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ABSTRACT. This paper is concerned with the seminormality of reduced graded rings
and the weak normality of projective varieties. One motivation for this investi-
gation is the study of the procedure of blowing up a non-weakly normal variety
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1. INTRODUCTION.

In this paper we investigate the seminormality of reduced graded rings for the
purpose of studying the weak normality of projective varieties and the procedure of
blowing up a non-weakly normal variety along its conductor ideal. A commutative
ring with identity is seminormal if and only if it contains every element of its
total ring of quotients whose square and cube are in the ring. A variety (over an
algebraically closed field of characteristic zero) is weakly normal if and only if
every globally defined continuous function which is regular outside the singular
locus is in fact globally regular. In [1] it is proven that a variety is weakly
normal if and only if all of its local rings are seminormal.

In section 2 of this paper the relevant commutative algebra is developed to
handle questions of weak normality for projective varieties and in particular to
show that the weak normalization of a projective variety is again projective. We
have tried to work in as general an algebraic setting as possible, but since we
wanted the normalization of a graded ring to again be graded we considered only
reduced graded rings (indexed by the integers) having only a finite number of min-

imal prime ideals. Given an integral extension of graded rings we give an explicit
description of the relative seminormalization by adapting a construction of Swan

[2]. We then show that the seminormalization of a graded ring is a graded subring
of its normalization and that the operations of seminormalization and homogeneous

localization commute.
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In section 3 we consider reduced (but not necessarily irreducible) projective
varieties defined over an algebraically closed field of characteristic zero. 1In
particular we show that such a variety is weakly normal if and only if its veronese
subrings of order d are seminormal for sufficiently large d.

2. SEMINORMAL GRADED RINGS.

All rings are assumed to be commutative with identity. A graded ring is a ring
R that admits a decompo:ition (as abelian groups) R = QneZ Rn such that RmRt1E Rm+n
for all m,n. We let R denote the set of homogeneous elements of R. Notice that
the identity element of R is homogeneous of degree 0. In particular Ro is a sub-
ring of R.

If A 1is a ring we let A denote its normalization, i.e. A is the integral
closure of A in its total ring of quotients Q(A).

(2.0) Suppose that R is a reduced graded ring having only a finite number of

i -1 1

_rh i_
i = R pi and S = T1 R for

minimal primes PpstsPyge Let R = R/pi, T
i=1,+--,%, Set S = Slx°--xS . Since the minimal primes of R are homogeneous
the quotient rings Ri are again graded. Therefore each Si is graded where
Si ={a/t | a e (Ri)h, t e Ti and deg(a) - deg(t) = nl. Hence S = 0n€2§ix°°->G:
is a graded ring.

Notice that R 1is a graded subring of Rlx"‘>R . Suppose r € R ﬂ(RiX"'XRz).
Then there exist homogeneous elements r, of degree n and s; € Py such that
r=r, +s; for i =1,¢--,2. For each i let si(n) denote the homogeneous com—
ponent of s; of degree n. Replacing r, by r
we may assume that si(n) =0 for all i. Comparing homogeneous components of

i + si(n) and sS4 by sy - si(n)

Jegree n we see that r, =r; for all i and consequently s; % 8 for all 1.
Thus s € rbi =0 and r = Ty is homogeneous of degree n.
Now R~ 1is a graded subring of Si (i=1,--+,2) so that Rlx---XRE is a
graded subring of S = Slx'-'xsz. Consequently R 1is a graded subring of S.
LEMMA 2.1. Let R be a reduced graded ring having only a finite number of
minimal primes. With notation as above, the normalization R of R is a graded
subring of S. If Rn = 0 for all negative integers n then En =0 for all

negative integers m. _

PROOF. We know that R = Rlx";:RE with notation as in (2.0). By the domain
case ([e], vol. 2, Thm. 11, p.157) Ri is a graded subring of Si for each 1i.
Thus R is a graded subring of S = Slx---xsl. Now assume that Rn =0 for all
n < 0. Again by the domain case (Ri)n =0 forall n<0 (i=1,°*",2) so that
i; =0 for all n < 0.

LEMIA 2.2. Let R be a reduced graded ring having only a finite number of
minimal primes. Assume that there exists a homogeneous R-regular element of
positive degree. Let T denote the set of homogeneous R-regular elements of R.
Then R is a graded subring of T-IR.

PROOF. Let Py Ri, Ti be as in (2.0). Let Q75754 denote the minimal
primes of R indexed so that qif7R =p; (1= 1,-++.2),

Now suppose B € R. By 2.1 there exist ai s T, such that aiB € R+ ay

i
(i =1,---,4). For each i choose a homogeneous element bi € rB#ipj =Py Re-
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placing ay by aibi we may assume that a; € mj#ipj -y and aiB £ R. Let a

be a homogeneous R-regular element of positive degree and choose m so that
i by aiam we may assume that

= > - = eee X
n, deg(ai) 0 where aigmj#ipj G and aiBE R for 1i=1, WL,

Let N=nl-..n2 and let m1=N/ni for i =1,+-+,2, Replacing ay by

aii we may assume that deg(ai) =N>0 for i=1,--+,2. Then c = a1+--.+a2

is homogeneous and cB ¢ R. To finish the proof it suffices to see that ¢ is

deg(ai) +m>0 for i=1,"--,%, Replacing a

R-regular.

Suppose that c¢ 1is a zero divisor in R so that ¢ * Py for some i. Now
c=a, + Zj#iaj and_lzj*iaj € p].__ imp}ies ay 3 Pi» a contradiction. Thus ¢ is
R-regular and B € T "R. Hence R CT "R.

One can easily check that T—lR is a graded subring of S = TIlRlx---”I‘IlRl.
Six;ce R is a graded subring of S by 2.1 we know that R is a graded subring of
T “R.

For a graded ring R =9mZRn and a positive integer d we let R(d) denote
the subring of R defined by R(d) =®n€ZRnd° Then R(d) 1is a graded ring where
R(d) = Rnd'

If R 1is the homogeneous coordinate ring of a projective variety then R(d)
is called a Veronese subring of R.

COROLLARY 2.3. Let R be a reduced graded ring having only a finite number
of minimal primes. Let R denote the normalization of R. For each positive
integer d, ﬁ(d) is the normalization of R(d).

PROOF. Let Qy5°°*5qy denote the minimal primes of R and let Py = Ay N R
for i =1,---,4. By 2.1 R 1is a graded ring and hence each ay is a homogeneous
ideal. Since R 1is reduced we know that ﬂi=1qi = 0. In particular there exist
= (O:Bi) for i =1,--+,%,

Suppose a £ E(d) is i(d)—regular. If o is a zero divisor in R then

homogeneous elements Bi € R such that q

aBi =0 for some i. But O # BgS R(d) and aBg = 0, a contradiction. Hence
every R(d)-regular element is R-regular and Q(R(d)) < Q(R). Similarly Q(R(d))
S Q(®).

Let q (d) =q; N R(d) for i=1,---,% Then q; (@) N--+ Nqy(d) = 0. We
claim that there are no containments amongst these primes. For suppose qi(d)
qu(d). Let a be a homogeneous element of q;- Then adC qi(d) gqj(d) im-
plies af qj. Since a is generated by homogeneous elements qu_ qj and we
must have i = j. Hence ql(d),---,ql(d) are the minimal primes of R(d). Similarly,
pi(d),"',pl(d) are the minimal primes of R(d).

We wish to see that Q(R(d)) = Q(—R(d)) and that E(d) is the integral closure
of R(D) in its total quotient ring. Now QR (d)) = Q(R(d)/p;(d))X:--Q(R(d)/py(d))
= QR/p (d)) x -+ xQ(R/py(d)) and QR(Q)) = Q(ﬁ(d)/ql(d))x--"()(-ﬁ(d)/ql(d)) =
Q(ﬁ/ql(d))x”w(z(R/q 2(d)). So it suffices to establish the result when R is an
integral domain and R # R. '

Let K= Q(R) and let T = Rh -{o}. Let J=1{nc Z I(T-]'R)n # 0}). Then J
is an additive subgroup of 7 and hence J = mZ for some positive integer m. Let
e = lecm(d,m) and set f = e/m. Then R @) R(e) = R(fm) = R(m) (f) and R(d)
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= i(e) = i(fm) = E(m)(f). Thus replacing R and R by R(m) and i(m), respec-
tively, we may assume there exists a nonzero degree 1 homogeneous element ¢t in
-1

T "R.

Let L = (T-lR)o. Then we may identify R with a graded subring of L[r.,l:“1

]
where a -’ Rn is identified with (ac_n)tn. Since t has degree 1, t 1is tran-
1
1 1is

the localization of L[t] with respect to powers of t it is integrally closed in

scendental over L and L[t] is a polynomial ring over L. Since L[t,t-

K and hence R is contained in L[t,t_ll as a graded subring.

Thus R(@) S R(@ SLled, . We claim that LS QR(@)). For if a,be R
and b#0 then a7l b%¢ R(@)_ and a/b = a7/ Hence L{e?,t7) S qr(a))
and QR(d)) = QR@) = LY.

Clearly ﬁ(d) is integral over R(d). Let B ¢ E(d)n so that B 1is integral
over R. Say g™ + ale_l+---+am_lB+am = 0 where a; € R (i=1,+,m). For each

i let c, denote the homogeneous component of 3i of degree ind. Then

m m-1
e = e is i
B + c16 + +cm_18+cm 0 and s e € R(d) so tfét B is integral over
R(d). Thus to finish the proof it suffices to see that R(d) 1is integrally closed
in Lred,e79).
If vy~ L[td,t‘d] is integral over R(d) then vy is integral over R(d) and

hence over R. Thus Yy © R n L[td,t-d] = R(d) since R is a graded subring of

Lit,t 1.

We will now look at the question of seminormality for a reduced graded ring R
as above. We first recall the relevant definitioms.

For a ring A 1let J(A) denote the Jacobson radical of A and let A denote

+
the normalization of A. The seminormalization A of A is defined by
+ - p—
A={be A|b = A +J@A), Vxec Spec(A)l.

+
The ring A 1is said to be seminormal if A = A. There is also a relative notion.

For an integral extension of rings A C B, the seminormalization ;A is defined by

+
BA={b" B| byt A + J(B), Vx¢ Spec(A) .
+
We say that A is seminormal in B if A = BA. We refer the reader to [5] for

some of the fundamental results on seminormality.

Recall that Hamann's criterion for seminormality asserts that A is seminor-
mal in B if and only if A contains each element b of B such that bz,b3 € A
([1], Prop.1.4). 1In ([4], Thm. 2) Anderson adapts an argument of Brewer, Costa and
McCrimmon ([5], Thm.1) to show that a graded integral domain R = Ro ® Rlﬂ-'- is
seminormal if and only if R contains each homogeneous element s ¢ R such that
52, s3 € R. We note that the same argument applies to any intégral extension of rings
R < S such that S is a graded ring and R 1is a graded subring of S (we say
that RS S is an integral extension of graded rings).

PROPOSITION 2.4. Let R < S be an integral extension of graded rings. Then
R is seminormal in S if and only if R contains each homogeneous element s of
S such that sz, s3 € R.

PROOF. One half of the assertion follows immediately from Hamann's criterion.
Thus it suffices to show that if R contains each homogeneous element of S whose

square and cube is in R then R 1is seminormal in S.
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Assume that this condition is valid but R 1is not seminormal in S. Thus there
exists an element s of S\R such that 52, 53 € R. For an element s of S let
2(s) denote the number of nonzero homogeneous components of s. For each nonzero

.y €S and i(1)<---<i(m
of S such that 0 # S$i(3) i(j) 2a" 1) (m)

}. 1In particular if p(s) =1 then the

element s = si(1)+"'+si(m)

let p(s) = max{k Si1)” T Si(k-1) © R

initial nonzero homogeneous component of s is not in R.
Amongst those elements of S\R whose square and cube are in R choose an
element s with £(s) minimal and such that if t has the same properties then

p(t) 2 p(s).

2
Write s =

2
e = 2 . Si = +
Si(1)+ +Si(m) as above so that m (s) ince s si(l)

2
(higher degree homogeneous terms) is in R we must have si(l) € R, Similarly

3
€ £ R. k = 2 2.
Si(l) R and hence Si(l) R. Thus p(s)

Now (ZSi(l)s)2 and (2s

(i(1) + i(k))-component of s2 + (terms in R) we must have
¢ R. If 2s,

L d
283 (1)%110) 1% : 1) ° (j) an
hence ZSi(l)s R. If 251(1)Si(j) # 0 for all j then (Zsi(l)s) = 4(s) and
7(Zsi(1)s) > p(s) so that ZSi(l)S R. Thus in either case Zsi(l)s R.

Now (35? s)2 and (35%(1)5)3 are in R and ”(3si(1)s) < £(s). Since the

i(1)
(2i(1) + i(k))-component of s3 is

R. If

3 . . ‘
i(l)s) are in R and (Zsi(l)s) < “(s). Since the
is Zsi(l)si(k)
=0 for some j then £%(2s

BSi(l)Si(k) + (terms in R) we must have
38?(1)si(k) BSi(l)si(j) =0 for some j then E(3sf(l)s) < %(s) and
hence 3s§(1)s R. 1If BSi(l S1(4) # 0 for all j then 2(3s§(1)s) = X(s) and
p(3si(l)s) > p(s) so that BSi(l)s - R. Again in either case 3s§(l)s - R.

Consider s - Si(l)
(s - s )3 =8 - 3s s” + 352 s - s, ¢

i(1) i(1) i(1) i(1)
contradiction.

S\R. Then (s - Si(l))z = 52 - ZSi(l)s + Si(l) R and
R but %(s - Si(l)) < 2(s), a

Hence R 1is seminormal in S.

COROLLARY 2.5. Let R be a reduced graded ring with a finite number of minimal
primes. Then the seminormalization +R of R 1is a graded ring and contains R as
a graded subring.

PROOF. By 2.1 the normalization R of R is graded and contains R as a
graded subring. Let R' = anZ#R r‘ﬁﬁ. By 2.4 R' 1is seminormal. Eut *R is the
smallest seminormal subring of R that contains R and hence R' = R 1is a graded
subring of R. Since R is a graded subring of R we know that R 1is graded sub-
ring of +R.

In order to prove the analogue of 2.3 for the seminormalization of R we adapt
a construction of Swan ([2], Thm. 4.1) to describe +R.

Let RS S be an integral extension of graded rings (so that R 1is a graded
subring of S) and let T be a graded subring of S containing R. Let {sala e Al
be a well ordering of the set of all homogeneous elements of S - T whose square and
whose cube are in T. We inductively define graded subrings Ta of S such that
Ta < TB whenever o < B. Let T_1 =T, Tu+1 = Ta[sa] and for a limit ordinal B8
let TB = LL<BTu' Set T'(;)UﬁeATOl (so that T" is again a graded subring of S
containing R. Now let R =R, R ) R(n) and set R* = k)> R(n). Note that

n>0
R* is also a graded subring of S containing R.
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PROPOSITION 2.6. Let R S S be an integral extension of graded rings. With
notation as above ';R = U@OR(n). In particular R 1is a graded subring of S.
PROOF. As observed earlier R¥ =UKC0R(H) is a graded subring of S and the
seminormality of R* in S follows from 2.4. Thus it suffices to see that R*C ;R.
(0) < ;R. Suppose T = R(n) < ;R. Let {su l a € A} be a well
ordering of the set of all homogeneous elements of S - T whose square and whose

Now R =R

cube are in T. Define Tcx as above. We show by transfinite induction that

Ta < ;R for all a. Now T—l =TC ;R by assumption. Suppose B > -1 and that
T €4+R for all a <B. If B8=a+1 then T, =T [s ] where 52,53 € T. Since
o S a o a’ o

8
'g'l we must have S, £ ¥R and hence 'I'B CYR. If B 1is a limit ordinal then

mc
- S -Ss
= c + c + [
TB Ua<BTu S R lzt);é;sumption. Hence Ta(;)SR for all o so that T Ua€ATa
= ;R. But T' =R so by induction R =1 'é'R for all n and consequently
R* € ;R. Since ;.:R is the smallest subring of S that contains R and is semi-
*
normal in S we must have R = ;R.

PROPOSITION 2.7. Let R be a reduced graded ring having only a finite number
of minimal primes. For each positive integer d (+R) (d) 1is the seminormalization
of R(d).

PROOF. Let R denote the normalization of R and let d be a positive integer.
Then R(d) is the normalization of R(d) by 2.3. Since we have inclusions of graded
rings R E *Ro S we also have R(@d) S (+R) (d) € R(d) and (+R) (d) 1is seminormal
by 2.4. Thus it suffices to see that (+R) d) € +(R(d)).

Using the notation of 2.6 we have +R = qﬁoR(n). Thus it suffices to see that
™ (@) c *(R(d)) for all n.

Now R(®(d)< R@) S T(R@)). Let n> 0 and assume that R™ () S F(r(a)).
Let T = R(n) and let {sa ] a € A} be a well ordering of the set of all homogeneous
elements of R - T whose Square and whose cube are in T. Define Ta as above. We
need to show that Ta(d) = +(R(d)) for all «a.

Since T_l - T we have T—l(d) = +(R(d)). Let B > -1 and suppose that
Ta(d)E+(R(d)) for all o < B, If B =a+ 1 then TB = Ta[s ]. Let s = E and
suppose t € TB (d) is homogeneous of degree £. 'I.'hle(n2 t = Zrk§ where r'.ﬁ € T::
and deg(rk) = 24 - k-deg(s) for all k. Now (rks ), (rksk) € Ta(d) S (R@))

- — +
and r sk ¢ R(d) = R(d) (by 2.3) implies that rksk € (R(d)) for each k and hence

t € +(ll:(d)). Since t was an arbitrary homogeneous element of TB (d) we have TB(d)
< +(R(d)). If B 1is a limit ordinal then Tg = Uu<STa so that TB(d) = +(R(d)) by
assumption. Hence Ta(d) S+(R(d)) for all o and since R(n+1) =Ua€ATot we also
have R(n+l) (GO +(R(d))-

s R™ @ S*e@) forall n and (W@ =Y, RV @ S T ®R@) as
desired. Consequently +(R)(d) = +(r(d)).

LEMMA 2.8. Let R be a reduced graded ring having only a finite number of min-
imal primes and suppose that te Rl is invertible. Then (ﬁ)0 is the normalization
and (+R)0 is the seminormalization of R..

PROOF. To simplify notation let A = Ro’ B = (+R)0 and C + (E)o. Define a
C-algebra map cp:C[X,X_]'] >R by ©(X) = t. Then ¢ is a degree preserving iso-

- + -
morphism of graded ring such that ¢ (B[X,X 1]) = R and ¢(A[X,X 1]) = R.
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Thus C[X,X_I] is normal and hence C is normal. Let T denote the set of

homogeneous R-regular elements of R. By 2.2 we know that R is a graded subring

of T-lR. So an element of C 1is of the form E- where r and s are homogeneous

elements of R of the same degree, s 1is R-regular and § is integral over R.
— - t-
Let n = deg(r). Then rt 7, st " ¢ Ry = A and é =L

n

- € Q(A). A direct computa-
st _

tion shows that § is integral over A and hence A C CC A. Since C 1is normal

we must have C = A.

- 2
Since B[X,X l] = +R is seminormal if o € Q(B) and a°, a3 € B then

a € +R MNQ(B)= B. Thus B is seminormal by Hamann's criterion. Thus we need only show

that B & +A. We already have B = C = AC Q(A) and B[X,X‘l] is the seminormaliza-
tion of A[X,X_l]. If Pl and P2 are prime ideals in B 1lying over the same
prime ideal of A then P B[X,X '] = PBIX,X '] so that P, = P,. Let P bea

prime ideal of B and let p =P ' A. Then the canonical map «(p) * «(P) must be
an isomorphism since «(p)(X) * x(P)(X) 1is an isomorphism. Hence B‘E,+A by
Traverso's characterization of +A ([ 1, Prop. 1.3).

We can show that normalization (respectively, seminormalization) and homogeneous
localization commute.

COROLLARY 2.9. Let R be a reduced graded ring having only a finite number of
minimal primes and let f # 0 be homogeneous of positive degree d. Then Ef is

+
the normalization and ( R)(f) is the seminormalization of R

)

PROOF . R(f) is the degree 0 subring of Rf(d) and f € Rf(d) is invertible
and is homogeneous of degree 1. (R)f(d) is the normalization of Rf(d) by 2.3
and (+R)f(d) is the seminormalization of Rf(d) by 2.7. So the assertion follows
immediately from applying 2.8 to the reduced graded ring Rf(d). (Note that Rf(d)
has only a finite number of minimal primes by the proof of 2.3.)

REMARKS. D. F. Anderson [6] shows that if A 1is a seminormal integral domain
and I an invertible fractional ideal then the Rees algebra R(I) = @ 1 is again
seminormal. nz0

Let A be a reduced ring with a finite number of minimal primes and assume that
A is seminormal. Let I be an ideal of A. It is natural to ask what conditions
on I guarantee us that the Rees algebra R(I) (or the scheme Proj(R(I)) 1is again
seminormal. We do not have any satisfactory answer to these questions at this time
but we would like to make some observations.

(2.10) Since A 1is a reduced ring with finitely minimal primes the seminormal-
ity of A implies the seminormality of the polynomial ring A[t] ([5], Thm. 2 or
use 2.2 and 2.4). Now R(I) ¥ A[It] is a graded subring of A[t] and has the same
total quotient ring as A[t]. Thus R(I) is seminormal if and only if A[It] is
seminormal in A[t].

(2.11) By 2.4 we see that A[It] 1is seminormal in A[t] if and only if for

each positive integer n and each element a e A if a2 € IZn and a3 € I3n

ae I, (cf. [6] in case A 1is an integral domain.)

then

(2.12) Say an ideal J of a ring A is pseudo-reduced if whenever a € A and

a2, a3 € J then at¢ J. If A and I are as above when are all powers of I

pseudo-reduced?
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If A 1is a seminormal domain and I is an invertible ideal then so is each
power of I. Hence A: (A:In) =A and I" is pseudo-reduced for all n 2 1 (this
is Anderson's argument in [6]).

+
If ng(A) = f 1"/1" 1 is reduced then all powers of I are pseudo-reduced.
n0

So, for example, if I 1is a reduced ideal of A that is generated by an A-regular
sequence then the Rees algebra R(I) 1is again seminormal. We would like to point
out that an analagous result for normality was proven by Barshay [7]. Namely, if A

is a normal domain and ng(A) is reduced then R(I) is again a normal domain.

3. IMPLICATIONS FOR PROJECTIVE VARIETIES,

Let k be a fixed algebraically closed field of characteristic 0. When we
use the term variety we assume that the underlying topological space is the set of
closed points of a reduced, separated scheme of finite type over k.

Let U be an open subset of a variety (X,Ox). A  k-valued function on U is
said to be c-regular if it is continuous and regular on the nonsingular points of U.
Let O; denote the sheaf of c-regular functions on X. We say that X is weakly
normal at x € X if C}X,x =(}§,x and that X 1is weakly normal if OX =<3§. An
affine variety is weakly normal if and only if its affine coordinate ring is seminor-
mal ([1], Thm. 2.2 and (2.7)). For the fundamental results concerning weakly normal
varieties the reader can consult [1].

Let X CP" be a projective variety and let R = k[x0,°'°,xn] denote the homo-
geneous coordinate ring of X with respect to the given embedding. Then no minimal
prime of R contains the irrelevant maximal ideal (xo,---,xn). Thus letting T
denote the set of homogeneous R-regular elements in R we know that R 1s a graded
subring of T—lR by 2.2. Hence +R is a graded subring of T-lR by 2.6.

Now if X has £ irreducible components then i; = ﬂi=1k. This is not the case
with ‘R.

LEMMA 3.1. Let R be the homogeneous coordinate ring of a projective variety
XC P and suppose that R 1is not seminormal. Then there exist positive degree
homogeneous elements sl,-“,sm in E such that sf,s3

i i

€ R[sl,"‘,si_l] but s
+ +
¢ R[sl,"',si_ll for i =1,**,m and R = R[sl,"',sm]. In particular ( R)O = k.

PROOF. Since R 1is not seminormal by 2.4 there exists a homogeneous element

s, € R - R whose square and whose cube is in R. Since k = Ro c i; = I’ 'k (where

1 i=1
2 is the number of minimal primes of R) 1is the diagonal mapping we must have

= +
deg(sl) > 0. Let R1 = R[sl]. Then R1 is a graded subring of R (and of R)

whose degree 0 homogeneous piece is k. If Rl is not seminormal there exists

a homogeneous element s, e R - R1 whose square and whose cube is in Rl' As above

we must have deg(sz) > 0 so that if R, = Rl[SZ] then R, is a graded subring

2 2

of R whose degree 0 homogeneous piece is k.

Continuing in this fashion we obtain an increasing chain of graded subrings of
R:R < R1 < R2 < «++ each of whose degree 0 homogeneous piece is k. Since R is
a finite R-module ([3], vol. 1, Thm. 9, p. 267) this process must end in a finite
number of steps. If Rm is the last ring in the chain then Rm is seminormal by

2.4. Clearly Rm < +R and since +R is the smallest seminormal subring of R
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that contains R we must have Rm = +R.

It is well known that the normalization of a projective variety is again projec-
tive. Most proofs assume that the original variety is irreducible (e.g. [8] Them. 4,
p. 400). The general case follows quickly from the irreducible case. We first take
the normalization of each irreducible component and then construct the disjoint union
of these normal projective varieties observing that this union can be embedded in
some projective space. We would like to point out that if XC P" has 12 irreducible
components and % > 1 then the homogeneous coordinate ring of the normalization of
X cannot be realized as the normalization of some Veronese subring of the homogeneous
coordinate ring R = k[xo,'°',xn] of X. For the normalization sz R (and of every
Veronese subring of R) has as its degree O homogeneous piece ”i=1k whereas the
homogeneous coordinate ring of any projective variety has k as its degree 0 homo-

geneous piece.

We now show that the weak normalization of a projective variety is again pro-
jective. We include a complete proof for the convenience of the reader.

PROPOSITION 3.2. The weak normalization of a projective variety is a projective
variety.

PROOF. Let x -P" be a projective variety with homogeneous coordinate ring
R = k[Xo,"',Xn]/I = k[xo,---,xn]. Let S denote the seminormalization of R. Then
S 1is a graded ring (2.5) and So =k by 3.1. Hence there exists a positive integer
d such that S(d) is generated, as a k-algebra, by degree 1 homogeneous elements
([8], Lemma, p. 403). Now S(d) is the seminormalization of R(d) by 2.7 and R(d)
is the homogeneous coordinate ring of the Segre transform Qd(x) of X. Replacing
X by @d(X) we may assume that S 1is generated as a k-algebra by degree 1 homo~
geneous elements.

Let Yor ' sy be a k-basis for S1 and let YO,---,YN be indeterminates.
Define a degree preserving map of graded k-algebras %:k[Yo,"',YN] > S by H(Yi)
-y for i =20,"*,N and let J = ker °. Let Y "”PN be the projective variety
defined by J. Since R 1is a graded subring of S the elements Xgs'tHX,  are in
Sl. Let Fo,'”,Fn be linear forms whose images in S are Xos "X, respectively,
and let L CEPN be the linear subspace defined by the ideal (Fo,'--,Fn). Let
pﬂPN - L +*P" be the projection defined by p(a) = (Fo(a),---,Fn(a)). Since R &S
is an integral extension of graded rings Y N L =+ (see [8], Proof of Thm. 4.1,

p. 405) and m = P | Y:Y +P" is a finite morphism ([8], Prop. 6, p. 246). Then
m(Y) 1is the projective variety defined by the homogeneous ideal J N k[Xo,-",Xn]
=1I, i.e., m(Y) = X.

Let f ¢ R1 be an R-regular element. Then Q(R(f)) = Q(S(f)) are the function
fields of X and Y, respectively, so that 7 is birational. Let Ui = X Il P;
and Vi = n-l(Ui) for i =0,"++,n. Then Ui
coordinate rings R(xi) and S(xi), respectively, and S(Xi) is the seminormaliza-

(x1) by 2.9. Thus (Vi,ﬂ I Vi) is the weak normalization of Ui for

i=20,-+-,n and hence Y = U2=0Vi is weakly normal and (Y,m) is the weak normal-

and Vi are affine with affine
tion of R
ization of X.

DEFINITION 3.3. We say that a projective variety XC P" is arithmetically

weakly normal if its homogeneous coordinate ring with respect to this embedding is
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seminormal.

REMARK 3.4. Suppose X cp” s arithmetically weakly normal and let R denote
its homogeneous coordinate ring with respect to this embedding. Then Rf is semi-
normal for each 0 # f ¢ Rl by 2.8. Since R(f) is the affine coordinate ring of
the affine open subset Xf of X and these cover X (as f ranges through nonzero
elements of Rl) we see that X 1is weakly normal.

PROPOSITION 3.5. Let XC P" be a projective variety. Then X 1is weakly normal
if and only if its Segre transforms ?d(x) are arithmetically weakly normal for d
sufficiently large.

PROOF. Let R denote the homogeneous coordinate ring of X© e". Suppose
that X is weakly normal. Then X_. is weakly normal for each 0 # f ¢ R1 so

that R(f) is seminormal for each+f0 #fe Rl' Thus Rf is seminormal for each
0# f ¢ Rl by 2.8.+ Hence Rf = ( R)f ior each 0 # f ¢ R1 and letting m = R+
we know that Supp( R/R) ~{ms. Since R/R is a finitely generated graded R-module
this implies that (+R/R)m =0 for m sufficiently large, i.e., RIn = +Rln for m

+
sufficiently large. Now R0 = R =k by 3.1 so that R(d) = (+R)(d) for d suf-

ficiently large and the latter isoseminormal by 2.2 and 2.4. Since R(d) 1is the
homogeneous coordinate ring of the Segre transform ¢d(X), the Segre transforms
gd(X) are weakly normal for d sufficiently large.

The converse is clear by 3.4 as ¢d(X) is isomorphic to X.

REMARK 3.6. We again remind the reader that the analogous statement for a reduc-
ible normal variety is false. For if X C P" is a reducible normal projective var-
iable with % irreducible components and R 1is its homogeneous coordinate ring then
R(d)o = Ro = k whereas 'ﬁ(d)o = ig = “i=lk for each d > 0. Since E(d) is the
normalization of R(d) by 2.2 we know that R(d) is not normal for all d ~ 0.
Geometrically this is easy to see because R(d) 1is the affine coordinate ring of the

union of * cones through the origin in An+1 and hence is not normal.
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