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Abstract
Let a be a real number with convergents p,, /¢, from the continued fraction ex-
pansion of a. In this paper we investigate the functions £(a) := 3", - |Gm — P
and £* (o) = Y, 50(@¢m — Pm) depending only on « and prove that they take

every value in [0, (1 + v/5)/2] and [0, 1], respectively. For any sequence (ap)p>1,
which is uniformly distributed modulo 1, we show that both sequences (€(ay,)),>1
and (£*(ay))u>1 are not uniformly distributed. Among other things the proofs rely
on an inequality for the function £(«), which improves a former result of the first
named author.

1. Introduction

For any real number « and its regular continued fraction expansion

a = {ag;a1,...,an), (a € Q\ Z),
a={ag;a,...), (a e R\ Q),

where ag € Z,a, € N for v > 1,a, > 1, we investigate the sums

E(e) == E(ar,az,...) = Y _ |aGm — pm| (1)

m>0

and

E*(a) :=E%(ar,az,...) == Y _ (AGm — Pm)- (2)

m>0

Moreover, let £(a) = £*(a) = 0 for a € Z. Here, py,/q¢m denotes the m-th con-
vergent of a. In case of a € Q these functions are finite sums, since o has a finite
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continued fraction expansion. Conversely, for a finite sequence ag, a1,...,an_1,1
ending with 1 we define £(ay,...,an—1,1) and £*(aq,...,an—1,1) by

5(0,1, ey Qp—1, 1) = g(alv ey Qp—1 + ]-) + |04an1 _pn71| ) (3)
E*at,...,an_1,1):=E(a1,...,an_1 + 1)+ (=1)"" g1 — pn_1] (4)

with pr—1/gn-1 = {ao;a1,...,an—1) and a = {ag; a1, ...,an—1 +1). The additional
term |agn—1 — pn—1| in (3) and (4) plays an essential role for the inequalities of
error sums stated below in Lemma 8 and Lemma 12, respectively. For « € R\ Q
the error sums become infinite series converging absolutely. Set

1+6 _ 1=V
2 ) p': 2 )

and let
Fo=0, =1, Fyo=Fu.+F (E>0)

denote the Fibonacci numbers.

The main focus in this paper relies on the function £(«). Generally speaking,
&(a) is a measure of quality for the approximation of a real number a by convergents
with small denominators. For more applications of £(«) see [1], where the first
named author has also proven that for any a € R the inequalities

0<&(a) <p, ()
0< (@) <1 (6)
hold. We are now interested in a more detailed investigation of the value distribution
of £(a) and £*(«) in the intervals given by (5) and (6).
Proposition 1. Let n € N and let ay,as, ... be positive integers. Then we have

Elar, ... an,...) <&(ar,...,an,1,1,...).

Since £(a)) = p if and only if @« = p (mod 1) (see [1]), this proposition improves
the inequality (5) effectively in case aj ---a, > 1. The main results in this paper
concerning the value distribution of the error sums £(«) and £*(a) are given by the
subsequent Theorems 2 to 5. As usual we write

EMR):={&(a) | e R} and E'R) :={&" (o) | € R}.
Theorem 2. We have E(R) = [0, p].
Theorem 3. We have £ (R) = [0, 1].

The result of Theorem 3 is already known: By using the concept of mediants,
J.N.Ridley and G.Petruska [4] proved that for every 0 < y < 1 there exists an
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irrational number x such that £*(x) = y. Our proof of Theorem 3 is based on
an algorithmic construction similar to the proof of Theorem 2. For this we use
auxiliary lemmas which describe the local behaviour of the error sum functions.

In contrast to the above density results we also considered an error sum related
to €(a), defined by
&) = Z (@ — Pm)*.
m>0
Both sums, £ and &, neglect the sign of the error terms in a simple way. But the
value distribution of & differs essentially from that one of £. In particular, there
are subintervals of [0,1] where the values of & are not dense. We can show for

« € R that
11
E(a) & (4, 2) .

Let o, :=(0;1,1,n), (n > 1). We have a,, — 1/2 for n — oo, and

Es(a,) > % whereas & (%) = i
In general, error sums are discontinuous functions.

Next, one may ask whether the values of £(a) (of £*(a), respectively) are uni-
formly distributed in [0, p] (in [0, 1], respectively). The negative answer is given by
the following theorems. For this purpose let J C [0, p], (ou)u>1, be a sequence of
real numbers, and

AWM =#{1<m <M : Elam) € J} (M eN),
A (I M) =#{1<m <M : E(ap) € J} (M eN).

Theorem 4. Let (a,),>1 be a sequence of real numbers, which is uniformly dis-
tributed modulo one. For N € N let J; = (1,1 + p?/N) and J» = (1 — p*/N,1).

Then we have
A(J, M) N log N

Iminf == — 258 Ve,
wnd A(Ja, M) _ 16p*
s 2 P
hﬁfgop i < N2 (NeN, N >32).

This shows that there are more points £(«) in J; than we would expect in the
case of uniform distribution, and too little points in J5. This is because of
Al p _ logN

— == for N
) v < 3on or > exp(30p) ,

wnd A 165"
2 P P
7 - N > N2 for N Z 68.
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Theorem 5. Let (a,),>1 be a sequence of real numbers, which is uniformly dis-
tributed modulo one. For N > 3 let J3 = (1 —1/N,1]. Then we have

A*(Js,M) 5 1

lim sup + N

PR ——— < —_
M—o0 M 6N
In particular, this is less than 1/N for N > 6.

For the proof of Theorem 4 we need the inequality from Proposition 1. Therefore,
we shall prove Proposition 1 in Section 4 separately. The proofs of Theorem 4 and
Theorem 5 are given in the final Section 5. The appendix contains four plots
illustrating the functions £ and £*. Figure 1 and Figure 2 show the graphs of £
and £*, respectively. To illustrate the value distribution of £ and £*, we use 50 000
at random generated numbers 1, ..., Z50000 € [0, 1] and plot the points (¢, E(x;))
(Figure 3) and (i, £*(x;)) (Figure 4) for ¢ = 1,...,50000. The plots were computed
using a standard computer algebra system. The value distribution of the error sums
seems to be a little mystic due to some visible lines inside the plots. We could not
prove a general result explaining the existence of these lines.

2. Proof of Theorem 2

2.1. Auxiliary Lemmas
In the following let n and ag, a1, ..., a, denote positive integers.

Lemma 6. Let N € N. In the case of n = 1, further let ay > 1. Then, with
(ag; a1, ...an) = pn/qn, we have

0<&(ar,...,an,N)=E(ar,...,a,) <

In particular we get the limits

lim (E(al,...,amN)—E(al,...,an)) =0 (N eN),

n—oo
]\;im (E(ar,...,an,N) = E(ar,...,a,)) =0 (n e N).
Proof. Let
B = (ag;ai,...ay),
v := {ag;a1,...an, N),
Pv

— = (ap;a1,...ay) (0<v<n).
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Then we have the identities

5 _ ApPn—1 +pn72 _ & v o= an +pn71
AnGn—1 1 Gn—2 Qn7 Ngn + gn-1 ’
and
n n—1
&= g(aly vy Ony N) - g(ala ceey an) = Z(_l)u(v(ﬁ/ _pu) - Z(_l)y(ﬂ%/ - pu)
v=0 v=0

()" (vn—pa) + (-

With the above identities for 8 and v we obtain

yopg= Nentpaa pn o (CD"
Ngn + qn_1 dn Qn(NQn +Qn—1)’
(="
n —Pn = (Y —B) = 77—,
v (’7 ) Ng, + qn—1

and therefore

. _
= +
Ngn + qn—1 (Nqn+qn 1) g

n+u . (7)

To estimate the sum
n—1

S = Z(*l)nJruqu

v=0
we need to distinguish two cases according to the parity of n. For even n (with
n > 2) we have

S=1(q0—q)+(@2—g)+ + (-2 — gu-1) <0,
and
S=aq+(@2—q)+(@—a)+ -+ (Gh-2—n-3) —Gn-1> —n-1.
For any odd n (with n > 1 by the assumption of the lemma) we get
S=-@p+(@—a¢)t@—aeq)t -+ (@-2—¢-1)<0,

and
S=(@—-—aq)+(@B—ag)+ -+ (@n-=2—@m-3) — -1 > —qn-1-
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The result of the distinction of cases is —¢,—1 < S < 0. Hence we obtain from (7),
regarding n > 1 and ¢,—1 > qo = 1,

1 1
&< <
Nqn + dn—1 Nqn
and
1 dn—1 1 < Qn—1>
E> — = 1-— > 0.
Ngn+qn-1 @u(NGn+Gn-1)  Ngn+qn In

This proves the lemma. O

Lemma 7. Letb,c,n € N, wheren > 2 and 1 < b < c¢. Then, with (ag;ay,...an) =
Pn/n, we have

—-b
0 < &(ar,...,an,b) —E(ar,...,an,c) < Zcqn'

Proof. Let

ﬂ = <a/0;a/1a .. 'an7b>a

v := {ap;ai,...an,c),

bv . (ag;ai,...ay) (0<v<n).
Qv
Then we have
E:= 5(@1, ceey Gny, b) - g(ah <oy Qn, C) = Z(_l)y(/@qu - pu) - Z(—l)thu - pu)
v=0 =0
n
= (ﬂ - ’}/) Z(_l)yq;/-
v=0
With
p= b Pt and y= P+ Pn-1
an + qn—1 cgn T dn1
we conclude that s
—o)(=1)"—
B—v= .
(ban + 1) (Cn + gn—1)
and
c—b n
5 = -1 n—+v » 3
(bgn + qn-1)(cqn + qn-1) Z( )"q (8)

v=0
By similar arguments as used in the proof of Lemma 6, we obtain the bounds

1< Z(_l)n+VQU < qn
v=0
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for the alternating sum of the ¢,. This leads to

(C_b)qn
0<&L
= (ban + gn—1)(can + gn-1)

Hence, the lemma is proven. O

(c=b)gn c—D
beq2  begy

<

Lemma 8. Let a,, > 3. Then we have
Elar,...,an—1,an, — 1) < E(a1,...,an,1).
Proof. Replacing n by n — 1 and setting b = a, — 1, ¢ = a,, + 1 in (8), we obtain

Elar,...,an—1,a, — 1) —&E(ay,...,an—1,a, + 1)
n—1

2 _1\ntvr—1
< ((an — 1)(]n71 + qn72) ((an =+ 1)%71 + Qn—Q) ;)( 1) qu, (9)

where p, /q, = (ag;ai,...,a,) for 0 <v <n. Now let
v :={ag;ay,...,an, 1y = {ag;a1,...,an +1).
Substituting (3) into (9) with n — 1 replaced by n, we get

E(ar,. .. apn_1,an —1) < &(ay,...,an_1,an,1)+
n—1

2
1 n+v—1 L — n — Dnl-
((an - I)Qn—l + Qn—Z) ((an + 1)Qn—1 + Qn—2) ;)( ) e h/q P ‘

+

By the expression

(@n +1)pn—1+ Pn—2
(an + 1)(]n71 + gn—2

v ={ag;a1,...,an + 1) =

we compute

1
|’7(In pn| - (an + 1)Qn—1 +qn_2
and obtain
Elar,. .. an_1,a, — 1)
an — Dgp1 +qno) — 25 "L (—1)ntr=1g,
§5(a1,...,an_1,an,1)— (( n )Qn L dn 2) ZV—O( ) q

((an - 1)qn71 + Qn72) ((an + 1)%71 + qn72) ’

By similar arguments as in the proofs of the two preceding lemmas and by using
the conditions a,, > 3 and n > 2, we get

n—1
2 Z(_l)nJﬂjil(b < (an - 1)Qn—1 + Gn—2,
v=0
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Elar,...,an—1,a, — 1) < &(ar,...,an—1,an,1).

Therefore, Lemma 8 is proven. O
Lemma 9. Let n > 2. Then there is a positive integer k such that the inequality
E(al,...,an_1,2,1,1...,1) > E(ah...,an_l,l)

——
k
holds.

Proof. Let

6 = <a’0;a17"'7an—1a1>:<a0;a1""’a"_1+1>’
0= <a0;a17~'~7an—172a151"'71>’
————

k

and let p,/q, for 0 < v < n+ k be the convergents of §. We express [3,~, and ¢ by

,6 _ (anfl + 1)pn72 +pn73 _ Pn—1 +pn72
(an—l + 1)Qn—2 + qn—3 qn—1 + qn—2 ’

5 = Pn+k

An+k

By induction one proves the formulas
DPntv = Foi1pn + Fupn_1 and Gntv = Foy1qn + Fogn_1, (1 <v< k')

Hence, we get the following error sums:

n—1 n—1
m m [ Pn—1~+ Pn—
g(ala ceey An—1, 1) = Z(_l) (BQTVL _pm) = Z(_l) (ﬁ%ﬂ _pm> 3

m=0 m=0

n+k—1
Elar,..  an-1,2,1,1..., 1) = > (=1)"™(6¢m — pm)
& m=0

I
3
\E
ol
L
=
3
A/~
|3
3
+
ol
3
|
=
3
S~

E1(k) + &2(k)

with

. Frt1pn + Fipn—1
gk = S (-1)™ _
1( ) ( ) <Fk+1Qn+qun1 dm — Pm
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and
n+k—1
Eak) = Y (-)"
m=n+1

y (Fk-i-lpn + Fypn_1

Fm—n n + Fm—n n— - Fm—n n + F’m—n n— .
Frcran & Frtns ( 4149 Gn—-1) — ( 1P P 1))

Thus, we intend to prove the existence of a positive integer k satisfying

n—1
n—1 + Pn—
fi &) - 3o (B, Ly ) s0 o)

m=0

Using the identities

n+k—1 k
> ()M Fopngr = (D)"Y (1) Fy = (1) R
m=n+1 m=2
and
n+k—1 k
Z (=1)"Fnn = (_1)n+1 Z (—1)"Fp1 = (_1)n+k71Fk—2 + (_1)n+1a
m=n+1 m=2

we get the following expression for E(k):

1| Frt1Pn + Frpn—1
Eo(k) = (—1)nHh—1] kL Fy1qn + Fr—oqn_1 + (—1)*qn_
2(k) = (1) Frorn + Frgn 1 (Fi1qn + Fi—2gn-1 + (=1)"qn-1)

- (Fkrflpn + Fk:72pn71 + <_1)kpn71) :|

_ (cpymHhet (Fr—2Frt1 + (=1)*Frp1 — Fum1 Fi) (PaGn-1 — Pn—14n)
Frt1qn + Frgn-1
_ (1) FyoFyi1 — Fyo1Fy + (=1)FFq
Fry1qn + Frgqn-1
1)k (D" '+ (=)FFpa
Frt1qn + Frgn-1
B Fry—1
B Fk+1Qn + Fanfl '




INTEGERS: 12 (2012) 10

With p, = 2pp—1 + pn—2 and g, = 2¢,—1 + gn—2 We obtain

E1(k) + E(k)
- zn:(—l m (Fk+1(2pn1 + Pn—2) + Fipn—1 0 )
0 Fry1(2qn-1+ n-2) + Frgn1 7"
Frot —1
Frr1(2¢n—1 + @n-2) + Frgn—1

_ zn:(—l m <Fk+3pn—1 + Frq1pn—2 o > Fip—1
0 Frisqn-1+ Frp1qn_2 " Fri3qn-1+ Fiy1gn—2

+

— (1) ((Fk+spn1 + Fry1Pn—2)(2¢n—1 + qn—2)

- Qpn, +pn72 )
Fk+3Qn—1 + Fk+1q”—2 ( ! )

-1
<~ ym <Fk+3pn—1 +Fk>+1pn—2q o > Frp1 -1
Fristn-1+ Frp1qn-2 Frt3qn—1+ Fri1qn—2

0
_ (71)n (Fk+3 - 2Fk+1)(10n71%72 - pn72qn71)
Frysqn_1+ Frp1qn—2

n—1
Fyy3pn—1+ Fryipn—2 Fri—1
+Z(—1)m< £ e G~ Pm +
Fri3qn—1+ Fry1qn—2 Fk+3Qn 1+ Fry1Qn—2

m=0
-1
_ nZ(—l)m (Fk+3pn—1 + Fk+1pn—2q o ) Fiqz -1
= Frysn-1+ Fep1qn2 Fris3qn-1+ Fry1qn—2

This can be used to express the left-hand side of (10):

n—1
E1(k) + &) — 3 (-1)" (qu —pm)

m—0 Qn—1 + qn—2
—1
_ nz: (—1ym (Fk+3pn1 + Fyt1Pn—2  Pn—1 +pn2) Fryo—1
= Frysn-1+ Fri1qn—2  Gn-1+ qn—2 Frtsqn-1+ Fry1Gn—2
n—1

m (Frt3 — Frg1)(Pn—1Gn—2 — pn72qn71)q n Frio—1
(Fk+3LIn—1 + Fk+1Qn—2)(Qn—l + q"—Z) " Fk+3Qn—1 + Fk—HQH—Z

Fiia i yrtmg Fro—1
" (Fra@not + Frr1dn—2) (@1 + Gn—2) = Fk+3LIn 1+ Frriqno

To prove (10) for some k > 1 it is sufficient to show that

n—1

1

F) 14— 1)t mg | > 1. 11
e < dn—1 + qn—2 mz( ) 1 ) ( )
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From the proof of Lemma 6 we know that

1
—Gn—1 S (_1)n+QO S O
0

3
|

3
Il

By the condition n > 2 we have ¢,,_2 > g9 = 1, which gives

1 n—1

O<ld—- S (=1)"tg, < 1.
dn—1 + qn—2 m:O( ) "

Thus, for any large positive integer k, the inequality (11) holds. Moreover, the
smallest k satisfying (11) can be computed effectively. This completes the proof of
Lemma 9. U

Lemma 10. Let M be a positive integer with M > 3. Then there is a positive
integer k such that the inequality

2
E(M,1,1...,1)> —
( 9 Ly 7>7M
k
holds. For M = 2 we have

1
Fits’

£(2,1,1...,1)=1—
——

k

Proof. Let 3 =(0; M,1,1...,1). By p,/q, we denote the convergents of 8 given by
————

p*lz]-» Po = ao, P1:17 pV:Fu (2§V§k+1)v
qg-1 =Y, q0:17 quMv qV:MFl/—i_Fl/fl (2§V§k+1)

One gets

k+1
onat = S (ule )
~—

gk

L v=0 +1

» » k41 k+1

k+1 k+1 v v
= (¢o—q1) —(po—p1) + (—1)"q, — (=1)"py

qk+1 qk+1 Vz:; ;2

P I k+1 k+1
k41 B
= 1-M)— 1+ M 1) F, +
( )MFk+1 + Fy MFyy1 + Fy ( Z Z )
k1

_ Z(_
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Taking into account some identities for alternating sums of Fibonacci numbers, we

find that P .
EM1,1...,1)=—r8—~
( A/—’) MFk+1+Fk
k

Then, the inequality from the lemma is equivalent to

2F, 2

M > —2 4 :
Fri3—2Fq—1 F, -1

which is fulfilled for M > 3 and a sufficient large integer k. (More precisely: Choose
k>4for M >4 and k > 5 for M = 3). For M = 2 we have

Frps—1 1
E2,1,1..., )=~ 1 _—

~—_———— 2F;+1 + Fy, Fiys
k

This proves the lemma. O

2.2. Algorithmic Proof of Theorem 2

In the following we describe an algorithm, which produces a number 7 with an error
sum &(n) = « for any given a € [0, p]. Moreover, we can choose an arbitrary ag € Z,
since £(n) does not depend on ag = [n]. Since £(B) = 0 for 8 = 0, E(p) = p and
£(1,1) = 1, we may assume that 0 < a < p and « # 1.

Step 1: We consider two cases:
Case 1.1: 1 < a < p. We know from Lemma 6 that there is a unique integer k > 2
satisfying
EL, L1, ) <a<&(l,1,1...,1).
N—— ——
k-1 k
Case 1.2: 0 < a < 1. There is a unique integer M > 2 with

2 _, .2
M+1-%SM

E(M,1) = = &M —1,1).

By Lemma 10 there is a unique k > 2 with

EM,1,1...,1)<a<&M1,1...,1).

—— ——
k—1 k
In any case, step 1 of the algorithm provides a sequence aj,as, ..., an, of positive

integers with n; > 2 and

Elar,...,an,) <a<&(a,...,an,,1).
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E(a1,...,an,) = « holds. If this is true, the algorithm terminates with n =
(a1,...,an,). If not, we go to step 2.

Step 2: We have
Elar,...,an,) <a<&(a,...,an,,1)

with n; > 2. By Lemma 7 there is a unique integer L > 2 satisfying

Elay, ... an,) <&(ar,...,an,, L) <a<&(ar,...,an,,L—1).

In case of @ = &(aq,...,an,, L) the algorithm terminates with the number n =
(ap; a1, ..., an,, LY. Otherwise, the inequalities
Elar, ... an,) <&(ar,...,an,, L) <a<&(ai,...,an,,L—1) (12)

hold. Then we have to distinguish two cases.

Case 2.1: L > 3. Since n; > 2, we get from (12) and Lemma 8 with n = 1+ ny
and a, = L > 3:

Elar,...,an,, L) <a<&(ay,...,an,,L,1).
Step 2 ends with ne =1+ n4, an, = L, and
E(a1, ... an,) <a<E(1,...,An,,0n,,1). (13)

Case 2.2: L =2. If E(ay,...,an,,1) < E(a1,...,an,,2,1), we finish step 2 with
error terms satisfying (13), where a,, = L = 2. Otherwise, i.e., for

Elar,. .. an,,2,1) < &(ar,...,an,,1),
we have to distinguish the following two cases:
Case 2.2.1: a < &(ay,...,an,,2,1);
Case 2.2.2: £(a1,...,an,,2,1) <a < &(a1,...,an,,1).

In Case 2.2.1 we finish step 2 with error terms satisfying (13) with a,, = L = 2.
In Case 2.2.2 the algorithm either terminates with = (ag,a1,...,an,,2,1), or we
apply Lemma 9 with n = 1 4+ ny. For a unique k& > 2 we get

Elar, ... ,an,,2,1,1. 1) <a<&(a1,...,an,,2,1,1...,1).
————

————
k—1 k
If E(ar,. .. an,,2,1,1...,1) = @, the algorithm terminates with
———
k
n="{ag,a1,...,an,,2,1,1...,1).
————

k
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Otherwise, we finish step 2 with no = k+n1, an,41 =2,0n,42 =--- =apn, = 1 and
E(ar, ... an,) <a<&(ai,...,an,,1).

Again, this is equivalent to (13) with 2 < n; < ng, since k > 2.

Step 3: We repeat step 2 starting with ng, which satisfies (13). If the algorithm does
not terminate in this step, we construct positive integers ng > ns and ai,...,a,
with

3

Elar, ... an,) <a<&(ai,...,an,,1).

The above method can be iterated. Either the algorithm will terminate, or Lemma 6
guarantees that

lim (E(ay,...,an,1) —&(ay,...,a,)) =0,

n—oo

such that by &(ay,...a,) < a < &(ay,...,an,1) the number n = {(ag, a1, as,...)
satisfies £(n) = a. O

Example. Let o = 202/157. Then the above algorithm produces the number

987
=(1;1,1,2,1,89) = —.
n < g Ly Ly &y by > 628
3. Proof of Theorem 3
3.1. Auxiliary Lemmas
As in Section 2.1, let n € N and ag, a1, - . ., a, denote positive integers.

Lemma 11. Put p,/q, = (ag;a1,...,ay).
(1) Let n be even. Then, the sequence of rationals (E*(aq, ..., an, N))N>1 15 strictly

decreasing and
1+n
0< & aty...,an,N)—E"(ar,...,ap) < ————
(a1 ) (a1 ) Ngn + Gnt1

holds for N > 1.
(11) Let n be odd. Then, the sequence of rationals (E*(aq, ..., an, N))n>1 is strictly
increasing and

1+n

0< & (ay,...,an)—E(ar,...,ap,N) < ————
(1 ) (1 ) Nan + qnt1
holds for N > 1. In particular we have

lim &*(a1,...,an,N)=E"(a1,...,an) (n €N).

N—o0
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Proof. Let

B = (ag;ai,...an),

~v = {ap;ai,...an, N),

bv . (ag; a1, ...a,) (0 <wv<n).
qv
Then we have the identities
_ Pn _ Nppn + pn—1
ﬁ - —7 ry - 7)
dn Nqn + gn—1
and
n n—1
€ = Elar,. o amN) — Ear,-an) = > (var — ) — 3 (Ba — pu)
v=0 v=0
n—1
=Y —Pn+ (7= B)av-
v=0
With
yopg = Nentpaa o (D"
Ngn+ -1 an @n(Ngn + an-1)’
_ _ (=
YGn —Pn = qu(y — B) = New T o
we get
n—1 n—1
= = = 1
E= + @=r— (1t =D @] (14
Nan+ @n-1 @n(Ngn + gn-1) ;;; Ngn + gn—1 an ;;; (14)
Setting v := (ag;ai,...a,, N + 1), we obtain
6/ = g(ala ceey Qpy, N + 1) - g(ala ceey Qpy N) = Z(Fquu 7pu) - Z(’yqu 7pu)
v=0 v=0
=Y (7 =
v=0
Using
; (N+Dpp+pn-1 Npn+pp-1 (1)t

T (N+ 1)Qn + qn-1 a Ngn + gn-1 B ((N+ 1)(]71, +Qn—1)(NQTL +Qn—1)7

we express £ by

o (=1 S (15)
((N + 1)Qn + Q'nfl)(Nqn + qnfl) v=0 "
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It is clear that

n 1 n—1 1
qu>0 and quy<—~nqn:n_
=0 dn =0 qn

For even n we get from (14), (15), and (16) that

1
£<0 and 0<f<——2tm
N(In +Qn71
For odd n we get from (14), (15), and (16) that
1
€50 and 0<-f<—21"
NQn + Gn—1

This completes the proof of the lemma.

Lemma 12. (3) Let n be even. Then we have
E(ar,...,an, 1) > E(ar,...,a, +1).
(ii) Let n be odd. Then we have

E (a1, ..., an,1) <& (ar,...,an +1).

Proof. The lemma is an obvious consequence of the identity stated in (4).

3.2. Algorithmic Proof of Theorem 3

16

(16)

As in Section 2 we will prove Theorem 3 by the algorithmic construction of a
number 7 = (ag; a1, ..., a,) with £*(n) = a € [0, 1] for some arbitrary « € [0, 1].
By £*(8) =0 for § =0 and £*(1,1) = 1 it suffices to assume that a € (0,1). Let
again ag be an arbitrary integer. We shall compute aj in step k of the following

algorithm. Depending on the parity of k the constructions differ.

Step 1: There is a unique positive integer M with

1 1
< L ().
VST VAR L))

£ (M +1) =

Set a; = M. We consider two cases:
Case 1: £*(a1) = a — the algorithm terminates.

Case 2: £*(a1) > o — go to step 2.
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Step 2: From Lemma 12 we know that
E(a1,1) < (a1 + 1) <a< & (ar).
Therefore, Lemma 11 guarantees the existence of a unique positive integer M with
E (a1, M) <a <& (a1, M +1).
Again we consider two cases:
Case 1: £*(a1, M + 1) = a — the algorithm terminates with as = M + 1.

Case 2: £*(a1, M +1) > a — set az = M and go to step 3.

Step 3: From Lemma 12 we know that
E*(ar,az2,1) > E*(ar,a3 + 1) > a > (a1, a2) .
Therefore, Lemma 11 guarantees the existence of a unique positive integer M with
E*(ay, a0, M +1) < a < E(ay,az2, M).

Set ag = M. We consider two cases:
Case 1: £*(a1,a9,a3) = o — the algorithm terminates.

Case 2: £*(a1,a9,a3) > o — go to step 4.

Step 2k: As a result of the above 2k — 1 cycles we have the numbers a, ..., aor_1-
If the algorithm is still at work, « satisfies

E*(ar,..., a1+ 1) <a< & (ar,...,a2k-1)-
From Lemma 12 we know that
E*(ar,...,a9k-1,1) < E*(a1,...,a0-1+1) <a< & (ar,...,a5-1)-
Therefore, Lemma 11 guarantees the existence of a unique positive integer M with
E(ary...,a95-1, M) <a< & (ay,...,ap—1, M +1).

We consider two cases:

Case 1: £*(aq,...,asx—1, M+1) = a — the algorithm terminates with agy, = M+1.
Case 2: £*(ay,...,a95-1, M + 1) > o — set ag, = M and go to step 2k + 1.

Step 2k + 1: Here we have

5*(a1,...,a2k) <a<5*(a1,...,a2k+1).
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From Lemma 12 we know that
E(ay,...,a9k,1) > E(ar,... a2+ 1) > a>E(ar,...,az).
Therefore, Lemma 11 guarantees the existence of a unique positive integer M with
E(ar,... a9, M+ 1) <a< & (ay,...,an,, M).

Set ask+1 = M. We consider two cases:
Case 1: £*(ay,...,a9k+1) = @ — the algorithm terminates.
Case 2: £*(a1,...,a2k4+1) > o — go to step 2k + 2.
Either the algorithm will terminate, or for every N € N Lemma 11 gives the
limit
0 gnli_)n;o|5*(a1, ceoyp, N) = E%(ay,...,an, N +1)]

< lim + =0,

such that by £*(ay,...,a9n—1 +1) < a < E*(a1,...,a2,—1) and E*(ay,...,a2,) <
a <& (ay,...,as, + 1), the irrational number n = (0, a1, as, ... ) satisfies £*(n) =
Q. |

Example. Let
3846888972029

“ = 31159800925831 °
Then the above algorithm computes

n=(1;8,90,82,17120,30781) with o= &(n).

4. Proof of Proposition 1

We need two auxiliary lemmas.

Lemma 13. Let 8 := (0;a1,...,an,1,1,...). Moreover, let p,/q, (v > 0) be the
convergents of 8. Then we have

— PPn + Pn-1

) 17
Pdn + qn—1 ( )
and .
PPn + Pn—1 > p
& = -1V|\—q -9, |+ —. 18
(ﬁ) Z( ) <an + qn-1 ¢ b PGn + gn—1 ( )

v=0
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Proof. From the definition of 3 we obtain the identities

Prntv = Fyi1pn + Fupn—1, Gntv = Fop1gn + Fugn (V > 1)' (19)
Hence we have, for v tending to infinity,

Pn+v o Fy+1/prn +pn—1 PPn +pn—1
—

dn+4v FL/Jrl/Fuqn + gn—1 Pdn + dn—1 ’

which proves (17). It remains to show the formula

— via p
O = 20

Using (17) and (19), we express the left-hand side of (20) by

= v+n pn +pn—
Z(fl) * <¥(Fl/+1%l + Fan—l) - (Fy+1pn + Fupn—l))

=1 Pdn + dn—1
- DT i(_l)y((Ppn + pn—1)(Fo41qn + Fugn-1)
PAn + Qn—1 —
- (an + qn—l)(FI/—i-lpn + Fl/pn—l))
1 [e%S)
= ———— > (-1"(F1 —pF)
an + dn—1 v—1
1 9]

B m Vz::l(—l)”((p’/-‘rl - ﬁu—‘rl) — p(p” — ﬁy))

o 1 G _1\V ~v __ ~v+l1l —_ .
a \/g(an"'(In—l) Z( 1) (pp P ) \/g(an+Qn 1 Z::

v=1
_ P
PGn + dn-1’
which equals the right-hand side of (20). Therefore, (18) is proven. O

Lemma 14. Let a := (0;a1,...,an,an+1,1,1,...) and 8 :=(0;a1,...,an,1,1,...).
Then we have

£(B) — E(a) > 0.

Proof. Let p, /q, be the convergents of a. Then, applying (18), we split £(5) —& ()
into three parts:
8(ﬂ) —E(a) =51+ 52+ 53, (21)
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where

n+ Pn 1 Y
S, = <pp +Pn-1 (Pans+1+ 1)pn + oy 1) S (1),
PAn + dn—1 (pan+1 + ]-)qn + Pqn—1

v=0
6 .o P p
2 = - )
pQTL + dn—1 (pan+1 + 1)(]77. + an—l
Sy 1= (—1)" <(pan+1 + 1)pn + ppn—1
(pan+1 + 1)gn + pgn—1
We observe for S on the one hand the identity

(an+1Qn + QH—l) - (an+1pn +pn—1)> .

PPn + Dn—1 _ (pan+1 + 1)pn + PPn—1
Pqn + dn—1 (pan+1 + 1)qn + Pqn—1
_ n p(a’nJrl B 1)
- (7 ) )
(an + Qn—l)(<pan+1 + 1>Qn + an—1>

and the other hand the inequality

n

(=D)" > (=1)"q, > 0,

v=0

such that we obtain S; > 0. Moreover, we find the expressions

p((pant1 —p+1)gn + (p — 1)gn-1)

Sy =

(an + anl) ((panJrl + 1)qn + anfl)

and L
S3 = — .
(Pant1 + 1)qn + pgn—1
This yields
2
nt1 — 1
Sy + Sy = p*(an+1 ) > 0.

(Pn + @n-1) ((Pan+1 + 1)gn + pn—1)

We have shown that Sy + S + 53 > 0. Hence, the lemma follows by (21). O

Proof of Proposition 1. Let « := (0;ay,...,an,...), B :=(0;a1,...,a,,1,1,...),
E =E&(ar,...,a,,1,1,...) (v>1), and o = E(a) = E&(ay,as,...).
From Lemma 14 we know that &, — &,41 > 0 for v > 1. Summing up these

inequalities, we obtain

N-1
En—En=) (&, =&41) 20  (N>n).

v=n

For N tending to infinity it turns out that
Ela) =6 = Nlim En <&, =E(0),

which proves the statement in Proposition 1. O



INTEGERS: 12 (2012) 21

5. Proofs of Theorem 4 and Theorem 5

Proof of Theorem 4. Let a:=(0;1,a2,as,...)and 8 :=(0;1,a2,as,1,1...). Then,
by Proposition 1 and Lemma 13, we have

1+2 2
L <1+
pasas + paz +az +p+1 asas

1< &) <EB) =1+

For fixed ag, a3 € N the real number « lies in the interval M(ag, ag) given by
M(az,a3) :=[(0;1,az2,a3 + 1),(0; 1, as, as)] (22)
(see [2]). Then, the numbers o with azaz > N for some N € N form the set
7= |J M(,j).
ij>1
ij>N
Now, &(a) satisfies the inequalities
02
1<€& 14 —.
<E&la) <1+ N
It is well-known that M(aq, as) and M (a),as) do not intersect for any (az,as) #

(ah, a%). Using (22), we compute the length of Z:
1

Zl = > M5 = .
i;l ;1 (i +7+ 1) +i+i+2)
iJZN ijZN

Since
17+7+1<3ij and ij+1i+7j+2<5ij

hold for 4,5 > 1, we find a lower bound for |Z| by

0o N

1 1 1 1

Il > — = _ -

| |* 15; Z 2'2]'2 15 ;Z’Q

i=1 j=max(1,N /i)

1
L Et

§>N/i i

7
M8
w|’_'

Moreover, we have

which leads to

N N
1 1 1 1 _log(N+1) logN
E — —_ > E - > .
; < 1 2N - 2N
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Finally, this yields

N
1 1 1 log N
I > — - - > .
1> 527 2 7> s
i=1 j>N/i
Now, let (a,)u>1 be a sequence of uniformly distibuted real numbers modulo 1.

Let us assume that the sequence (€(ay,)),>1 is also uniformly distributed in [0, p].
With the notation for A(J;, M) introduced in Section 1, we then have

i AULM) A e p
M—oc0 M p Np N~
But this does not hold for large N, since the above inequality for |Z| shows that
.. JAWL,M) _logN
> .
it = = 3on

To prove the second statement in Theorem 4, we first note that £(a) > 1 holds
for 1/2 < a < 1, so that £(1,az,as3,...) > 1. Next, let a; > 3 and N > 32. By
Proposition 1, Lemma 6, and Lemma 13 we have

2
1+p < I+p 1 p

1-— <1-2.

8<a/17a/27a/37"')gg(a’lalalw"):a171+p—2+p_ 2+p N

(Lemma 6 is needed if a rational « corresponds to a finite sequence aq,az,as....)
It follows, with NV > 32, that

Ela) € I N a={0;a1,a9,...) = a3 =2.

Therefore, we may write o = (0;2,1,1,...,1, agy2,agts,...) (k> 0) for a number
—_———
k
a satisfying E(a) € Jo. If a is a rational number, 0,2,1,1,...,1,ar+2, Gkt3, - -
————
k

becomes a finite sequence. By Lemma 13 it follows that £(2,1,1,...) =1¢ Jo. We
assume that

F < —. 23
s < 13 (23)
By Lemma 10 and (23),
1 4p2 p2
£2,1,1,...,1) =1- <l—-—<1-==,
( %/—’) Fk+3 N N
k
and hence £(2,1,1,...,1) € Jo, a contradiction. Thus it remains to consider the
———
k
case £(a) € Jy with
o = <O;2,1,17...,17ak+2,ak+3,...>
———

k
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and ag4o > 2, where a € Q is possible. Again Lemma 6 and Proposition 1 give
Ele) < E2,1,1,...,1,ap40,1,1...). (24)
—_———
k

In order to compute £(B) for 5 := (0;2,1,1,...,1,a542,1,1...), we apply Lemma 13
———

k
with n =k + 2. Let p,/q, (v > 0) be the convergents of 5. We find that

p = F, 0<v<Ek+1), P2 = Qpiolpy1 + Fy,
@ = Foo 0<v<k+1), Qh+2 = apy2Fpis+ Figo.

By straightforward computations including the application of the identities F'_; = 1,

Fk:FV—i-Z _Fk+2FI/ = <_1)VFk—V (OS v< k+1)7
FO+F1+F2+"'+Fm = Fm+2_1 (mZO),
we obtain
H v Plapt2Fri1 + Fi) + Frpa
@) = Y0 Fuiz—F,)
plags2Frys + Frpo) + Fris

v=0

Frp1+ Fy) + F
+(71)k+2< plars2Fri1 k) k+1 (ak+2Fk+3+Fk+2)

plar+2Fris + Fryo) + Flys
p
part2Frys + Fryo) + Flys

— (ar+2Frt1 + Fr) ) +

(ak2 —D)p
plary2Fry3 + Fry2) + Frys
(ags2 —1)p 1
pagie+p+1 Frys

<

The function (pz — p)/(px + p + 1) increases strictly for z > 2. Thus we obtain

P 1 1

& <1- . <1-— ,
) < 3p+1 Fiqs 4F)y3

and consequently, by (23) and (24),

This contradicts our hypothesis £(a) € J5. We have disproved (23), so that we may

assuime N
F > —
k3 2 o
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fora =(0;2,1,1,...,1,ak12, a3, ...) with £(a) € Jo. We have already shown for
—_———

k
N > 32 that

N
T:={yel0,1]: EH) e} C {(O;Q,1,1,...,1,ak+2,ak+3,...>: Flig > —2}
Lboot 1
k

Let ko denote the smallest positive integer satisfying Fy,13 > N/(4p?). Note that
ko > 1 by N > 32. Then we have

N
|I‘ < ‘{(0;231717'"717ak+27ak+37"'>:Fk+32_2}‘
N—— 4p
k
[(0;2,1,1,...,1) = (0;2,1,1,...,1,2)|
N—— N—_——

ko ko—1

Frot1  Frora| _ [Frot1Frotra = FroraFrotsl
Frots  Frota Frot+3Fkg+a
1 1 16p*
— < <22 (25)

2 2
Frotalrgra — Fi i3 N

Let (au),>, be a sequence of uniformly distributed real numbers modulo 1. Then,
in case of uniform distribution of (E(au)) >, in [0, p], we have

A(J2, M) | ]2

lim ———— = — =

r
But (25) shows that

. A(Jy, M) 16p* p
1 < =
e M S NT SN

where the right-hand inequality holds for N > 68. U

Proof of Theorem 5. Let o := (0;a1,as,...). Then, for a; > 2, we find that

5*(a)§5*(a1):a—11§%<1—ﬁ (N >3).

Therefore, a; = 1 is a necessary condition for £*(«) € J3. Next, by Lemma 11 we
have the following upper bound for £*(«) € J3:

asaz —asg + 2

1
11— —= <& (a) <E*(1,a2,a3) = .
(o) <&*(1,a2,a3) toits T as + 1

N
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From this inequality we conclude that ag > (2N — 1) — (N + 1)/ag. Therefore, for

any positive integers N and as,
N +1

as

gl = wmzAd=|eN-1)- |+1en

Combining this with (22), it turns out that

Ea)eds = acTl:= ] |J Ml as).

az=1las=A

Since )
M(as,a3)| = ,
| ( 2 3)| (agag + as + 1)(&2@3 + a9 + a3z + 2)

we get
- 1
17l = t .
ngjﬂ ”(2 GSZ:QV2A;2 (v—1as+ 1)((v — Das +v)
Since ¢ > 0 and a3 > 2, we find a lower bound for A + 2:
N+1 N+1 N
Atoes@eN-1) -t os ooy ML 5.3
as 2 9
This yields
.- 1
1Z] < Z R Z Z
v=N+ az= 2y>3N/2 (v = Das + 1)((v —1)as +v)
.- 1
= +
:XN: v(v = 1) u>§/2 11322 (v =Dasz + 1)((v — Das +v)
= 2 v —1) [OER )
v=N+1 v>3N/2
1 — 1 1 1
<2 Z 1/(1/71)—’—5 Z (v—1)2°
v=N+1 v>3N/2
Using the identity
SR
VN viv—1) N
and the estimate
1 /°° dx )
wo1E S = (N>2),
Z (=127 Jan-g2 (z—1)*> 3N -4

v>3N/2
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we finish the proof of Theorem 5 for N > 3 by

|I‘<1+ 1 <1+1+175+1
2N 3N -4 2N 3N N2 6N N2’

O
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Figure 1: The graph of £
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Figure 2: The graph of £*
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Figure 3: The values of £(a) for 50000 at random generated points
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10000 30000

Figure 4: The values of £*(«) for 50000 at random generated points

Figure 1 implies that the inequalities 1 < £(a)/a < p? hold for every a € (0,1).
Indeed we have £(a) = a for a = 1/k and &(a) = p?a for a = (0;k,1,1,1,...) =
1/(k — 1+ p) with k¥ € N, where the latter equation follows from Lemma 13.
Moreover, £(a) > 1 for o > 1/2, and £(1,1) = E(L,k—1) =E((k—1)/k) =1 for
every integer k > 3.

Concerning Figure 2 one may guess that 0 < £(a) < « holds for every o € (0,1).
More precisely we have £*(a) = a fora =1/k with k e N, £*(1,k—1,1) = k/(k +
1) =(0;1,k — 1,1) for every integer k > 2, and £*(k,1) = 0 for k € N. Moreover,
E*(a) > 2a—1for a > 1/2, and we have E*((k—1)/k) = (k—2)/k=2(k—1)/k—1
for every integer k > 3.
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