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ABSTRACT. If w: E+ X 1is a bundle of Banach spaces, X compact Hausdorff, a fiber-
ed space w*: E* >~ X can be constructed whose stalks are the duals of the stalks of
the given bundle and whose sections can be identified with the "functionals" studied
by Seda in [1] and [2] or elements of the "internal dual" Mod(I(w),C(X)) studied

by Gierz in [3]. If the given bundle is separable and norm continuous, then the
fibered space n*: E* » X is actually a full bundle of locally convex topological
vector spaces (Theorem 3). In the second portion of the paper two results are

stated, both of them corollaries of theorems by Gierz, concerning functionals for
bundles of Banach spaces which arise, in turn, from "fields of topological spaces.”
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1. INTRODUCTION.

If m: E» X is a bundle of Banach spaces, is there a bundle which can appro-
priately be called its dual? What are its sections and how do they relate to the
sections of the given bundle? These questions are dealt with in the first portion
of this paper. It turns out that the sections of our dual bundle (when it exists)
can be identified either with Seda's "functionals" ([1]), which we shall refer to
as "internal functionals," or with elements of the "internal dual" Mod(r(m),C(X))
studied by Gierz in [3].

In the second portion of this paper some general theorems of Gierz are applied
to a special class of Banach bundles which arise from "fields of topological spaces.
A generalized Fubini type theorem (Theorem 5) results as well as a theorem which
relates to Seda's integral representation of internal functionals.
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2. DUAL BUNDLES.

Llet w: E -+ X be a bundle of Banach spaces where X is compact Hausdorff.
We let E* be the disjoint union of the duals of the fibers, i.e.

E* = {(x,f): x € X,f 6 E:} )

We let @*: E* » X be the first coordinate projection and we let F: E* = I'(n)* be
the natural isometry defined by F(x,f) = Ff, where

Fe(o) = f(a(x))

for all o € T(m). Following Seda [2] we give E* the weak topology determined by
the two maps w* and F, where, in the case of the second map, T(m)* is given the
weak-* topology. Thus, a net {(xa,fa)} in E* converges to a point (x,f) iff

lim X, = X and lim fa(o(xa)) = f(o(x))

for all o in T(w). A point (xo,fO) in E* has a basis of neighborhoods consist-

ing of sets of the form
n
V(U,09,...,0,,€) = k:H {(x,f): x € U,[f(0,(x)) - flo, (xg))| < €}
where U 1is a neighborhood of Xg> Os--+s0y belong to TI(m) and € > 0. We can
further stipulate, of course, that the sections O1s-++0, be of norm one or less.
In certain cases the fibered space m*: E* - X will turn out to be a full
bundle of locally convex topological vector spaces. When this happens w*: E* » X
will be called the dual bundle of the given bundle. In all cases, the fibered space
m*: E* » X has the following easily verified properties.

PROPOSITION 1. The map w*: E* » X {s an open continuous surjection. The maps
add: E* Vv E* » E*
scal: C x E* » E*

of addition and multiplication by scalars are continuous. The space E* is
Hausdorff and for each x € X, the topology which E: inherits from E* is the
weak-* topology.

By an internal functional of the bundle w:E + X we shall mean a continuous
map T: E+ C which is linear on the stalks of E. Thus, for each x € X the re-
stricted map

T, :=T
X /Ex

is an element of E;. Since X is compact T s bounded, i.e.
Tl == SuD{IlTxll: X € X} < 4w

(by Proposition 2 in Seda [1]). Alternatively, T may be regarded as a bundle map
from the given bundle m: E + X to the trivial bundle pry: XxC=+X (i.e. the

corresponding bundle map carries each a € E onto (m(a),T(a))). The bundle map,
in turn, induces a C(X)-linear map from the space of sections TI(m) to the space
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C(X) of sections of the trivial bundle, namely, J;: r'(m) - C(X) where
(A (0)1(x) = T(a(x))

for all o € I(m) and x € X. Thus, Ay belongs to Modc(x)(r(n),C(X)), the
"internal dual" of T(m). Moreover, [[A]l = || TIl.
Given an internal functional T: E » C we let rT:'X + E* be defined by

TT(X) =T, = T/Ex

for all x € X. Note that T is a selection of our fibered space w*: E* » X.
PROPOSITION 2. For each internal function T: E » C the corresponding selec-
tion 11 X = E* is continuous. Moreover, every continuous selection of the fiber
space w*: E* » X arises in this way.
PROOF. Suppose we have a convergent net {xa} in X, say lim X, = X Then,
foreach o € I'(m), lim c(xa) = o(x) (by the continuity of o), and consequently,

lim[tT(xa)](c(xa)) = lim T(c(xa)f

= T(o(x)) = [r(0)1(a(x))

(by the continuity of T). Thus, lim TT(Xa) = rT(x). Hence, T is continuous.
Suppose, conversely, that &: X - E* 1is a continuous selection of the fibered
space w*: E* » X. Define T: E > C by

T(a) = g(m(a))(a) .

That is, T =& ° n. Then T/Ex is the functional &(x) € E: (x € X), and, since
T 1is a composition of continuous maps, it is continuous. Clearly, £ = T
Thus, we have a bijective correspondence between internal functionals of the

bundle w: E » X and continuous selections of the fiber space w*: E* + X. More-
over, there is a one-to-one correspondence between the latter and elements of the
internal dual Mod(r(w),C(X)) (by Proposition 19.1 of Gierz [3]). Consequently,
on those occasions when w*: E* - X 1is actually a bundle of locally convex topo-
logical vector spaces the sections of the bundle may be viewed in several different
ways:

a) as internal functionals of the given bundle w: E - X;

b) as bundle maps from w:E - X to the trivial line bundle over X;

c) as elements of the internal dual Mod(r(m),C(X)) of Tr(m).

When, then, is =*: E* » X an actual bundle?

THEOREM 3. Suppose that w: E -~ X 1is a norm continuous and separable bundle
of Banach spaces, where X is compact Hausdorff. Then w*: E* > X 1is a full
bundle of locally convex topological vector spaces.

PROOF. Under the stated hypotheses the topology of the fiber space E must
be Hausdorff and through each point of E* there passes a continuous selection of
the fiber space w*: E* > X (by Corollary 19.16 of Gierz [3]). Thus m*: E* > X
is a full bundle if, in fact, it is a bundle.

If o € I'(m) we define a seminorm v, on E* by setting
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vg(x:f) = [fla(x))] -
We let S be the directed family of seminorms consisting of finite sups of the

seminorms v where lloll < 1. It suffices to show that each point (xg,fy) in

E* has a basis of neighborhoods consisting of tubes defined by continuous selec-
tions of w*: E* > X and seminorms from S.
Consider a neighborhood of (xo,fo). We may assume that it is

V(U,o],...,on,e) = k?H {(x,f): x € U,If(ck(x)) - fo(ok(xo))] < e}

where U 1is a neighborhood of Xg and Opse-+10, belong to the unit sphere of
r(r). Let T: E~ C be an internal functional such that Tx0 = fo. Because the

map x > TX is continuous, there exists a neighborhood V C U of Xq such that
for all x €V,

TT(X) =T, € V(U,o],...,cn,e/Z),
that is,

[tp(x) (o (x)) = 17(xg) (o (X)) < €/2, Kk =1,2,...,n .

senesVy } and consider the tube

Let v = sup{vo sV
1 n

%
T(V,tpav,e/2) = {E € E*: w*(€) € V,v(g - 17(m*(€))) < e/2} .
If £ belongs to this tube, then x := w*(g) € V and
le(o, (x)) = T (o (x))] <e/2, k=1.2,....n,
so

IE(Uk(X)) - fo(Uk(x)) I

A

606 (0] = Tyl b+ [T (o 00)) = T, (o)) |

A

ef2 +e/2=¢, k=1,2,...,n.
(Note that Tx = fo.) Hence
0

T(V,rT,v,e/Z) C V(U,o],...,cn,e).

Suppose, conversely, that we have a tube about (xo,fo), say T(V.rT,v.e)

where TT(XO) = Tx0 = fy» and

n

v = sup{vol,...,v }.
Since T is continuous at Xq» there is a neighborhood W CV of Xq such that

Tyl b)) = Ty (o g | < /2

k =1,2,...,n, whenever x € W. Thus if
(x,f) 6 V(W,0q,...,0,,€/2),
it follows that
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[f(o (x)) - T ()] < |f(o, (x))

fo(ok(xo))l + ITXO(Ok(XO)) - Tx(ok(x))l

<egf/2+ef/f2=¢€, k=1,2,...,n,
and thus
v(f - TT(f)) <e,
i.e.
(x,f) € T(W,tpwv.e) C© T(V,rT,v,e) .
Thus,

V(W,ol,...,on,e/Z) C T(V,TT,v,e) .

This proves that each point of E* has neighborhood base consisting of tubes.

3. BUNDLES ARISING FROM FIELDS OF TOPOLOGICAL SPACES.

The closing portion of this paper deals with a special class of Banach bundles.
These bundles, which arise from fields of topological spaces, have been studied by
Seda in [1] and [2]. Theorem 4 is closely related to Seda's integral representation
of internal functionals on such bundles. Theorem 5 is a generalized Fubini type
theorem. Both are simple corollaries of theorems of Gierz.

Suppose we are given an open continuous surjection p: Y + X, where X and Y
are compact Hausdorff. (Such a triple (X,Y,p) 1is sometimes called a field of
topological spaces.) For each x € X, we denote by Yx the fiber above x; thus
Yx = p'1(x). We know that C(Y) is a locally C(X)-convex C(X)-module, where
C(X) acts on C(Y) by pullback and pointwise multiplication. Specifically,

(fg)(y) = f(p(y))aly)

for all y €Y, fE€C(X), and g € C(Y). If we denote by w: E - X the canonical
bundle defined by the Banach module (C(Y),C(X)), then the Gelfand representation
~: c(Y) » I'(r) 1is an isometric isomorphism. Moreover, for each x € X there is a
natural way in which the stalk Ex can be identified with the space C(Yx)' Under
this identification the Gelfand representation is described by:

F(x) = f/Yx .

(See Kitchen and Robbins [4], §3, Example 2. Also see Seda [1] for an alternative
description of the bundle w: E + X.) Moreover, the bundle w: E + X 1is norm con-
tinuous (by Theorem 1 of Seda [1]).

If we assume that Y 1is, additionally, a metric space, then X 1is also a
metric space and C(Y) is separable. Consequently, =: E + X is a separable bundle.
(Let {fn} be a countable dense subset of C(Y). If g 1is an element of the fiber
space E, say g € C(Yx)’ then g can be extended to a continuous function g on
Y (by the Tietze extension theorem). Given € > 0, there exists an n such that
If, - g] < e uniformly on Y and hence uniformly on Y- Thus ]I?n(x) -g]l <e.)
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THEOREM 4. Let X and Y be compact Hausdorff. Given xq € X and given a
regular Borel measure u on YXO, there is an internal functional T: E + C such
that

a) Txo = the functional on C(YXO) defined by yu;

b) T = Wwll .

Thus, there exists a family of regular Borel measures {ux; X € X} such that

1) for each x, My is a measure on Yx;

2) uxo = u;

3) Nudl < llull forall x;

4) for each f € C(Y) the function T, defined by

Telx) = IYx fy)du,(y)

is continuous on X.
The reader might wish to compare the preceding theorem with Theorem 2 in

Seda [1].
Theorem 21.21 of Gierz [3] is also applicable in this situation with the follow-

ing result:
THEOREM 5. Let X and Y be compact metric and let ¢ be any element of
c(Y)*. Then there exists a positive regular Borel measure u on X and a

family of measures {ux: x € X} such that

1) u, is a measure on Y, and M dl <75
2) for each f € C(Y) the map

x> IYX f(y)du, (¥)

is Borel measurable and bounded;
3) for all f € C(Y),

o(F) = [y (Jy Fly)du (y))du(x) .
X

One might hope that the measures u and {ux: x € X} could always be chosen so
that the map mentioned in 2) would be not only Borel measurable, but continuous. If
so, the functional ¢ 1in C(Y)* would have a factorization ¢ = a e B , which be-
longs to the internal dual Modc(x)(C(Y),c(X)) and a belongs to C(X)*, the ex-
ternal dual of C(X). Such a hope is naive as ‘the following simple example shows.

EXAMPLE. Let X = [0,1], let Y = [0,1] x [0,1], and Tet p: Y + X be the first co-
ordinate projection. We let ¢ € C(Y)* be defined by
8(f) = [/2 F(x,00dx + ] 5 F(x1)x .

Then the measure p on X 1is Lebesgue measure and one possible choice of the
measures {ux} is the following:
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unit point mass at (x,0), if 0 <x < 1/2

unit point mass at (x,1), if 1/2<x <1,
in which case the function mentioned in 2) is

f(x,0), if 0<x<1/2
g9(x) =

f(x,1), if 1/2<x<1.
If the function f € C(Y) has the value 0 on the set {(x,0): 0 < x <1} and the
value 1 on the set {(x,1): 0 < x < 1}, then the function g 1is obviously discon-
tinuous at x = 1/2. (Of course, the choice of measures {ux: x € X} could be
altered on a set of Lebesgue measure zero, but for no such choice could the result-
ing function g be continuous at 1/2.)
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