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A new class of generalized V-type I invex functions is introduced for nonsmooth multiobjective
programming problem. Based upon these generalized invex functions, we establish sufficient
optimality conditions for a feasible point to be an efficient or a weakly efficient solution. Weak,
strong, and strict converse duality theorems are proved for Mond-Weir type dual program in order
to relate the weakly efficient solutions of primal and dual programs.

1. Introduction

There is a vital role of convexity in many aspects of mathematical programming including
optimality conditions, duality theorems, and alternative theorems, but, due to insufficiency
of convexity notion in many mathematical models used in decision science, economics,
engineering, and so forth, there has been an increasing interest in relaxing convexity
assumptions in connection with sufficiency and duality theorems. One of the most lively
generalizations of convexity is owed to Hanson [1], which was named as invexity by Craven
[2]. Later, Hanson and Mond [3] defined two new classes of functions, called type I and
type II functions, which have been further generalized by many researchers and applied to
nonlinear programming problems in different settings. This concept was further generalized
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to pseudo-type I and quasi-type I functions by Rueda and Hanson [4] and to pseudo-
quasi-type I, quasi-pseudo-type I, and strictly quasi-pseudo-type I functions by Kaul et al.
[5].

Since many practical problems encountered in economics, engineering design,
and management science, and so forth can be described only by nonsmooth functions,
consequently, the theory of nonsmooth optimization using locally Lipschitz functions was
put forward by Clarke in 1980’s (see [6]). He extended the properties of convex functions
to the case of locally Lipschitz functions by suitably defining a generalized derivative
and a subdifferential. Later on, the notion of invexity was extended to locally Lipschitz
functions by Craven [7], by replacing the derivative with Clarke’s generalized gradient.
Reiland [8] pointed out that under the invexity assumption, the Kuhn-Tucker conditions
also assure the optimality in nondifferentiable programming involving locally Lipschitz
functions. Recent development of optimality conditions and duality relations for nonsmooth
multiobjective programming problems involving locally Lipschitz functions can be seen in
[9-17].

In order to resolve the difficulty of demanding same function # for objective
and constraint functions in problems dealing with invexity, Jeyakumar and Mond [18]
introduced the concept of V-invexity and its generalization for differentiable multiobjective
programming problems. However, the extension of their studies to nonsmooth case was
discussed by Egudo and Hanson [9]. Further development in this direction can be found
in [14, 17]. Zhao [19] established optimality conditions and duality results in nonsmooth
scalar programming assuming Clarke’s generalized subgradients under type I functions [6].
Kuk and Tanino [15] obtained Karush-Kuhn-Tucker type necessary and sufficient optimality
conditions and duality theorems for nonsmooth multiobjective programming problems
involving generalized type I vector-valued functions.

In this paper, we are motivated by Kuk and Tanino [15] to introduce generalized
type I invex functions, called generalized V-type I invex functions, an extension of V-
type I functions introduced by Hanson et al. [20] to nonsmooth cases. By utilizing these
new concepts, we obtain Karush-Kuhn-Tucker type sufficient optimality conditions and
Mond-Weir type duality relations for nonsmooth multiobjective programming problems. Our
results generalize a variety of previously known results in this area.

2. Notations and Preliminaries

Throughout the paper, we use the following conventions of vectors in R”. For any x,y € R",
xz2yexizy, i=12...,nx>y S x 2y x#y,andx >y & x5 >y, i=
1,2,...,n.

A function f : R" — R is said to be locally Lipschitz at a point x € R" if there exist
scalars ¢ > 0 and € > 0 such that

, Vx!, x> ex+eB, (2.1)

() - ()] £ ¢ff -2

where X + €B is the open ball of radius € around x and || - || is any norm in R".
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The Clarke generalized directional derivative [6] of a locally Lipschitz function f : R" —
R at x in the direction v € R”, denoted by f°(x;v), is defined as

fo(x0) = hmsgpf(V* t’? ~f)

(2.2)

where y is a vector in R".
The Clarke generalized gradient [6] of f : R" — R at X, denoted by 0° f (x), is defined as

o f (%) = {g ER": f°(x;0) = ¢Tw, Yo € R”}. (2.3)

It follows that for any v € R", f°(x;v) = max{¢Tv : & € 0°f(X)}.
We consider the following nonlinear multiobjective programming problem:

Minimize f(x) = (fi(x), f2(x),..., fe(x)),

(MP)
subject to xe€S={xeX:g(x) <0},

where X C R" is an open set and the functions f = (fi,f2,..., fx) : X — RFand g =
(81,%2,---,8m) : X — R™ are locally Lipschitz on X.

Since the objectives in multiobjective programming problems generally conflict with
one another, an optimal solution is chosen from the set of efficient (weakly efficient) solutions
in the following sense (see [21]).

Definition 2.1. A point X € S is said to be an efficient solution of (MP) if there existsnox € S
such that f(x) < f(x).

Definition 2.2. A point x € S is said to be a weakly efficient solution of (MP) if there exists no
x € Ssuch that f(x) < f(x).

LetK ={1,2,...,k},and let M = {1,2,...,m} be any index set. Forx € S, J(x) = {j €
M : gj(x) = 0} and g denotes the vector of active constraints at x.

We define the following generalized V-type I invex functions. Let f and g be locally
Lipschitz functions at a given point u € X.

Definition 2.3. The pair (f, g) is said to be V-type I invex at u € X if for each x € S and for any
& € 0°fi(u), g € 0°gj(u), there exist vectors a; and f;, where a;, f; : X x X — R, \ {0}, and a
functionn: S x X — R"such thatforallie K,j e M
fi(x) = fi(u) 2 ai(x, u)gin(x, u),
-gj(u) 2 Bj(x,u)¢mn(x, u).

(2.4)

Remark 2.4. If a;(x,u) = fj(x,u) = 1, fori € K, j € M, we obtain the definition of type I
function given by Kuk and Tanino [15].
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Definition 2.5. The pair (f, g) is said to be V-pseudo-quasi-type I invex at u € X if for each
x € Sand for any & € 0°fi(u), §; € 0°gj(u), there exist vectors &; and f3;, where a;, ; :
X xX — Ry \ {0}, and a function 77 : S x X — R" such that

k k k
Daifi(x) < Djdifi(u) = Y &in(x,u) <0,
i1 i1 i1

(2.5)
~DBigi(w) £ 0= > gm(x,u) 0.
j=t j=t
If in the above definition first inequality is satisfied as
k k k
Daifi(x) £ Dlaifi(u) = Dlém(x,u) <0, (2.6)
i=1 i=1 i=1

then we say that (f, g) is V-strictly pseudo-quasi-type I invex at u.

Definition 2.6. The pair (f, g) is said to be V-quasi-pseudo-type I invex at u € X if for each
x € Sand forany §; € 0°fi(u), §;j € 0°gj(u), there exist vectors a; and p;, where a;, f; : XxX —
R. \ {0}, and a function 77 : S x X — R" such that

k k k
Sémx,u) > 0= > afi(x) > > aifi(u),
i=1 i=1 i=1

(2.7)
—Zﬁigi(u) <0= Zgjq(x,u) <0.
j=1 j=t
If in the above definition second inequality is satisfied as
~NBigiu) 0= Y gin(x,u) <0, 2.8)

=1 =1

then we say that (f, g) is V-quasistrictly pseudo-type I invex at u.
We will need the following result.

Theorem 2.7 (see [21, page 45]). Let the functions f; : R" — R (i = 1,2,---,k) be locally
Lipschitzian at a point x* € R". Then, for weights w; € R, one has

k k
0° <Zw,- fi> (x*) € Dlw;d° fi(x"). (29)
i=1 i=1
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3. Karush-Kuhn-Tucker Type Sufficient Optimality Conditions

In this section, we derive some sufficient optimality conditions for a feasible solution to be
an efficient or a weakly efficient solution for (MP). Throughout this section, and in Section 4,

f 1 denotes the vector (Xl fl,xz fo, ..o, Ak fk) and gjﬁ denotes the vector whose components are
;8 € ] ().

Theorem 3.1. Suppose that there exist a feasible solution X for (MP) and scalars \; > 0,i € K, Hi 2>
0,j € J(x) such that

(i) 0 € T Lo fi(X) + Sjejm F;0°8) (3),
(ii) (f, gy) is V-type I invex at x.

Then, X is an efficient solution for (MP).

Proof. Hypothesis (i) implies that there exist § € 0°fi(x),i € K and ¢; € 0°gj(x),j € J(X)
satisfying

k —
0=>Néi+ D Fle (3.1)
i=1

j€I®)
Since (f, gy) is V-type I invex at X, we have forall x € S

fi(x) - fl(x) z ai(x,f)girl(x,i), for any éi € acfi(y)r i€k,

(3.2)
0=-gi(x) 2 Bj(x,x)¢jn(x,x), forany ¢; €0°gi(x), j€J(X).
By using a;(x,x) >0, i € K and f;(x,x) >0, j € J(x), we get
1 1 _ _ cr=y s
) fi(x) - @) fi(x) 2 ¢&n(x,x), forany ¢, €0°fi(x), ieK, 53

0= ¢n(x,x) forany ¢; €0°gi(x), j € J(X).

As\; >0, i € K and /_1]. 20, j € J(x), using (3.3), we obtain

k Ky k
Ai
i=1

N, K ~ ~
a;(x,X) fi(x) - lei(X,f) fi(x) 2 <§)li§i + Z ﬂjé]')ﬂ(xrx)/ (3.4)

i=1 jEJ ()
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which on using (3.1) yields

k Xl k
DY VD Vs x,x)fx ). (3.5)

= ai(x, o &

Suppose that X is not an efficient solution for (MP). Then, there exist a feasible solution x for
(MP) and an index r such that

fr(x) < fr(x),
_ (3.6)
filx) = fi(x), Vigr
Because A; > 0, and a;(x,x) >0,i € K, we have
k X k
i(x). (3.7)
gi: al zi: l(x .X') f

This contradicts inequality (3.5), and X is thus an efficient solution for (MP). O

Theorem 3.2. Suppose that there exist a feasible solution X for (MP) and scalars Li>0iek, 7 J >
0,j € J(x) such that

(i) 0 € T Lo fi(X) + Sjejm F;0°8) (3),
(ii) ( fx, g]ﬁ) is V-pseudo-quasi-type I invex at X.
Then, x is an efficient solution for (MP).

Proof. Suppose that x is not an efficient solution for (MP). Then, there exist a feasible solution
x for (MP) and an index r such that

fr(x) < fr(x),

(3.8)
filx) = fi(x), Vi#r.
Since \; > 0 and a;(x,x) >0, i € K, above inequalities give
k k
> Lidki(x, %) fi(x) < D Nidi(x, X) fi(X). (3.9)
i=1 i=1
Also gj(x) =0, j € J(x) yields
> Bilx D8 (®) = (3.10)

jeJ®)
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The hypothesis (ii) and inequalities (3.9) and (3.10) imply
k —
Sém(x, %) <0, forany & € o°(Lif) (%),
i=1

Z g}n(x,f) <0, forany «;; €o° </7jg,->(f).
jel (@)

(3.11)

Adding these inequalities, we obtain

k
<Z§§+ >, C}>rz(x,f) <0, (3.12)

i=1 €I (@)

but, by Theorem 2.7, for some ¢; € 0° (\ifi) (%) and g;. € o° (;7]. gj)(X), there exist & € 0°f;(x)
and ¢; € 0°gj(x) such that

G=XN&, i€Kand{ =pg, jej@. (3.13)

Hence, the above inequality becomes

k f—
<Z)Ligl- + ﬁj§j>q(x,§) <0. (3.14)
i=1

jel (@)
This contradicts (i), as for §; € 0°fi(x), ; € 0°gj(X), Zi;l Lgi + Z;’e](y) ﬁ].g]- = 0. Hence, x is an
efficient solution for (MP). O

Remark 3.3. If we take Ei >0,iek, Zle A; = 1, then the above theorem still holds under the
assumption that (f*, g}‘ ) is V-strictly pseudo-quasi-type I invex at x.

Theorem 3.4. Suppose that there exist a feasible solution X for (MP) and scalars A; > 0, i € K,
S ki = LH; 20, € J(X) such that

() 0 € S, Lo fi(D) + 3 jeyce 7,08 (),
(ii) (f, gy) is V-type I invex at Xx.
Then, X is a weakly efficient solution for (MP).
Proof. Following the proof of Theorem 3.1, we obtain

A
a;(x,x)

Zi g, (x, X) fi(®). (3.15)

) _
Ai
i=1

k
fi(x) = Z
i=1
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Suppose that X is not a weakly efficient solution for (MP). Then, there exists a feasible solution
x(x #x) for (MP) such that

fi(x) < fi(x), i€K. (3.16)

Because \; >0,iek, Zl’;l 1 =1,and a;(x,x) >0,i € K, we have

kKT Y
. L
L L (7). 3.17
2t < 2 e n ™) G147
This contradicts inequality (3.15), and x is thus a weakly efficient solution for (MP). O

Theorem 3.5. Suppose that there exist a feasible solution X for (MP) and scalars \; > 0,i €
K/Zle Ai =T1and l_lj 20, € J(x) such that

() 0 € S, Lo i) + 3 jeyce) 7,08 (),
(ii) ( fx, g]ﬁ) is V-pseudo-quasi-type I invex at Xx.
Then, X is a weakly efficient solution for (MP).

Proof. Suppose that x is not a weakly efficient solution for (MP). Then, there exists a feasible
solution x (x #Xx) for (MP) such that

fi(x) < fi(x), i€K. (3.18)

Since A; >0,iek, Zf-‘zl 1 =1,and a;i(x,x) >0,i € K, the above inequality gives

k _ k _
Z)tiﬁi(x/?)fi(x) < Z)tiﬁi(xj)fi(y)- (3.19)
i=1 i=1
The remaining part of the proof is similar to that of Theorem 3.2. O

Theorem 3.6. Suppose that there exist a feasible solution x for (MP) and scalars Xi > 0,i €
K, S Ai=1and i, 2 0,j € J(X) such that

(D) 0 € Ty Lid fi(®) + Sjeyr) F,0°8 (D),
(ii) (f 1, g]ﬁ) is V-quasistrictly pseudo-type I invex at X.
Then, x is a weakly efficient solution for (MP).

Proof. Suppose that x is not a weakly efficient solution for (MP). Then, there exists a feasible
solution x (x #x) for (MP) such that

filx) < fi(x), ieK. (3.20)
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Since \; >0,iek, Zf-‘zl A =1,and a;i(x,x) >0,i € K, the above inequality gives
k k
> hidi(x, %) fi(x) < D Nidti(x, %) fi(X).
i=1 i=1

Also gj(x) =0,j € J(x) yields

> Bilx, D)8 (X) = 0.
jEJ(X)

If hypothesis (ii) holds, we have

(3.21)

(3.22)

k k k
D) > 0= > Laix, ®)fi(x) > Y Ni(x, 0 fi®), for any & € 8°(Lfi) @),
i=1 i=1 i=1

- X B DEg® 0= Y ¢n(x%) <0, forany &€ (jg)®).

jeJ(®) jeJ(®)
In view of (3.22), (3.24) implies

']Z()C;q(x,f) <0, for any ¢ € o¢ (,77. g,-) (%).
jejx

Also, by assumption (i) and Theorem 2.7, we have

k
Qi+ D6 =0

i=1 jej (@)

Therefore, (3.25) becomes

k
Zéé’i(xfi) >0, forany ¢ €od° <7tifi>(§)-

i=1
In view of (3.27), (3.23) yields
k k
> hidi(x, %) fi(x) > D Nidki(x, %) fi(X),
i=1 i=1

which contradicts (3.21). Hence, x is a weakly efficient solution for (MP).

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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4. Mond-Weir Type Duality

We now consider the following Mond-Weir type dual for (MP):

(MWD) Maximize f(y)

(4.1)

subject to

k m
0€ D> X0 fi(y) + D o8 (v), (4.2)

i=1 j=1
uigi(y) 20, jeM, (4.3)
=20, i€k, (4.4)
pj20, jEM, (4.5)

k

D=1 (4.6)

Let T be the set of all feasible solutions of (MWD).

Theorem 4.1 (weak duality). Let x € Sand (y,\, p) € T such that (f*, g*) is V-pseudo-quasi-type
I'invex at y. Then the following cannot hold

f) < f(y)- (4.7)

Proof. Suppose the contrary to the result that (4.7) holds, thatis, f(x) < f(y). Using &;(x,y) >
0,A; =20,ie Kand Zf-‘;l Ai =1, we get

k k
Z&i(X,y))tifi(x) < Z&i(x/y))lifi(y)- (4.8)
i=1 i=1
Also, as ﬁj(x, y) > 0,j € M, inequality (4.3) yields
=SB (x y)migi(y) < 0. (4.9)
j=1
By V-pseudo-quasi-type I invexity of (f, g*) at y, (4.8) and (4.9) give
k
24in(xy) <0, for any & €0°(Aifi) (y),
i=1

(4.10)
§1 gin(x,y) <0, forany ¢ €0 (uigi) (v)-
<
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Adding the above inequalities, we get

k m
<Z§§ + Z§}> n(x,y) <0. (4.11)
=1 j=1

However, by Theorem 2.7, for some ¢! € 0°(A;f;)(y) and §; € O (i;gj)(y), there exist & €
0°fi(y) and ¢; € 6°gj(y) such that

& =MN¢, ie€eKand Q} =ui¢j, j€EM. (4.12)

Hence, the above inequality changes to

<Z* gi+ ZM;) n(x,y) <0, (4.13)

i=1

which contradicts the dual constraint (4.2), because ¢; € 0°fi(y) and §; € 0°gj(y) imply
DI P Z;’il i = 0. Hence, (4.7) cannot hold. O

Definition 4.2 (Cottle’s constraint qualification [21, page 48]). Let f;,i € K and gj,j € M
be locally Lipschitz functions at a point u € X. The problem (MP) is said to satisfy Cottle’s
constraint qualification at u if either gj(u) < 0 forall j € M or 0 € conv{0°gj(u) : gj(u) = 0},
where convZ denotes the convex hull of the set Z.

Theorem 4.3 (Karush-Kuhn-Tucker type necessary conditions [21, page 50]). Assume that X is
a weakly efficient solution for (MP) at which Cottle’s constraint qualification is satisfied. Then, there
exist scalars A; > 0,i € K, 3, \; =land p; 2 0,j € M such that

k _ m
0€ > Lo fil%) + D ,0°g)(%),
i=1 j=1 (4.14)

figi(X) =0, jeM

Theorem 4.4 (strong duality). Let X be a weakly efficient solution for (MP) at which Cottle’s
constraint qualification is satisfied. Then, there exist X € R¥, i € R™ such that (X, \, Ji) is feasible for
(MWD) and the objective values of (MP) and (MWD) are equal. Further, if the hypotheses of weak
duality (Theorem 4.1) hold for all feasible solutions (y, A, p) for (MWD), then (X, A7) is a weakly
efficient solution of (MWD).
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Proof. Since x is a weakly efficient solution of (MP) and the Cottle’s constraint qualification is
satisfied at x, from Theorem 4.3, there exist A; = 0,1 € K,Zf;l A =1,and ﬁ]. 20,j € Msuch
that

k _ m
0€ > Lo fi(X) + D i,0°8(X),
i=1 =1 (4.15)
H;8j(x) =0, jeM,

which yields that (X, A, )is feasible for (MWD) and the corresponding objective values are

equal. If (x, A, p) is not a weakly efficient solution for (MWD), then there exists a feasible
solution (y, A, p) for (MWD) such that

f@ < f(y), (4.16)

which contradicts the weak duality (Theorem 4.1). Hence, (¥, 1, %) is a weakly efficient
solution for (MWD). O

Theorem 4.5 (strict converse duality). Let x € S and (y, A, #) € T such that

k k
D Lifix) = DNifi(@). (4.17)
i=1 i=1

If

(1) ( fx, g#) is V-strictly pseudo-quasi-type I invex at y,
(i) al(x,y) =1,i €K,
thenx =7y.

Proof. We assume that X # i and exhibit a contradiction. Since (y, A, 1) € T, from (4.2), there
exist ¢; € 0°fi(y), i € K and ¢; € 0°g;(y), j € M such that

k m _
D&+ DG =0. (4.18)
i=1 j=1

The hypothesis (i) along with (4.3) and ﬁj (x,y)>0,j € Myields
i vy — — o~ —_— —
Zg}q(x,y) <0, forany(;€d° (ﬂjg]-> (y). (4.19)
j=1

Also by Theorem 2.7, for some ¢; € 0°fi(y), i € K and Ej € 0°gi(y), j € M, there exist
& € 0°(Mifi)(y) and ¢ € 0°(;8j) () suchthatd = \ig; and & = ji, ;.
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Hence, (4.18) gives

k_  m__
D+ Zg} n(x,y) =0, (4.20)
i=1 j=1
which with (4.19) gives
k —_— — g—
Den(xy) 20, forany § € 0°(Lf:) (7)- (421)
i=1

Therefore the hypothesis (i) again yields
k _ k _
i=1 i=1
Since a;(x,y) = 1,i € K, we have
k _ k _
SNfi®) > S Nifi(Y), (4.23)
i=1 i=1
which contradicts (4.17). This completes the proof. O
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