A,u;P,I) and Ll(G,A;T,w) are isometrically
isomorphic. This can also be concluded from the following.
Define

¢ : GxA->A

by

$(E,a) = (0(8),a)” , (E,a) € GxA .,

Then it is easy to verify that ¢ 1is an invertible, bi-measurable Fell bundle

isomorphism. Hence, the algebra isomorphism follows from 9.15.

12. TWISTING PAIRS.
Let G and A be as in Section 11. The Busby-Smith approach [4] to con-

N

structing a generalized group algebra from Ll(G,A,u) requires the following:

DEFINITION 12.1. A twisting pair (S,V) for (G,A) 1is a pair of strongly

measurable mappings
S :G~> Autl(A) s Vi GXG ~> U(A)

satisfying:

@ SX(VY’Z)Vx’yz - VX’nyY9z ?

(multiplication in M(A))

(i1) (SxSy(al))VX,y = Vx’nyy(a) >

(iii) Vx,e = Ve,x = (EA,EA) , Se = SA , for x,y,z€G , a€A .

LEMMA 12.2. For V(resp. S) strongly measurable and A separable, V(resp.S)

is ultra-measurable, i.e. Bourbaki measurable (recall 11.2).
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As in Section 11, the underlying bundle (A,T) is the product bundle (GxA,T)
with continuity structure

A= {fG : feC(G,A)} .
The algebraic structure in A 1is defined by operator fields P and I as follows:

(x,a)*(y,b) = Px’y((x,a),(y,b)) = (xy,an(b)Vx’y) ,

() = T () = (L,v% 5 _ (%),

-1
X TL,X X
for x,y in G and a in A .
Twisting pairs (S,V) for (G,A) are in one-to-one correspondence with

unitary factor systems (T,W) for (G,A) [5,pp.317-318]. This correspondence is

given by

=
|

=S X, YEG .
X,y xy x,y ° XY

Thus, S and V are strongly continuous (resp. measurable) if and only if T,W

are, Moreover:

LEMMA 12.3. The mappings S and V are ultra-measurable if and only if the

N

mappings T and W are.
PROPOSITION 12.4. (1) The field P(resp.I) 1is a measurable product (resp.
involution) field.
(2) If S and V are ultra-measurable, then so are P and I .
(3) If S and V are strongly continuous, then so are P and I (relative to A).

The resulting Fell bundle (A,m;P,I) will be called a Busby-Smith bundle

and will be denoted by (G,A;S,V) .

THEOREM 12.5. For corresponding pairs (T,W) and (S,V) , the Leptin bundle

(G,A;T,W) is measurably isomorphic to the Busby-Smith bundle (G,A;S,V) .

PROPOSITION 12.6. The following are equivalent for X, in G :

(1) T is strongly continuous at X,

(2) S 1is strongly continuous at X, .
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3) ¢, i.e. ¢ 1is continuous at X -
PROOF. (1) is equivalent to (2) since S;l =T -1’ x€G . (3) is equivalent to
b'e
(2) since the mapping x ~ Sx(h(x)) is continuous at X, for h in C(G,A) , if

and only if ®h is continuous at X -

COROLLARY 12.7. The Fell bundles (G,A;T,W) and (G,A;S,V) are homomor-
phically isomorphic if T (equivalently S) is strongly continuous. (Note that the

bundles don't have to be continuous Fell bundles in this case.)

REMARK 12,8. Clearly, 11.5 through 11.9 are valid also for Busby-Smith bundles.
The twisted group algebra Ll(G,A;S,V) corresponding to the underlying Busby-
Smith bundle is the Banach space Ll(G,A,u) with product and involution (for right

Haar measure) given by
£rg(0) = [EGoTDS | (83)VeyLy)due)
Xy

and
_ -1 -1 -1
fx(x) = §(x) “V(x,x )*Sx(f(x ))* , xeG ,
for £ and g in Ll(G,A,u) . The algebra Ll(G,A;S,V) is isomorphic to the

algebra Ll(G,A;T,W) (9.13) by the mapping
-1 1
£ [x>s " (£(x))] , feL (G,A;8,V)

and hence, to our algebra Ll(A,u;P,I) by the same mapping. Moreover, by 9.11,
11.6, and 12.5, Ll(G,A;S,V) will have an approximate identity if S 1is strongly

continuous.

EXAMPLE 12.9 [5,p.330]. Let A be LI(Z) and G the circle group identified

with [0,1] under addition modulo 1. Define Sx = Tx = EA , X€EG , and

V,W:GXG »~ U(A) by

A a=W _a=a, xty<l,

V a=W _a-= a; , xty=1 ,

where
aﬂn)=lﬂ1, nezZ .
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Then V a=a

X,V Vx - a€A , and (S,V) 1is a twisting pair (equivalently, (T,W) is
’ ’

a unitary factor system) for (G,A) . The mapping V is not strongly continuous at
any point (x,y) in GXG where xty =1 . However, V is ultra-measurable (11.2).
In the next section (13.2), we will see that Ll(G,A;S,V) is isometrically isomor-

phic to the group algebra LlGR) .

13. GROUP EXTENSIONS.

Suppose N 1is a closed normal subgroup of the locally compact group H with
G = H/N (right cosets) and q : H > G the quotient mapping. Let p,V
be right Haar measures for N,H respectively. Let | be the right Haar measure
on G defined [15] by

Tf@avx) = f, [ £(tx)dp(t)du(a(t)) ,

for £ in C_(G) . Let GH , GG , 6N be the respective modular functions for

H,G,N . Of course, GH!N = 6N .
On p.77 of [l], Fell shows how to construct ingredients (A,N,H,T) for a
homogeneous Banach *-algebraic bundle (A,T;*,*) called the (H,N)-group extension

bundle. Specifically, A = Ll(N,D) , N is identified with a subgroup of U(A) and

T @ (1) = smat o) ,
where

8(x) = dp(xtx 1)/dp(t) , =xEH , teEN , acA .
Fell then verifies directly that the cross-section algebra Ll(A,U;',*) is
isometrically isomorphic to the group algebra Ll(H,V) .

In this section, we will accomplish these two tasks in very different ways. We
will show that the mapping T arises naturally from a certain induction of Banach
space representations ([16,83] and [13,84]). As a consequence of this approach,
it will then be automatic that the previous Ll-spaces are isometrically isomorphic.
Transferring the #*-algebra structure from Ll(H,v) to Ll(A,u;°,*) (i.e. to
Ll(A,U;P,I)) then completes the picture.

Let G,H,N be as above with E = {e} and lE(e) =1 . Then lE is both the

identity representation of E and the regular representation of E on Ll(E) . The
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L -induction [16] of 1, from E up to N is then the (right) regular represen-

tation RN of N on Ll(N,D) [16,4.5]. Consequently, Ll-induction of RN from

N up to H 1is the regular representation RH of H on Ll(H,v) [16,6.4]. The
representation space Fl(H,RN) of RH (by this induction) is given as in Section 3
of [16]. oOn the other hand, the Ll—induction of lE from E directly up to H
is also (modulo equivalence) the representation RH [16,4.5] . Therefore, the re-
presentation spaces Ll(H,V) and Fl(H,RN) must be isometrically isomorphic Banach
spaces. If

T L,y > Fl(H,RN)
denotes the isomorphism, then it is given [16,p.72] by

(TE) (x) (t) = £(tx) , =x€H , teN , feLl(H,v) .
In particular, if fECC(H) , then so is Tf and the images of such f by T
are dense in Fl(H,RN) .

Since Ll(H,V) has a *-algebra structure, it may be transferred to Fl(H,RN)

via T by requiring:

(T£) *(Tg) = T(f*g) ,

(TE)* = T(£%) ,  f,gell(H,v) .

In the case of involution, for f in Cc(H) , we have:

(TE)*(x) = 6, (x) LIre(x Ly Ixx L

x) = H(X) TE(x )I*(x "(*)x) , =xeH .
If, for y in H and a in Ll(N,p) , we define
-1 -1
Tya(s) = 8(y Naly "sy) , seN,

then, combining the above, we cbtain [15]

(TH*) = 8@ HT (TEGTH*) , xeH .

In the case of multiplication, for f,g in Cc(H) , we have:

(T6)*(Tg) (1) = [ TEGTH*T _| (Tgrx)du@e))
y

where *N denotes the usual convolution in A = Ll(N,D) .

Next observe that the representation RN of N on A , which is given by

Rt(a) =a(t) , aELl(N’D) , tEN,
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is also given by

-1
Rt(a) = a-°t R

where the right side is the action of the multiplier in U(Ll(N,D)) corresponding
to t_l on the function a . Hence, by the beginning of Section 10 (or Section 4
of [13]), there exist:
(1) a field {AE : £6G} of Banach spaces over G , each isomorphic to

a=tto,e) .
(2) a continuity structure A in HGA£ as in 10.6. Moreover, the disjoint union

of the Ag with the A-topology is precisely A = HXA/~ (as in Section 10)

with the quotient topology.

PROPOSITION 13.1. The mapping T defined above is a strongly continuous
homomorphism of H into Autl(A) satisfying:

1) T (a) = tat™1 , tEN , a€A .

(1) T () = xtx L, x€H , teN .

PROOF. Left to the reader. Compare with example 3 on p. 77 of [1].

As a consequence of the above, (H,N,A,T) is the set of ingredients of a
(continuously) homogeneous Banach *-algebraic bundle (A,ﬂ;',*) . The underlying
product and involution fields P and I are given as in Section 10. We thus
obtain the generalized group algebra Ll(A,u;P,I) . Since the constructions of
{AE : £6G} and M above are just special cases of those given in Section 4 of
[13], it follows that Fl(H,RN) is isometrically isomorphic to Ll(A,U) as
Banach spaces. If S is the isomorphism, then [13,4.12]

SE(E) = (x,f(x))" , =x€&eG ,
for £ in Fl(H,RN) continuous with compact support module N . Thus, the
*-algebra structure of Ll(H,V) may in turn be transferred to Ll(A,u) by
V =8S8T . In particular, for f, g in Cc(H) , we obtain:
(VE)*(E) = V(£%)(E) = S(T(£%))(E) = (x,TE*(x))” , x€& ,

and
. = * = *
VEevg = V(£ Hg) S(T(f HG)) B

We may then verify that the two *-algebra structures on Ll(A,u) are



254 I.E. SCHOCHETMAN

isomorphic. Note that {Vf : fECc(H)} is dense in Ll(A,U) . Consequently,

Ll(H,V) and Ll(A,u;P,I) are isometrically isomorphic Banach #*-algebras.

EXAMPLE 13.2. Consider the locally compact group extension
0+Z *R*G 0

where G 1is the circle group identified with [0,1). Then A = Ll(l ) ,N=2Z |,
H= R and Tx(a) =a, xH , atA , since H is abelian and hence, 8 is trivial.
The quadruple (A,N,H,T) forms the ingredients for a homogeneous Banach *-algebraic
bundle (A,T;°,*) as above. Observe also that G is locally compact and there
exists a measurable cross-section O0:G > H given by the canonical injection of
[0,1) into R . It then follows from the results of Section 11 that there also
exists an isomorphic Leptin bundle (G,A;T,W) such that the corresponding algebras
Ll(G,A;T,W) and Ll(A,u;P,I) are (isometrically) isomorphic. In turn, these are
isomorphic to Ll(H) . Finally, we leave it to the reader to verify that the

Leptin bundle for this example is precisely the one described in 12.9.

APPENDIX
In this Appendix, we state those properties of multi-linear mappings which will
be used in Section 3. All proofs are left to the reader.

Let Al""’An’ B be Banach spaces. Suppose

$:A, X...Xx A > B
1 n

is an n-linear mapping. Define

- 2(ays..ra)l
ffoll = sup —x e ajeA; , a# 0, 1=i=n} .

lagll oee flal

PROPOSITION Al. Suppose ¢ is bounded, i.e. || ®||[< © . Then:

1) Metag,.eapdll = el flall ... fla lt .
@di) 1ol = sup{ll Q(al,...,an)ﬂ : aieAi,HaiH =1, 1l<i=n} .
(1i1) |l ®(a;,...5a )=2(by,..05b) I =tel [Hal-bln *lla,ll ... fla Il +

byl = llay=byll = Hagll oo llagll + woe b oy leelly 1+ =l
-
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€A ¢ .
for al,b1 Al,...,an,bnE:An .

LEMMA A2, Let m be a positive integer,
and

Then

i i i i i i i i

171 n ?) 1 n 1 n

4>(§ @tat, ey ot ) =l et e T o e (a,.ea )
i, i i

n 1 n

THEOREM A3. The space Homn(A ,...,An;B) of n-linear mappings ¢ as above

which are bounded is a Banach space relative to the norm | & .
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