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ABSTRACT. The Lagrange manifold (WKB) formalism enables the determination of the
asymptotic series solution of linear, non-dispersive wave equations at turning
points. The formalism is adapted to include those equations which model dispersive

waves.
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1. INTRODUCTION.
Scalar wave propagation in a spatially inhomogeneous dispersive medium is com-

monly represented by a partial differential equation of the form

2 — R T
U@, - £ g@u(r,e) = 0 (1.1)
it

In Equation (1.1), w(?,t) is the wave function, T refers to the spatial coordinates
and t is the time. When associated with propagation in a cold plasma, £(r) is re-
lated to the refractive index and g(;) to the plasma cyclotron frequency. No gen-
eral technique exists for solving such equations exactly. Consequently, various
approximate solutions, each valid under specific assumptions, are often developed.
One such approach is the eikonal or geometric optics solution [1]. Although this
technique has long been applied to problems involving dispersive waves [2,3,4],
recent extensions [5,6] and pedagogical treatments [7,8] continue to emphasize its
importance.

The approach applies to dispersive waves when g(;) varies sufficiently slowly
to allow a scaling of coordinates (r » t/A,t ~ t/\;3>>0) so Equation (1.1) may be

written as
2 —_
0 - 6@ S i@ = o 1.2)
Jt

Physically, this corresponds to the regime of long distances and observation times.

A solution of the form

b(r,t) = exp{irS(r,t)}A(T,€,)) (1.3)

where
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AG L) = TAGHES A =0 (1.4)
k=0

is assumed. S(;;t) may be regarded as a phase and A(;,t,l) as an amplitude. Substi-

tuting Equation (1.3) into Equation (1.2) and re-grouping by powers of il leads to

2
tan?res)? - f<:>[g—§] +g(D] +

2
2 =3 S —.9S 3
IA[7%s - £(D)ES + 20s.v - 26D 2
el at 3t
2
0 - e @A LA Eenan ™ = o. (1.5)
at” k=0

Following the usual convention, by introducing the wavenumber and frequency,

39S

WB 1.6)

; = VS w =

respectively, a dispersion (the eikonal) equation is obtained from the coefficient
of the (iA)2 term, namely
- — - 2 —
pep - f(r)o + g(r) = 0. (1.7)
If we regard the wavevectors as momenta, Equation (1.7) may be seen as a Hamiltonian
-_—— — 2 .
H = pep - f(r)u” + g(r).

Then Hamilton's Equations

dr _ do _ _

Iy VPH &y er (1.8)

de 3H dw _ 3H

dy T dw dy ot 1.9
may be used to find the trajectories (map)

T = T(y,0) P = p(y,0) (1.10)

t = t(y,0) w = w(y,0) (1.11)

where Y is a ray-path parameter and G a parameterized initial condition. The sign
differences between Equations (1.8) and (1.9) are due to the convention employed in
defining w[2]. (We note that since the Hamiltonian is time independent, the system
is conservative and %% = 0.) Integrating along the trajectories obtains the phase
_ e o _ _
S(r,t) = J (pedr - wdt) + S(ro,to) . (1.12)
Tty

The amplitudes can now be determined from the coefficients of the (i)) and (1)\)o

terms in Equation (1.5). Usually these terms are re-grouped, using Equations (1.6),

into a first order (transport) equation
Vep + £ + 2(p- DX 2 ——32
PHEOF + 2607+ WE(F0 1A < - - @ a . k> 1 1.13)

which obtains the Ak's recursively.
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This algorithm suffices to determine asymptotic solutions at most field points.
On caustic curves, regions where the inhomogeneity of the media effects a focusing

of trajectories, the map from (Y,E) - (;;t) becomes singular, i.e.,

3(?,:2],
det[a(Y,U) o, (1.14)

and the technique predicts unbounded field amplitudes. Such difficulties can often
be circumvented using the Lagrange manifold formalism of Maslov [9] and Arnold [10].
A modification of their technique has been applied to the reduced Helmholtz equation
[11], enabling straightforward calculation of the field at caustic points while
retaining the framework of their formalism [12,13]). Here we adapt this modified
technique to dispersive waves and extend the approach to more complex caustic geom-
etries than in [11]. Some field aspects specific to electromagnetic wave propaga-
tion are also considered.
2. PRELIMINARIES

The Lagrange manifold formalism is a mixed coordinate-momentum space approach
which leads to finite wave amplitudes on caustic curves. Applied to wave propaga-
tion modeled by the reduced Helmholtz equation, the technique involves re-parametri-
zation of the position coordinates (trajectories) in terms of the momenta (wave-
vectors). This re-parametrization is essentially a level-preserving coordinate
transformation, i.e., regular, or non-caustic, points are carried to regular points
and singular, or caustic, points are carried to singular points. For example, let
waves propagating from a point source at the origin be modeled by the reduced

Helmholtz equation

2 2
ﬂz. 3_‘5 +22(1-x)v = 0. 2.1)
9x dy

Near turning (caustic) points of the highest order, we assume an asymptotic solution
of the form
S~ —— — — — -0
W(r) - [A(r,p,\)exp{ir(r*p - S(p))}dp = O(A™ ) (2.2)

where A(;,;,X) and its derivatives are bounded, ;;f—(x.y)L ; = (px’Py)’ A is a large
parameter and the stationary phase condition [Vp(r-p - S(p)) = 0] determines the
Lagrange manifold of Maslov near the turning point. The differentiation in Equation
(2.1) is carried across the integral in Equation (2.2) and the terms are re-grouped

by powers of il. For clarity, we retain only the (i>\)2 term

2 2 2 - = - = —
f(il) (px +py +x-1)A(r,p,\)exp{ii (r-p-S(p))1ldp,
from which we obtain Maslov's Hamiltonian
2 2
H P + py +x-1.

Then by invoking the stationary phase condition Maslov's Hamiltonian becomes an
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eikonal on the Lagrange manifold

P 2 + py2 +x-1=0. (2.3)

Hamilton's equations lead to the maps

x = -t2 + 2t sin 6 P, = -t + sin 6

y = 2t cos 6 py = cos 6

where here 6 is an initial propagation direction with respect to the y-axis. Invert-
ing the (t,0) e-(px,py) map and substituting into the coordinate space map leads to
the Lagrange manifold and phase
1/2
2 2 2 3s
x = 1l-p_"- = = 2p (1- ) -2 = =
Py Py apx y Py Py PxPy P
y
2 3/2

3 2 2
+ PPy + 3(l—py ) .

T o = —.— - 5 = - 1
¢(r,p) = rp - S(p) xp + yp P, + 3P,

y X

At (t,0) = (2,300), (x,y) = (-2,3.46) the map (t,6) + (x,y) becomes singular, cf.
Equation (1.14). At the corresponding values of the momenta (px,py) = (-1.5,.866),
the Hessian determinant of the phase is also zero,

dec[a—gz-g’P—] =0. (2.4)

Xy

Analogously, at points where the (t,0) -+ (x,y) map is non-singular, the Hessian deter-
minant above is non-zero. This correspondence between the Jacobian of the map and
the Hessian of the phase is central to the formalism.

In applying this technique to dispersive wave propagation, Equation (1.2), a
similar level-preserving transformation must be constructed. A disadvantage (com-
pared to thé case above) in constructing this coordinate transformation arises from
the definition of w. For, just as in the classical approach, where the conventional
definition of w led to a sign difference in Hamilton's space-time equatiomns [2,3,4],
the sign differences involved in the conventional definitions of E and w, Equations
(1.6), must be accounted for here. Because the explicit form of the phase is so
crucial to the formalism, one approach to accounting for this sign difference is in
the phase. Specifically, rather than assuming an asymptotic solution involving the

usual form exp{ik(?‘E - wt)}, we assume Equation (1.2) has an asymptotic solution of

the form

V@ - [AGT,T,5,0,0)expli) (T+prut-5(p,0)) Hdpdw = 0T ) (2.5)
where T is a function of time, namely

T=-t. (2.6)

Since Equation (1.2) is time-symmetric, its form remains the same under this substi-
tution. For causality, we shall consider T < 0, which corresponds to t > 0 in <he

classical development above, and define the phase as

6(z,T,p,0) = £°p + T - S(p,w). (2.7)
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Using this device allows the straightforward construction of the required level-

preserving coordinate transformation while retaining the classical definition of w

w=23%_ _2%
9T

5t (2.8)

as well as the form of Hamilton's equations given by Weinberg [2].
3. FORMALISM
To begin the algorithm, we first introduce T into Equation (1.2) obtaining

2
A G L A N G.1)
9T

and assume the asymptotic solution from above
W(T) - [A(T,T,p,w,A)exp{ i) (T-p+wt-5(p,w))}dpdw = O(A ).
The technique proceeds by carrying the differentiation in Equation (3.1) across the

integral in Equation (2.5) resulting in

Jdpdw expliX (T+p+at-5 (3,0))} { (10) 2 (5e - (DwP4g (F))A +

2
(1,\)(2E-VA-2mf(?)g—‘:) + (n)o(va—f(?)—a——‘%)} =00, (3.2)
AT

Maslov's Hamiltonian is the coefficient of the (i)\)2 term
H=5 - £(Dw’ + g@. (3.3

Then by invoking the stationary phase condition
Vo= (BT + B = 0 (3.4)
q P Sw ’

which defines the Lagrange manifold

R =20 (3.5)

= =
Maslov's Hamiltonian becomes an eikonal equation on the Lagrange manifold
7D - f(VpS)mZ +g@S) =0, (3.6)

cf. Equation (1.7). To obtain the phase, we first use Hamilton's Equations

dr d

£ .9y dp

oy T 'p ay "V H (3.7)
dt _ 3H da Pl

dy ~ Bw & T T’ (3.8)

noting the equivalence of Equations (3.8) and (1.9) using t = - 1, to find the
trajectories

r = ;(Y’E) ; = ;(Y;E) (3.9)

T = 1(y,0) o= oly,0) , (3.10)

where Yy is the ray-path parameter and G a set of parametrized initial conditionms,
e.g., direction cosines. Then inverting the (y,g) -+ (E,w) map obtains

Y = v(p,w) o =3(p,w) . (3.11)
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Next, substituting into the (;,T) equations explicitly determines the Lagrange mani-
fold

T = t(y(p,w), 0(p,w)) = vpsG,m) (3.12)

~
[}

(@), T@0) = 2 S@,w) . (3.13)

Finally, by integrating along the trajectories in Equations (3.12) and (3.13) we ob-

tain _
Py

S(p,w) = | (rodp + Tdw) + S(Eo,wo) (3.14)
P @
o’ o
analogous to Equation (1.12), and thus the phase
6(r,T,p,w) = top + wT - S(p,w). (3.15)
Just as in Equation (2.4), setting the Hessian determinant of the phase to zero

2

379 _
det {m} o, (3.16)

determines the caustic curve in (E,w)— space. Each point (;;,wc)on this curve cor-
responds to a space-time (;;’tc) point which is found by explicit substitution in

the Lagrange manifold and using tc = - TC (Equation (2.6))
r = VpS(pc,wc)
_ 3S —
t, T - T = am(pc,mc).

The locus of these points specifies the caustic in (;,t)—space.
To obtain a transport equation for the amplitudes, the Hamiltonian is Taylor ex-

panded near the Lagrange manifold

oy =y 2 T = Deo 2 = = 3s
pep - f(r)u” + g(r) = pep - f(VpS)w + g(VPS) + (r-VpS)'Dr + (v - 590D, 3.17)
where
D = 1V Hu(r-v S) + V. S é§)d D = ! Jiﬂ(v s,u(t - éﬁ) + 3§))d
r e M, p>’ ™ T ar peH 3 T M
0 0

i.e., the remainder terms in the Taylor series less factors of (; -V S) and (1 - %%),

respectively. By substituting Equation (3.17) into Equation (3.2), noting
Jd; dw Vq'[AB exp {ix(x°p + T - S(;,m))}] =

Jdp dw exp{iX(r pﬂuT-S(p,w))}{i)\A(r-VpS) Dr+i)\A(‘r—§a)DT +D qu + AVq D}, (3.18)

where D =(3r,DT), and taking the surface integral over a sufficiently large radius

that it vanishes, Equation (3.2) becomes
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Jd_;; dw exp{i\(r*p + wT - S(p,w))}{~ nqu-E - 1)\AVq~5 +
— — 3A 2 —2%a -
210 (peV A - (D) + (V. A - £(r)=)} = 0\ ). (3.19)
r 9T r 312
Then requiring
2
ST AD - AV D+ 2500 A - 26(0)0d + 2@ %@ B =0 (3.20
q q r 3T i r aT2

in a neighborhood of the Lagrange manifold leads to a transport equation if we intro-

duce the flow

dr _ o d . _p
dy =2 dy Dr
(3.21)
dt - dw
JL I, — = -D_.
& 2f(r)w &y .

That is, Equation (3.20) is satisfied, and consequently Equation (2.5) is an asymp-

totic solution, if we allow the asymptotic series

AG LRI A ETRW ik
k=0

to evolve along the transport equation

2
dA = 1 2 — 9 A
== . . — - 2 8 = 0. 3.22
oy AVq D + )(Vr A - f(r) 31:2) 0 ( )

The determination of the asymptotic series of the integrals
J%(;,T.E,w) exp (iAo (T,T,p,w)}dpdw

where ¢(;,T,E,m) and Ak(;;r,s;w) follow from Equations (3.15) and (3.22) respectively,
usually proceeds by transforming the phase to its canonical form. Off the caustic
(non-zero Hessian determinant) or if the Hessian matrix has one zero eigenvalue, this

form is

YERR IR R ICHR I S Sy S L J (3.23)

If the field point is not a caustic point, n = 2; the sign of each Bi is that of the
corresponding eigenvalue and the classical stationary phase technique applies to the
transformed integral. If the field point is a caustic point, the value of n is de-

termined from the relative degeneracy of the Hessian based on a criterion derived

from a Theorem of Thom (Appendix).

Several approaches may be used to construct the coordinate transformations that
carry the phase to its canonical form. If n = 2, a Taylor expansion of the phase
followed by completing the square (alternatively, a principal axis transformation
and a re-grouping) obtains the required form and the coordinate transformations.

If n > 2, a Taylor expansion of the phase followed by a principal axis transforma-
tion obtains
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- 3
— — - n+i
O(r T 58 = ¢(r ,T P 50 ) + I Aiii + Ik,
i=1 i=o
L CiJkE £, E + higher order terms, (3.24)

ijk
where the Ai are eigenvalues and the stationary point has been translated to the
origin for clarity. If Equation (3.24) cannot be transformed to Equation (3.23)
using algebra alone, either of two other basic approaches may be used. One procedure
involves using the Cauchy inversion theorem to make explicit the algorithm in the
Splitting Lemma [14]. As this construction has been detailed in a similar context
[11], we sketch instead the other procedure, a straightforward Taylor series approach
[15,16] which extends to the case where the Hessian matrix has two zero eigenvalues.

Specifically, following Gilmore [16], we let

1 H :
g = (£, +2 £ g g 5 ) i=1,2,3 (3.25)
| AT a+n+o+u>2 ansu 1°2°3 "4

- j\1/n
B, =g, (kg .
4 4 j=0 j’4
Then substituting the above into Equation (3.23), expanding and comparing termwise
with Equation (3.24) leads to algebraic equations for the Aanﬁu and kj, specifying
the transformation.

If the Hessian matrix of Q(FB,TO,E;,mO) has two zero eigenvalues, the canonical

form of the phase is

2

s - = ~ - 2
¢(r°,ro,8) = ¢(ro,ro,90,wo) + 8l + 62 + U(B3,Ba) , (3.26)

where U(B3,Ba) is the appropriate Thom umbilic specified by the criterion in the
Appendix. While an extension of the algorithm based on the Splitting Lemma may be
used to construct the coordinate transformations carrying Equation (3.24) to the
form above, the Taylor series approach is more straightforward. For brevity, we
consider only the case involving the elliptic umbilic. Similar treatments apply
to the hyperbolic and parabolic umbilics.

First, the phase is Taylor expanded and after a principal axis transformation
is re-grouped in the form

— = — - 2
o(r ,T ,E) = ¢(r ,T ,p ,w ) + L AE
o’ o oo 0o’’0o o =1 i1 (3.27)

3 2 2 3
“30°3° * 2153 54 F K1abaR F 0sf T h BB ¥ (8108508508

where h1(53,54) consists of higher order terms in 53 and 54 alone and hz(il,i )

263,
consists of the remaining terms. To carry the cubic terms in Equation (3.27) to the

form of the elliptic umbilic
2 3
UpCryny,) = Yy Yy T Yy s (3.28)
first a linear transformation is introduced

Y, = Ei i=1,2
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into Equation (3.27). Comparing the cubic terms in g and Y, which result with
Equation (3.28) determines the Dij and puts Equation (3.27) into the form

T o Tyes(T . = 22,2 30 -
¢>(r°,TO,Y)=¢(ro,ro,po'w°)+i£1>\iYi Y, 7Y, TR (g )+, (050 Y4 Y,) (3.29)

- ~

where h1 and h2 are the transformed h1 and h2’ respectively. To remove the higher

order terms, and thus obtain the canonical form (Equation (3.26)), we proceed as

above and insert the transformations

i a n 8§ wu i=1,2
B =v, +1I Almnéqu Y, Y3 Y,
a+n+HS+u>2 ! (3.30)
i m n
= i= 3,/
BT YE P Y3 e °

into Equation (3.26). Then expanding and making a term-by-term comparison with
Equation (3.29) leads to equations for the coefficients in Equation (3.30) and thus
specifies the transformations carrying the phase to its canonical form [16]. Similar
treatments apply to cases involving the other umbilics.
After the appropriate coordinate transformation, the resulting integral at any

field point (;;,ro) is of the form
V(r,T) = [dB exp {ik$(ro,ro.B)}A(to.To,B,x) (3.31)
where
-~ _ — = S @ 0@ 3(psP 5P, »0)
A(r_,T_,B,A) = A(r_,T_,p(B),w(B),))
o’ o o’ o 3(81,82,83,84)
and the phase is one of

- = - - 2,, 2
( O,TO,B) = ¢(ro.ro,p°.m°) 4

on
1
w™
+
w™
[
I+
™

St

- = - - 2,2
(ro’To’B) = ¢(ro,T°,p°,mo) + IB1 8, tU(B3.BA),

where U(B3,Ba) is an umbilic. If the phase is of the form in Equation (3.23) with
n=2, the classical stationary phase technique applies directly. If the phase is of
the form in Equation (3.23) with n>2, Equation (3.31) is regrouped into

= = n va 20 2,0 235~ =
exp{ire (x 7 ,p ,0 )}[dB, exp{£1r8, }/dB d8, dB exp{iX (8, “+8 "8, AT LT 5B V).

The classical stationary phase technique applies to the multiple integral. Each term
in the classical expansion is multiplied by the integral over B4 to which a modified
stationary phase technique applies [11l], resulting in the full expansion of the inte-
gral in Equation (3.31).

If the phase in Equation (3.31) is of the form in Equation (3.26), analogous to
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the procedure above, the integral is re-grouping into
Y4 - . . 2., 213, =
exp(1A¢(ro,ro,po,wo))IdB3d8Aexp{1AU(B3,BA)}Id61dBZexp{1)\(181 £8, ) IA(r .7 18,0

The classical stationary phase technique applies to the integration over Bl and BZ'

Each term in this expansion is multiplied by the integral over 63 and BA‘ to which a

modified stationary phase technique applies [17,18], resulting in the full expansion.

4. EXAMPLE

Although the formalism is relatively straightforward, we choose an example in
(x,y,t) space to reduce the cumbersome algebra. To enable easier comparison with
the example illustrating the algorithm that applies to non-dispersive waves [11], we
consider a related example with pormalized units. Specifically, we consider waves
propagating from a point source located at the origin (x,y) = (0,0) at time t = 0
in a medium described by Equatiom (1.1) with £(r) = 1 and g(;) = y-kz. After the

coordinate scaling described above and introducing T = -t from Equation (2.6), the

equation we consider is

2
2 3%y 2 2
v - —r - =
v ) + A" (y-kN)Y = 0. (4.1)

We assume an asymptotic solution of the form
W(z,7) - [dpdw exp {iA(T-p+wt-5(p,w))}A(T,T,p,w,A) = 0N ) , (4.2)

with A(r,T,p,w,A) = 1 at the emitter. Proceeding through the algorithm, we obtain the

Hamiltonian

—— 2
H=pp-u’ 4y -k (4.3)

and using Hamilton's Equations we find the maps

x = 2uysin® p_ = psin®
X
2
y = -Y +2UYCOSe py = "Y‘HJCOSe
T = =20y w=Q .

In these equations y is the ray path parameter, 6 is taken with respect to the posi-
tive (vertical) y axis, Q is the initial frequency and u = (S'lz-l-kz)l/2 from Equation
(3.6). Combining these maps leads to the Lagrange manifold

2,,2 2 2 _3S

= +k - - = ——
y = etk py o, (4.4)
2.2 2.1/2 3
x = 2p (0 +k" - - = 99
Px( Py ) 2pxpy b (4.5)
2 2 2.1/2 3S
T = 2 -2 +k - a2 22
“Py wlw+k'-p ) dw (4.6)

and the phase

6(%,7,P,0) = T°p + wt + 2p 3 2_2 2 2,22 23/2
, Pt T +3p "+ py(px w'-k) + F S -p %) %.7)

Equating the Hessian determinant of the phase to zero determines the equation of the

caustic in (p,w) - space, cf. Equation (3.16)
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2 2 2.1/2 2,2
) / +p

2 2., 2.2 2.-1/2
(W +k =Py ) v (w “Py ) (W™ +k -P, )

2.2 2.2
+p (3p. -3 -p_-k7) =0.
p,3p, py kD)
_ (4.8)
Those real (p,w) satisfying Equation (4.8) project the caustic onto configuration

2, 2
(2py o -p

space through the Lagrange manifold. For definiteness, let Q = 3 and k = 4, thus

¥4 = 5. Then one such (E,w) set is (px,py,w)= %.33, -3.9, 3.), leading to (x,y,T) =
(55.4, -8.96, -38.4) and hence the space time point (x,y,t) = (55.4, -8.96, 38.4).
For this (E,m) set we find from the maps above (v,0,R) = (6.4, 60°, 3.). We note
that at this (y,9,Q)

(3(x,y,0)_
det |30 25y) O

confirming the level-correspondence between the parametrizations at the field point.
From the algorithm in the Appendix, we find n=3. For computational simplicity, we
expand the phase only to third order in Equation (3.24) and, after some algebra, ob-

tain the coordinate transformation

B,=(6.38-.02a,~1. 08 -1.99012)1/2 /2

2 -1
1 3 o +6603 (6.38-.0201-1.08a3-l.99&2)

1

/2 2

= _ 1 2 _ -1/
B,=(13.65+1.880,+4.77a,-3.250 )" “a,+1.450, " (13. 65+1. 88, +4. 770,,-3. 250, )

3 2

-1}1/3

3 -1
2 ={~ +.4 - - -1.99 - + +4.770.~
g { G3 (.52+. 360.1(6.38 .02a 1.080.3 1. 0.2) 2.10.3(13.65 1.88(12 < lia 3-25(11)

2 3

which carries ¢(r,T,p,w) at (55.4, -8.96, -38.4, 4.33, -3.9, 3.) to

2 3

= 2
¢(55.&,-8.96,—38.&,81,82,83) = 110.4 + 81 - 82 3

Under this coordinate transformation the field at (x,y,t) = (55.4, -8.96, 38.4) is

represented by
$(55.4,-8.96,-38.4) = f d8 A(SS.A,-8.96,-38.4,§,X)exp{iX(110.6+612—822+B33)} (4.9)

The first two terms in the asymptotic series of Equation (4.9) are

4

$(55.4,-8.96,-38.4) = .46\ /3exp{ik(110.Aﬂ)}F(%)cos(n/G) +

-5/

L11X 3exp{m(110.4n)}r(2/3)sin(n/3).

5. VECTOR FIELDS

The same algorithm applies to vector (electric or magnetic) field propagation.
Using the electric field, E, as an example, the vector field equation analogous to
Equation (1.2) is

2= - -3 2 <

V7E(r,T) - f(r)-—i - Ag(r)E=0 (5.1)
aT
where E(T,T) is a column vector. Analogous to Equation (2.5) we assume an asymptotic

solution of the form

E(T,1) - [E(E,T,psw, M) expl il (r*prwt-S(p,w)) tdpdw = 0(A ) (5.2)
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where

- - - - = =k
E(r,T,p,w,A) = T Ek(r,r,p,m.k)(ﬂ)
k=0

Proceeding through the algorithm, we find a transport equation results if we require

in a neighborhood of the Lagrange manifold that
= 2
— == =,,— -5 2= _ =5 E .
Z(7 +D)E+DV_~E+2p (7-E)-20f (D)2 + L s-f(r)L—Z] =0, (5.2)
q q T 1y T 3T

where the symbols follow from the scalar field treatment. Then introducing the flow

dr _ = d__3

dy 2p dy Dr
dt - dw _

&y =2wf(r) &y D,

leads to the transport equation
= 2
dE == 1,..2= —0 E, _
&y (Vq D)E + i)‘[V E - f(r)aTZ] = 0. (5.4)
As with the field away from the caustic [7], the zeroth-order approximation to
the time-averaged Poynting vector (power density) S on the caustic

e y1/2_ 2—
S = Re(ExFr) = {ﬁg] By Ps

o
where eo and uo are the permittivity and permeability, respectively, of vacuum pro-
ceeds from the zeroth-order term of Equation (5.3), i.e.,

o _3E,
—(Vq°D)Eo-D(Vq-E°)+2p(V°Eo)-me(r)§;— = 0. (5.5)
Scalar multiplication of Equation (5.5) by E;* and similarly multiplying the complex

conjugate of (5.5)

— %
J— * — % 3E
=(7 *D)E_ -D(V *E_)+2p(V-E_ )-2wf(T)=—> = 0 (5.6)
q o q o o 3T
by E; and introducing the flow above leads to
dEo2 2 =
vl ZEO (Vq'D) =0 (5.7)
2 2 T\ g
E,“(1) = E_"(y=0)exp{ zf(vq-o)d.}. (5.8)

A similar consideration leads to a transport equation for the polarization

E

P=—0°
P (E..E.*)l/z . (5.9)
o o

First, following Felsen and Marcuvitz [7], we differentiate Equation (5.9) to obtain

L. _°_ .o o (5.10)
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Then combining Equation (5.7) with the first term of Equation (5.5) and noting that

the remaining three terms

L 3E  dE
-D(Vq-EO)+2p(Vq'EO)-2wf(r)a—Tq = ;{2
leads to
_ [y &) <E,
-Eo E; 37— + E§_ =0. (5.11)

Dividing Equation (5.11) by Eo and comparing with Equation (5.10) obtains the inter-
esting result that on the flow defined above

FLE

dy
the polarization is a constant, extending the off-caustic result of Felsen and
Marcuvitz.
While this development has been concernmed with dispersive waves, a parallel de-
velopment obtains analogous results in the non-dispersive case.
APPENDIX

Consider the phase function ¢(?,T,E,m) such that
BV + 00T .7 7 4w ) = 0
P p 3w’ ¥ T T00Por Y

and the Hessian of the phase at (?;,TO,E;,wO) has at least two non-zero eigenvalues.

If the Hessian has no zero eigenvalues the canonical form for the phase is
$(r T B) = 0(r .7 ,ps0) * 8,78, %48 %18 7,

where the signs of the Bi are determined by the corresponding eigenvalues. If the

Hessian has one zero eigenvalue the canonical form for the phase is
~ - - — - 2 2 2,, n
= + + + +
$(r »T sB) = 6(r T ,psw ) * B 78,748,728, 7 .
To determine the value of n we form
F(u) = (ro.to.po + ve su, +ue)

where (Eﬁ,em) are the components of the eigenvector corresponding to the zero eigen-
value. The exponent of the first non-vanishing term in the Taylor series determines
the value of n. The sign of B4 is the sign of the Taylor coefficient.

If the Hessian has two zero eigenvalues, the canonical form for the phase is

2

3T 3 ™ . + 2+
3(r0T B) = 0T aT P ) = B E8,T + UGB,8)

where U(BS’BA) is a Thom umbilic. To specify the particular umbilic, the phase is
first expanded and regrouped as in Equation (3.29). The appropriate umbilic is de-

termined by considering the homogeneous cubic

3 3 2 3
30530 * 918378, FopEaks T b,
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1f K30 # 0, equating the cubic terms to zero and dividing by 543 obtains

3 2
K30u + KZlu + Klzu + K03 o ,

where u = 53/54. (1f K30 and 03 # 0, interchanging 53 and EA yields an analogous
cubic.) The cubic may have four possible root combinations, each corresponding to a

specific canonical form [19].

(a) three real equal roots 83 (fold)

3 2

(b) three real unequal roots B -8364 (elliptic umbilic)

(c) three real roots 8 ZB + 4 (parabolic umbilic)
374 74
(two equal)

(d) one real root, one complex 833+34332 (hyperbolic umbilic).
3,, 3
(or B4 +8,7)

If « = 0 and both « # 0, the corresponding form is the parabolic

30 - 03 21’ *12

umbilic. If K30 = K03 = 0 and one of K21 or Klz

ical form. (The case corresponding to three real equal roots represents an atypical

= 0, there is no corresponding canon-

symmetry and is not considered here.) If the Hessian matrix of the phase has more
than two zero eigenvalues, this algorithm does not apply.
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