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ABSTRACT. Some uniqueness results for the singular heat equation are presented

in this paper.
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1. INTRODUCTION,

In recent years several papers appeared on the uniqueness of solutions to ill-
posed problems for partial differential equations of various types. For example, in
[1], [23, [31,[4] conditions were obtained for the uniqueness of solutions of
boundary value problems for hyperbolic equations. Corresponding results were obtained
in [5], [6]1, [7] for ultrahyperbolic equations. In [8] the question was studied with
an equation of mixed type, while in [9] and [10] it was extended to abstract differ-
ential equations. The arguments of [2] were modified in [11] to give an alternative
proof of the known uniqueness theorem for the boundary value problem associated with

the backward heat equation.

In this note we shall give some uniqueness results for the singular heat equation

a
n

i
Lu=u_ -2 (u + —u ) + c(t)u =20 (1.1)
e I T
where ay is a real parameter, -- ® < a; <@, 1 <i<n and c(t) is an integrable
function on 0 < t < T, T < », Adopting the method of [6], we first establish our

results for a domain, D = H x (0,T), where

Ho= (x| x=(Xpe00,x ), 0 <x, <a,l<is n}. (1.2)
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At the end, we shall make a remark concerning the validity of our theorems for an
arbitrary domain H in R™.

For convenience, we write

a “ a a

o 1 n 1 n

X=X el X o, f dx = f dx = e fdxl..dx (1.3)
H 0 0 0 n

and adopt the convention that repeated indices are to be summed from 1 to n.
2. A LEMMA.
The following lemma is essential to the proof of our theorems.
Lemma. Let - » < oy <®and 1 < i < n. The eigenvalues and eigenfunctions of

the problem

"), +x*uX=0 in H (2.1)
X, X,
i
X(x) < @ onx, =0 if a, > 0
or * . (2.2)
X(x) =0 onx, =0 if a, <0
i i
and X(x) =0 on x, = a, (1 <1i <n) (2.3)
are given by
R (2.4)
where Hy is a root of
10 |/2(/E;ai) =0 (1< i < n) (2.5)
i
and
n -
X)) = 1 x, 307 25) 100 /2 (/i %) (2.6)
. i i i%i
i=1
If condition (2.3) is replaced by
Xxi(x) =0 on X = ay (1 <i <n), (2.7)
then the lemma holds provided Hy satisfies
Jll-ail/Z (Vi) =0 (1 <i<mn). (2.8)

The lemma and the remark above can be established by the usual separation of
variables argument together with the properties of Bessel functions. Further, we
observe that in each case the set of eigenfunctions is complete with respect to the
weight function x.

3. MAIN RESULTS
We now state and prove our uniqueness theorems.
THEOREM 1. Let ay >0 with i = 1,...,n. If u € C2(D)nCl(5) is a solution of

the problem
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Lu=0 in D
u(x,T) 0 xeH (3.1)

u(x,t) 0 on X, = ay (1 £41i<n)

for 0 < t < T, then u = 0 identically in D.

PROOF. It is interesting to note that no boundary condition is prescribed for

uonx, =0 with i =1,...,n. To prove the theorem let X(x) be an eigenfunction of
(2.1)-(2.3) for oy > 0 corresponding to an eigenvalue u as given in (2.4). Define
v(t) = fx“u(x,t) X(x) dx (3.2)
H
Since Lu = 0, we have, by (2.1),
v'(t) = fx u (x t) X(x)dx
= fr(xu - x%c ul X dx (3.3)
= Z[xa(u X - uwx )]y
1 l

-Jx(u+c)uxdx
H

By the divergence theorem, the first integral on the right side of (3.3) becomes
/xa(u X -uX ) v.,dS (3.4)
X, xi i
oH *

where (v ,\)n) denotes the outward unit normal vector on dH.

EREE
Since a; > 0, the integral (3.4) vanishes on Xi = 0 where i = 1,...,n. Like-
wise, it vanishes on x; = ay (1 € i < n) since both u and X do. Hence (3.3) reduces

to
v'i(t) = - [ u + c(e)Iv(v)

whose solution is given by
t
v(t) = C exp[ -(ut + [ c(s)ds)]. (3.5)

Since u(x,T) = 0, it follows from (3.2) that v(T) = 0, so that (3.4) is identically

zero, that is,
x* u(x,t) X(x) dx = O. (3.6)

H

This implies that u is identically zero by the completeness of the set of eigen-
functions of (2.1)-(2.3).

Similarly, we have
1,...,n. If wu e« C2(D) n Cl(ﬁ) is a solution of

THEOREM 2. Let oy < 0 with i

the problem

Lu =20 in D
u(x,T) = 0 x € H (3.7)

u(x,t)=00nxi=0,a (1 <1i<n),
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then u = 0 in D.
We need only note that in the proof the eigenfunction X of the problem (2.1)-
(2.3) for @y < 0 has the property that
xXG) = 00, XX (x) = 0(1) (3.6)
i

so that the integral (3.4) vanishes, which again leads to (3.6).

4. Remarks.

It is readily seen that by using the eigenfunctions of the problem (2.1), (2.2),
(2.7), Theorems 1 and 2 remain valid when the boundary condition on X, = ay
(1 < i < n) is replaced by u = 0. Also, Theorem 1 holds for an arbitrary bounded
domain H in Ri with a piecewiée smooth boundary which includes a portion of the
coordinate planes X, = 0,i=1,...,n. The condition on X, = a; with i = 1,...,n
now has to be prescribed on dH where xi # 0. For the proof, we assume that the
associated eigenvalue problem has a complete set of eigenfunctions. However, since

we need to know the behavior of the eigenfunctions on x;= 0 when oy <0, 1i=1,...,n,

our proof of Theorem 2 fails for an arbitrary domain H.
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