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ABSTRACT. In this paper we consider an L-L integral transformation G of the form
F(x) = I;G(x,y)f(y)dy, where G(x,y) 1is defined on D = {(x,y): x > 0, y > 0} and
f(y) 1is defined on [0,®). The following results are proved: For an L-L integral
transformation G to be norm-preserving, f;lc*(x,t)ldx =1 for almost all t >0
is only a necessary condition, where G*(x,t) =1imh*oinf % f§+h G(x,y)dy for each
x > 0. For certain G's. I;|G*(x,t)|dx =1 for almost all t > 0 is a necessary
and sufficient condition for preserving the norm of certain f € L. In this paper

the analogous result for sum-preserving L-L integral transformation G 1is proved.

KEY WORDS AND PHRASES. 8-% method. L-L integral transformation. Absolutely continuity
of integrals. Fubini-Tonelli Theorem.
1980 MATHEMATICS SUBJECT CLASSIFICATION CODE. 44A02, 44A06, 42A76.

1. INTRODUCTION.
The well-known summability method defined by a 2-% matrix A = (ank)’ mapping

from £ into &, is sum-preserving if and only if for each k, I 1. 1In our

a, =
present study we also discuss conditions under which G defined b;:}c?:,y), mappings
L into L, 1is norm-preserving or sum-preserving.
2. NOTATION.

The notation and terms used are:

The statement that f 1is Lebesgue integrable on [0,®) means that for every
u >0, if f is Lebesgue integrable on [O,u] and that fgf(x)dx tends to a finite
limit as u » =,

L - the space of functions that are Lebesgue integrable on [0,») with norm
el =[5l Jax.

D - the first quadrant of the plane, i.e., D = {(x,y): x > 0, y 2_0].

G - an integral transformation, G: f - F, of the form (%) F(x) = [;G(x,y)f(y)dy,
for all x > 0, where f 1is defined on [0,») and G(x,y) defined on D.

G - the collection of all G of the form (*).

GL - the subcollection of G such that F ¢ L whenever f ¢ L.

Loo - the space of functions which arc measurable and essentially bounded on

[0,#) with norm £, = ess - S”px39|f(x>|
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3. MAIN THEOREM
THEOREM 1. If G € GL and for every f e L

[oIFG |ax = [ol£(x |dy ,
then for almost all y > O,

[ol6u Gy lax = 1,
where G, (x,y) = lim inf % fy+h G(x,t)dt, for each x > 0.
) y
PROOF. Suppose that there is a set A ©{y > 0} satisfying 0 < mA < = such

that either fg|G*(x,y)|dx >1 for all y e A or I;|G*(x,y)|dx <1 for all y e A.
Since G € GL, for each x > 0, it follows from Theorem (T.S.T.), see [1], that

for every measurable set A of finite measure, fAG(x,y)dy < ®», without loss of
generality, we can assume that A 1is a bounded measurable set.

Case i). Suppose that for all y € A, f;lG*(x,y)ldx < 1. Without loss of generality

we assume that for each y € A
J’;|c*(x,y)|dx <1-c¢,

where € 1is a small positive number. Let f(y) = xA(y) then

F(x) fz G(x,y) x, (y)dy

[, 6ty

and

I'Fl

ol 6y x,(dyldx

I3 JaleGy ldyax

| A

Since for each x > 0, G*(x,y) = G(x,y) for almost all y > 0, see [2,

Theorem 5. P. 255], so it follows from the Fubini-Tonelli Theorem that
I¥1 < fg fyletey) |aydx
= f; fA|G*(x,y)|dydx

= J, I516, () | axdy

| A

<[, - ey
= (1-¢)mA
<m = x,l.

Hence, for case i), G 1is not norm-preserving.
-]
Case ii). Suppose that for ally € A, folc*(x,y)ldx > 1. Without loss of
generality, we assume that for each y € A

f;lG*(x,y)Idx >1l+¢€ .

where € is a small positive number. Let f(y) = XA(y); then F(x) = fAG(x,y)dy
for all x e [0,®). If F(x) =0 for almost all x € [0,®), then
lEl=0<ma=lx] =lel,

and we're done.
Suppose that F(x) # 0 for all x in some set with positive measure. Since

G e GL, so it follows from Theorem (T. S. T) by author, see [l], G*(x,y) is measur-
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able on D and !;|G*(x,y)|dx <M for almost all y 2 0, where M 1is a constant.
Thus

JA Cx (xy)dy = JA G(x,y)dy and IA IolG*(x,y)ldxdy < MmA < =, and
fo IAlG*(x.Y)ldydx = fA Jolc*(x’y)ldxdy < o,
Given 1 > ¢€/2>n >0, there is an X, > 0 such that
fx IAIG*(X.y)Idydx <n - mAf2 <€ mA/G .
0

It follows that there is at least a subset Ao c A, having positive measure and for
all y € A, satisfying -

0’

L3

JXO|G*(x.y)|dx < €/8

and from IOIC*(x,y)ldx >1+ ¢ for each y € A that
X
[00 IG*(x,y)|dx > 1+ 3¢/4

for all y e Aj. Let E = {(x,y) € [0,X)] % AO:IG*(x.y)I < E/2"x0} and for any

= . < < €
lec E {x, € [0,X)): (x»y) € E}. Then 0 SmE S X, for all y A

y ¢ A 0 0"

0!
Since

X
IAO Joo IG*(X:}’) ldXdy 3 JAFO |G*(x,y) |dxd)' ’

so it follows from the absolute continuity of the integral that there is a &6 >0 such
that for every measurable set H [0,xo] x Ao satisfying mH < §, and

ffﬂlc*(x,y)ldydx <ncwmAy/b .
If IA G(x,y)dy = 0 for almost all x >0, then

ree
I=l -f;l,o Oy x p () lax

- JOIIAO G(x,y)dy |dx
=0 <mA) = "xAJI,

and we're done. So we suppose that IA G(x,y)dy # 0 for some set of x >0 with
positive measure. By the Generalization of Luzin's Theorem we can choose a closed

set F S[O,XO] x Ao such that if H = [O,XO] x Ao ~F then mH < § and

IIHIG*(x.y)Idxdy <n-omA /4o,

and G,(x,y) 1is continuous over F. It is clear that G,(x,y) 1s uniformly continu-

our on F. Thus we can have a finite number N of subsets Ai of mAi > 0 of set

N
= U
AO such that F =1 [O,XO] x Ai and within each strip [O,XO] x Ai for each
X € [0,X0] the value of G*(x,y) are close to one another. More precisely, for
("), (x,y") € [0,Xy] x A, and (x,y')s (x,y") ¢ E,

|6, (xsy") = G, Gesy")| < €/2°K;. Then for each A

Ey of x e [0,X

+ -
i there are three sets Ai’ Ai and

0], such that

G (x,y) > 0, 1f (x.y) € F N (AI x A))

i
Gu(x,y) <0, if (x,y) e FN (A; x Ai) ,
and
|G*(x,y)| < e/ZAXO, if  (x,y) € Ey x Ai .
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Hence, if (x,y) € F N [O,Xo] x A then

i’
X o X

0,/ (]
«(0 l.’o G(x,y) XAi(y)dy'dx = Io IJAi G(x,y)dyldx

. Jzol in G, (x,y)dy| dx

= f . |fA G, (x,y)dy|dx + f _ |JA G, (x,y)dy|dx
A, i A, i
1 1
+ IE | IA G*(x,y)dyldx
y i
{
=), J'A G, (x,y)dydx +f _ ¢ ,(A Gy (x,y)dy)dx
Al i Ay i

+

fE I fA G, (x,y)dy| dx
y i

]

JA I + Cx(x,y)dxdy + IA f _ (=G, (x,y))dydx
iAg i Ay
+—fE ifA G, (x,y)dy| dx
y i

J, ]

+ -
i |
i AiJAi

¢
[ 6,Goy)l dyax + ¢ L{Ai Gy (x,y)dy [dx
y

f
'{A:UA") Ail G*(x:y)l dydx +ny|j Ai G*(x,y)dﬂ dx
1
o |
= Jo Ja l6Gey) dyax - G
i jEy Jgi' Gesy) [dydx + fE lj Gy (x,y)dy| dx

i
G, (x,y)dy|]dx

X
foo fAi'G*(x’y),dydx - {ny[fAi'G*(x’Y)ldy - 'J’A
i

X
0
2 '[A fo |G*(x,y)|dxdy -2 IE IA |G*(x.y)|dydx
i y i
> (1 + 3e/4)mA; - ¢ - mA /8 (since mE < X,)
If m{H N [O,XO] x A/} =0 for some A e {Ai}t;, then for such an A,
IEl= [glfg 6ty xAi(y)dyIdx
= [ol], GGuy)dylax
i

X @

= JOOIIA G, (x,y)dy|dx + Ix le G*(x.y)dyldx
x, 1 X0 1

2 j00|fA G, (x,y)dy|dx - IOOU'A G, (x,y)dy|dx

i i

(x,y) ¢ F (x,y) ¢ H
"X

- JOOIIAi G, (x»y)dy |dx

> (1 + 35/4)mAi - emAi/B

> mA, = lx, |, and we're done.

i

N
If m{HN [O,XO] x Ai} # 0 for all Ai € {Ai}1 , then there is at least an A1

such that f f |G, (x,y) |dydx < (n - mA_/4) + mA /mA_ ,
* 0 i"0
l'ln[O,Xo]xAi
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and for such an Ai’

|1F||=IZII0 G(x,y) x, (v)dy|dx
X ) i o
=IOOIIO G, (x,y) x, ()dy|dx + f:olfo G, (x,) xAi(y)dYIdx

2J§0|JA1 G, (x,y)dy|dx - fzolfAi G, (x,y)dy|dx

(x,y) ¢ F (x,y) ¢ H

X
0
2 Io lfAi G*(x,y)dY|dx -n - mAi/4
(x,y) € F
> (1 + 3e/4)mAi -2c¢ mA1/8
= (1 + e/2)mAi
>mA, = ||xAi I

Hence, case (ii) we have proved that G is not norm-preserving and so the proof is
complete.

Theorem 1 shows us that if G ¢ GL, for almost all y > 0, f;|G*(x,y)|dx =1
is a necessary condition for f;|F(x)|dx = ]glf(y)|dy whenever f € L. The next
example will tell us that for almost all y > 0, ]3|G*(x,y)|dx =1 is not a suffi-
cient condition for f;]F(x)ldx = f;|f(y)|dy for every f ¢ L.

Q0
But the following theorem will show that for certain G's, IO|G*(x,y)|dx =1 {is

a necessary and sufficient condition for preserving the norms of certain f ¢ L.

Example. Define

/6?2 i x e 0,1y,

G(x,y) = for all y > 0;
1/2x2 , if x e [1, ),
and
-2/ + 1%, 1 ye (0,
f(y) =
10/(y + D°, o ye [l .

0

fé 2/(y + 1)2%dy + Jl 10/(y + 1)2ay

Then Jw
ol £ [ay

- 1 - o
“2(y + 1) llo - 10(y + 1) lll

=-1+2+5=6 ,

and
1/2

Jé 1/4x7""dx + f: l/2x2 dx

1/2,,,1 ®
2x /4|0 - 1/2x|1

f:]c*(x,y)|dx

But 1/2 +1/2 =1 .

F(x)

fo G(x,y)f(y)dy

o -1/6x1"%) £(y)ay, 1f xe (0,1) .

fo (1/2x%)£ (y) dy, if xe [1,%) ,
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where
00

2 2
- Ly @’ eay = st PG 20+ Dy + J, 1076 + 12y
-1)1 -1®
0 1

- /e c2-n v+ D7HE 101y + DT

= -l/l&x]'/2

[1 -2+ 5]
= -1/)(1/2 , if x € (0,1) ,

and .

z 2
jo (l/2x2)f(y)dy = (1/2x2)[jé -2/(y + 1)2dy + Jl 10/(y + 1)“dy]

A/2xB (1 -2 +5) = 2/x>, if x € [1,) .

Therefore .
f:lF(x)ldx = st P+ fl 2/x% ax
= /2] 26-Dx T
=242
=446 fltmnlay .

THEOREM 2. Suppose that G(x,y) is a nonnegative function on D and
G ¢ GL; then the folowing are equivalent;

i) |F{=]£] whenever f ¢ L and f£(y) >0 on [0,x);
ii) |Fl=]f| whenever £ ¢ L and f(y) <0 on [0,®);
1i1) |F[=]£] whenever £ e L, if F(x) = [ 6(x,)[£()|dy;

iv) f; G,(x,y)dx = 1, for almost all y > 0.
PROOF. Since |f |= f0|f(y)|dy, F(x) = j; G(x,y) £(y)dy and
©
IF = IOIF(X)Idx .

it is clear that i) is equivalent to 1i). We now prove that i) 1is equivalent
to iv). Assuming that G(x,y) >0 on D and f(y) >0 for all y e [0,®), we
have f(y)G(x,y) >0 on D. Hence

00

F(x) = Io G(x,y)f(y)dy >0 ,
so
[Fe| = Fe) .
Therefore
Iell= folF(x)ldx = fo F(x)dx ,
and
lel-= fo fo G(x,y) £ (y) dydx
By the Fubini-Tonelli Theorem and for each x > 0, G,(x,y) = G(x,y) for almost
ot v 20 e 1= Iyt [ cutxoyranay
Hence,
| ll=]£] if and only if

JO Gy (x,y)dx = 1 for almost all y >0 .
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Next we prove th t iii) is equivalent to iv). Let
f(y), if f(y) >0
£ =
0, if f(y) <0
-f(y), if f(y) <0
£ =

0, if f(y) >0 .
Since G(x,y) >0 on D, so whenever f e L
0
+ +
F = JO G(x,y)f (y)dy > 0, for all x > 0 ;

0

L IO G(x,y)f (y)dy > 0, for all x >0 ;

and
f(y) = -,
if F(x) = [ 6(x,y)[£(y) [dy, then
[Fx)| = FF +F .
It follows from i) that
IFGol = [{IFGo lax
S NHOIEY

if and only if

JO G,(x,y)dx =1 for almost all y >0 .

We are also interested in the analogous sum-preserving question for L-L integral
transformations, viz., when is f; F(x)dx = f; f(y)dy whenever f € L?

Next we give the definition of sum-preserving for L-L integral transformations

and a result concerning it.

DEFINITION. The integral transformation G ¢ GL is said to be sum-preserving
if and only if

JO F(x)dx = IO f(y)dy
for all £(y) e L, where F(x) = [J G(x,y)E()dy.

COROLLARY. Suppose that G(x,y) ' is a nonnegative function on D and G e GL;
then G 1is a sum-preserving transformation whenever f ¢ L if and only if

f; G,(x,y)dx = 1 for almost all y > O.

PROOF. Since f e L, f =f - f-, where

f(y), if £(y) >0
£t =
0o, if f(y) <0 ,
-f(y), if f(y) <O
£ =
0, if f(y) 20,

and

o0 00

f; £(y)dy = fo £ay - Jo £ dy



448 Y. C. WEI

Then
F(x) = fo G(x,y) f(y)dy
= fo Cx,y) (£ - £ 1dy
00 + e _
= fo G(x,y)f (y)dy - fo G(x,y)f (y)dy
and

o

(]

fo F(x)dx foffo cy) £ (y)dy - Jo G(x,y)f (y)dyldx

= fo IO G(st)f+(y)dydx - jo Jo G(x,y)f (y)dydx .

By the Fubini-Tonelli Theorem

Jo Jo ctamitmayax = ) eon | o comaxey s

and
Io fo G(x,y)f (y)dydx = Jo £ fo G, (x,y)dxdy .
Thus
[y 15 et fForayax = [ Foray s
and

00

o jo G(x,y) f (y)dydx

[ ——

Jo £ (y)dy
if and only if
JO Gu(x,y)dx = 1 for almost all y >0 .

Therefore

if and only if

8

f: F(x)dx = f: f+dy - j: f_dy
J

0 G*(x,y)dx =1 for almost all y >0,

Jm F(x)dx = f: f(y)dy

o

if and only if

IO G, (x,y)dx 1 for almost all y >0 .

The proof is completed.
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