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Abstract. Generalized table algebras were introduced in Arad, Fisman and Muzychuk (Israel J. Math. 114
(1999), 29-60) as an axiomatic closure of some algebraic properties of the Bose-Mesner algebras of association
schemes. In this note we show that if all non-trivial degrees of a generalized integral table algebra are even, then
the number of real basic elements of the algebra is bounded from below (Theorem 2.2). As a consequence we
obtain some interesting facts about association schemes the non-trivial valencies of which are even. For example,
we proved that if all non-identical relations of an association scheme have the same valency which is even, then
the scheme is symmetric.
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1. Introduction

Let R be an integral domain. An R-algebra A with a distinguished basis B is called a
generalized table algebra (briefly, GT-algebra) with a distinguished basis B if it satisfies
the following axioms [2]:

GTO. A is a free left R-module with a basis B.
GTI. A is an R-algebra with unit 1, and 1 € B.
GT2. There exists an antiautomorphism a — a,a € A, such that (@) = a holds for all
a€Aand B=B.
Let Aue € R be the structure constants of A in the basis B, i.e.,

ab = Zkabcc, a,beB
ceB
GT3.Foreacha, b € B Ay = Apar, and Agp = 0ifa # b.
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In what follows the notation (A, B) will mean a GT-algebra A with the distinguished
basis B. We also set B := B\{1}.

A GT-algebra will be called real if R € R, A,z1 > 0 and A, > 0 for each triple
a, b, c € B. A real commutative GT-algebra is called a table algebra. In what follows we
shall consider only real GT-algebras.

Let 7: A — R be the linear function defined by (3", .5 X»b) = x1. As a direct conse-
quence of GT3, we obtain that 7(xy) = #(yx), x,y € A.

We define a bilinear form (,) on A by setting

(x, y) = t(xy).

According to GT3, (,) is a symmetric bilinear form values of which may be computed by
the following formula:

<2xhb, Zybh> =Y X Yphsp- )

beB beB beB

A subset D C B is said to be closed subset if the R-submodule (c).cp is a GT-algebra
with distinguished basis D.

An element b € B is called real (or symmetric), if b = b [1].

If (A; B) is a real GT-algebra, then, by Theorem 3.14 [2] there exists a unique algebra
homomorphism | |: A — R such that || = |b| > O for each b € B. We call it the degree
homomorphism. The positive real numbers {|b|},cp are called the degrees of (A, B).

A real GT-algebra such that all its structure constants A,p. and all the degrees |b] are
rational integers [4] is called an integral GT-algebra (briefly, IGTA). A commutative integral
GT-algebra is exactly integral table algebra (ITA) as defined in [4].

A GT-algebra is called homogeneous of degree A if all its non-trivial degrees are equal to
A. A GT-algebra is called standard if |b| = A, for each b € B. We say that a GT-algebra
(A, B') is a rescaling of (A, B) if there exist non-zero scalars r, € R,b € B such that
B’ = {r,b | b € B}.

Any real GT-algebra may be rescaled to one which is homogeneous and any IGTA can be
rescaled to a homogeneous IGTA ([5], Theorem 1). Any real GT-algebra may be rescaled

to a standard one by setting b’ := Alf_fllb‘ The number
|b*
o(B) := —
beB )"bl_nl

does not depend on a rescaling of the table algebra (A; B) [5]. It is called the order of (A;
B). If (A; B) is standard, then o(B) = ZbeB |b] = |B|. We need the following

Proposition 1.1 ([2]) Let (A, B) be a real standard GT-algebra. Then for all a, b, c € B
the following conditions hold.:

(1)
Z Aabthicd = Z AatdMbet

teB teB
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(i) 11| = 1 and |b| = |b;

(1]1) )\abc = )“B(—l(_,';

(V) Aavelel = Aeaplbl = Acpalal, and hppe = Appes
) {ab, ab) = (aa, bb) and

2 .
Z )\‘gb(lcl = Z )\&ac')‘bl_)clcls
ceB ceB
(Vl) Aaba = )"al_m = Apaa = )"I_aéﬁ;

(vii) Va,beB erB Aaxp = erB Axap = lal.
(Viil) Vg peB D cp rabelX] = lallbl.

2. Even GT-algebras

Till the end of the paper we consider GT-algebras such that their structure constants and
degrees belong to the ring S := Z[Q~!] € Q, where O := Z\2Z. It is easy to see that S is
a local ring with a unique maximal ideal 2S. The elements of 2S (S\2S) will be called even
(resp. odd) elements of the ring S.

We write that x = y(mod 2) if x — y € 2S. A direct check shows that S/(2S) = Z,.
Therefore

r?=r(mod?2) and

L (2)
r = l(mod 2) & r € S\(2S).

We write 7 for the image of » € S in S/(2S). Each non-zero element r € S has a unique
presentation as the product r = 2%s with ¢ > 0 and s € S\2S. We set v,(r) := o and
12(0) := oo.
A GT-algebra is called even (odd) if all its degrees are even (resp. odd) elements of S.
In what follows we use the following notation

va(b) 1= va(|b);

o := min{vy(d) | b € B*};

B :={beB|b+#b};

B :={(beB|b=b};

B, ={eB|vb=a}

By :={b e B |vb) > al;
B.,:={beB|wvb) >ual
X:=XNB*, X :=XNB*if X CB.

Since A is a free S-module with basis B, (SB)/(2SB) = S/(2S) ®s B. In what follows we
shall write Z,B for S/(2S) ®s B. We also write b for 1 ® b unless it leads to a contradiction.
If X C B, then Z,X denotes Z,-vector subspace of Z,B spanned by the elements x € X. If
B is standard, then the Z,-linear subspace Z;B.., spanned by B., is an ideal of the algebra
Z,B.
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The following result was proved in [7] for association schemes, but its proof works also
for GT-algebras over S. We give here the proof in order to make the text self-contained.

Proposition 2.1 Let (A, B) be a standard GT-algebra defined over a ring R C S. If all
elements of B* are non-real, then

(i) o(B) is odd,

(i) |b| is odd for each b € B.

Proof: Part (i) is a direct consequence of |b| = |b|, b € B.

(1) Pick an arbitrary a € B and denote by A the set of all » € B which appear in the
product aa with non-zero coefficient. Since A,zp = Ayzp, A = {ay, ..., ax, ap, ..., a}. It
follows from Proposition 1.1, part (viii) that

)\ada,- |ai|

k
— 1= 22— 3
lal ; o 3)

By Proposition 1.1, part (iv) Raa il _ Agaa € R. Therefore the right-hand side of (3) is

lal
even which implies that |a| is odd. O

The above Proposition implies that if o(B) is even, then B contains a non-identical real
element. If o(B) is odd, then we cannot say something definite about the number of real
elements in general. Nevertheless, there exists one case when the number of real elements
may be bounded from below.

Theorem 2.2 Let (A, B) be a standard GT-algebra the structure constants of which belong
toS. If ag > 0, then
(i) each element of By, is real;
(ii) the elements b*, b € By, are linearly independent. In particular, the elements b2, b e
B, are pairwise distinct;
(iii) the factor-algebra ZoB/Z)B- o, is commutative and semisimple.

Proof: (i) For each b € B,, we define the vector ¢, the coordinates of which are labelled
by the elements of B, and defined as follows: e, := Ajj,, X € B,,. Consider a Z,-vector
space V spanned by the vectors &,, &, 1= Apj,. Since Apj, = Apjpe and B_D,o = Bg,, dim(V)
is at most |B;, | + [Bg |/2. Denote (x, y) := ZheBuo Xpyp. Then

(éav éb) = E )\a&x)‘bBX'
xeBaO
x]

Since 3 € S foreach x € B* and 2%') is odd if and only if x € B,

A A x|
(8a, &) = Z )»aax)»b};xz—(mOd 2).

oo
xeB*
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Since (A, B) is standard, vo(Aza12p51/2%°) = v2(lallbl/2%°) = ap > O for each a, b € B,,.
Therefore

x| 1
(ea,ew—gxambm >a = 70, (0, bb)(mod 2).

By Proposition 1.1, part (v)

1 | 5 Xl
—(aa, bb) = %(ba,ba)=2)»- =

bax .
o xeB 2%
If a # b, then
Ny M bl _ lallbl _
Z bax Doy bax Dag Z bax = ) O(mod 2)
xeB xeB# xeB*

Thus we obtain that (¢,, &) = 0if a # b.
If a = b, then

_ Ikl lalP el
@)= D Moo= D haae = ) haan gy = 5o~ 0 = lmod2)

xeBy, X€By, xeB#

Therefore (é,, &,) = 84 fora, b € B,,. This implies that the vectors &,, a € By, are linearly
independent. Hence dim(V') = [Bg,|. On the other hand, dim(V') < |B;, | + |Bg, /2. Hence
B2, | = 0.

(ii) Since all elements from By, are real, A,ax = Agqr and a’ = > pep raanb. It follows
from part (i) that the vectors e, = ()\.aa;,)},eB are linearly independent modulo 2S. There-
fore, the vectors e, are linearly 1ndependent over S. Hence the elements a” are linearly
independent.

(iii) Denote I := Z,B. 4, just for aconvenience. Since Z,B..,, is ~-invariant, the mapping
X = X,x € ZoB/I is well-defined. Since ZoB = Z,B,, @ I and ~ acts on Z;B,,
identically (see part (i)), ~ acts identically on the factor-algebra Z,B/I. On the other hand,
~ is an antiautomorphism. Hence Z,B/I is commutative and ~ is identical on Z,B/I.

A commutative algebra is semisimple if and only if it does not contain nilpotent el-
ements. According to part (i) the vectors é,,b € B,, are linearly independent. Since
b2 = Z(,eBdo épcc(mod 1), the elements 1 + 1, > + 1, b € B, form a Z,-basis of Z,B/I.

Hence (Z,B/1)*> = Z,B/I and the statement follows. O
We have two immediate corollaries.

Corollary 2.3 Let (A, B) be a standard GT-algebra the structure constants of which
belong to S. If v2(b) = o > 0 for each b € B¥, then
(1) A is commutative and real,
(ii) The elements b, b € B are linearly independent;
(iil) (S/(2S)) ®s A is semisimple.
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Remark 2.4 If « = 0 it might happen that there are symmetric and non-symmetric
relations. For example, the S-ring over the group Z4 x Z4 induced by a fixed-point-free
automorphism of order 3 contains one symmetric and four non-symmetric basic elements.

Corollary 2.5 Let (A, B) be a homogeneous GT-algebra of degree k € S, v,(k) > 0 such
that its structure constants belong to S. If va(Appy) = B for each b € B and B < vy(k),
then

(i) A is commutative and real,

(ii) The elements b*, b € B are linearly independent.

Proof: Consider the algebra A with a rescaled basis 1’ := 1,5 := A,]j;, b,b € B¥ Tt is
well-known that (A, B’) is a standard GT-algebra.
We have that

k2
V(b)) = l)2<—> =21k —B >0
Abb1
and
k k )‘ch'l k)\c(‘,'l
Aarbie = —— —— Aabe = ———— Aabe-
o Aaal Aps1 K e Aaa1hpp1 o
Since VZ(AI{—)}f;r,) = k) — B >0, Ak?—xhlhl € S, and, consequently, A,y € S. Now
Corollary 2.3 yields the claim. O

3. Some applications

Let (X, F) be a finite association scheme in a sense of [8]. The Bose-Mesner algebra A of
F is a standard integral table algebra the table basis of which is formed by the adjacency
matrices A(f), f € F. The degree of A(f) concides with a valency of the relation f and
will be denoted by n r. We say that a scheme F is even if all its valencies are even. As before
we set

va(f) == va(nyg);

ao == min{vy(f) | f € F*};
Fo:={f € F|wn(f)=al
Foo :i={f € F | 02(f) = ak
Foo :={f € F | v(f) > ak

As a direct consequence of Theorem 2.2 we obtain the following

Proposition 3.1 Let (X, F) be an even association scheme. Denote 1 := (A(f) | f €
F.,). Then
(i) each f € Fy, is symmetric;
(ii) the elements A(f)*, f € Fy, are linearly independent;
(iii) the factor-algebra (Z, @z A)/(Zy Qg 1) is symmetric, commutative and semisimple.
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Theorem 3.2 Let (X, F) be an even association scheme such that v,(f) = o > 0 for
each f € F*. Then
(1) (X, F) is symmetric and commutative;
(ii) the elements A(f)?, f € F form a basis of A;
(iii) the algebra (Z, Q7 A) is semisimple;
@iv) vo(m) = « for each non-principal multiplicity m of F;
(v) if f =2%foreach f € F*, then each nontrivial multiplicity of F is equal to 2°.

Proof: The parts (i)—(iii) are direct consequences of the previous statement. Let ny =
1,ny,...,n- and mg =1, my, ..., m, be the valencies and the m_ultiplicities of F.

(iv) Since (Z, ®z A) is semisimple, the Frame number | X |+ % is odd (Theorem 1.1
[2]). Therefore

i: va(m;) = 2 nn) =ra
i=1 i=1

By Theorem 4.2, part (iii) [3] va(m;) < «. Hence v(m;) = «, as desired.
(v) We have that m; > 2% fori > 0, since m; is divisible by 2. Now the equality

> omi=|X|—1=r2"
i=1
implies the claim. u

Remark 3.3 Ifv,(f), feF #is constant for some odd prime p, then the algebra Z » Rz A
may not be semisimple. The Johnson scheme [3] with two classes on 7 points is such an
example with p = 5.

Let G be a finite group, then each subgroup H < G gives rise to an association scheme
(G/H, G//H) where G/H and G//H are the sets of right and double H -cosets respectively:
two points Hg;, Hg, are related via HgH if Hglgng = HgH. Following [8] we denote
this scheme as (G/H, G//H). The valency of the relation corresponding to the double coset
HgH isequal to [H : H N H¢]. The GT-algebra corresponding to the association scheme
(G/H, G//H) is exactly isomorphic to the Hecke algebra of double cosets of the subgroup
H.

If H < G is such that vy([H : H N H4]) = « > 0 holds' for each g € G\ H, then the
association scheme (G/H, G//H) satisfies the conditions of Proposition 3.2 which implies
the following

Corollary 3.4 Let H < G be finite groups such that vo([H : H N H?®]) = a > 0 for each

g € G\H.Then

(i) HgH = Hg™'H for each g € G;

(i1) the character lg is multiplicity-free and v,(x (1)) = 2% for each non-trivial x € Irt(G)
which appears in lz.
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Note

1

. Such a situation happens, for example, if H is a strongly embedded subgroup of G.
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