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Abstract

In this paper, we obtain the general solution and the generalized Hyers-Ulam
stability for quadratic functional equations f(2z +y) + f(2z —y) = f(z +y) +
fle—y)+6f(x)and f(2z +y) + f(z +2y) = 4f(z +y) + f(z) + f(y).
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In 1940, S.M. Ulam ¥(] gave a wide ranging talk before the mathematics club
of the University of Wisconsin in which he discussed a number of important
unsolved problems. Among those was the question concerning the stability of
homomorphisms:

LetG, be a group and let7; be a metric group with the metrig(-, -). Given
e > 0, does there exist & > 0 such that if a functiorh : G; — G5 satisfies
the inequalityd(h(zy), h(z)h(y)) < ¢ for all z,y € Gy, then there exists a

An Inequality which Arises in

homomorphisni! : G; — Gy withd(h(x), H(x)) < eforall z € G,7 the Absence of the Mountain

In other words, we are looking for situations when the homomorphisms are PSS EETIIERY
stable, i.e., if a mapping is almost a homomorphism, then there exists a true ho- Ick-Soon Chang and
momorphism near it. If we turn our attention to the case of functional equations, ELELAED ()
we can ask the question: When the solutions of an equation differing slightly
from a given one must be close to the true solution of the given equation. Title Page

The case of approximately additive functions was solved by D. H. Hy#rs [

. Contents

under the assumption that; and G, are Banach spaces. In 1978, a general-
ized version of the theorem of Hyers for approximately linear mappings was <44 44
given by Th. M. Rassias [/]. During the last decades, the stability problems of < >
several functional equations have been extensively investigated by a number of
authors P, 6, 11, 15]. The terminology generalized Hyers-Ulam stability orig- Go Back
inates from these historical backgrounds. These terminologies are also applied Flloee
to the case of other functional equations. For more detailed definitions of such _
terminologies, we can refer ta{, 12, 19]. Quit

The functional equation Page 3 of 28
(1.1) fle+y)+ flz—y)=2f(z) +2f(y)
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is related to a symmetric biadditive function}[[16]). It is natural that each
equation is called a quadratic functional equation. In particular, every solution
of the quadratic equatiorL(l) is said to be a quadratic function. It is well
known that a functiory between real vector spaces is quadratic if and only if
there exists a uniqgue symmetric biadditive functi®such thatf (z) = B(x, x)

for all x (see [I], [16]). The biadditive functionB is given by

1
(1.2) B(z,y) = 7 (f(z +y) = fz —y)).
An Inequality which Arises i_n
A Hyers-Ulam stability problem for the quadratic functional equatibri)( the Abs§2§§ éLL“niQC,‘;“ma'”
was proved by F. Skof for functions: £, — E, , whereFE; is a normed space Soon Chane and
and F; a Banach space (se&9]). P. W. Cholewa §] noticed that the theorem Hark-Mahn Kgim

of Skof is still true if the relevant domaif; is replaced by an abelian group.
In the paper 4], S. Czerwik proved the Hyers-Ulam-Rassias stability of the

guadratic functional equation (). A. Grabiec ] has generalized these results Title Page
mentioned above. K. W. Jun and Y. H. Lee] proved the Hyers-Ulam-Rassias Contents
stability of the pexiderized quadratic equatidnlj. « Y
Now, we introduce the following functional equations, which are somewhat
different from (L.1), < 4
Go Back
(13) [fRr+y)+[f(2r—y) = fla+y) + flz—y)+6f(x) o
ose
(1.4)  fQRz+y) +fl@+2y) = Af(@+y)+ f(@)+ f(y)
Quit
In this paper, we establish the general solution and the generalized Hyers- Page 4 of 28

Ulam stability problem for the equation&.g), (1.4), which are equivalent to
(1.1. It is significant for us to decrease the possible estimator of the stability
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problem for the functional equations. This work is possible if we consider the
stability problem in the sense of Hyers-Ulam-Rassias for the functional equa-
tions (1.3), (1.4). As a result, we have much better possible upper bounds for
the equationsi(.3), (1.4) than those of Czerwik/] and Skof-Cholewad].
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1.3,(1.4

Let R* denote the set of all nonnegative real numbers and let Bothind £
be real vector spaces. We here present the general solutiarBpf((.4).

Theorem 2.1. A functionf : E; — FE, satisfies the functional equatiofh.()
ifand only if f : F; — E satisfies the functional equatiofr.{) if and only if
f : By — E, satisfies the functional equatiofi.8). Therefore, every solution
of functional equationsi(3) and (1.4) is also a quadratic function.

Proof. Let f : £y — E; satisfy the functional equatiord (). Puttingz = 0 =

yin (1.1), we getf(0) = 0. Setx = 0in (1.1) to getf(y) = f(—y). Letting

y = z andy = 2z in (1.1), respectively, we obtain thagt(2x) = 4f(x) and
f(3z) =9f(x) forall z € E;. By induction, we lead t¢ (kz) = k*f(z) for all

positive integek. Replacingr andy by 2x +y andx + 2y in (1.1), respectively,
we have

Q1) fQu+y)+ [+ 20) = 5fBr+39)+ fx )
= 4f(z+9) + 5L +y) + S~ )
=4f(x+y)+ f(2) + [(y)

forall x, y € E;.

Let f : Ey — E, satisfy the functional equatiod (). Puttingz =0 =y in
(1.4), we getf(0) = 0. Sety = 0in (1.4) to getf(2x) = 4f(x). Lettingy = =
andy = —2x in (1.4), we obtain thatf (3x) = 9f(x) and f(z) = f(—=z) for all
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x € Ey. Puttingz andy by = + y andz + y in (1.4), respectively, we obtain

(2.2) [z +3y) + fz+3y) =4f(x+2y) + fz +y) + [(y),
(2.3) fBr+y)+ fBx+2y) =4f2x +y) + f(z) + f(z +y).

Adding (2.2 to (2.3) and using {.4), we obtain

(2.4) f(2x+3y)+ f(Bx+2y) + f(z+3y) + f(3x + )

=18f(z+y)+5f(x) +5f(y)
forall z, y € E;. Replacingy by 2y andz by 2x in (1.4), respectively, we have

(2.5) 4f(x+y)+ [z +4y) =4f(x +2y) + f(2) +4f(y),
(2.6) Af(x+y)+ fldz +y) = 4f 2z +y) + 4f (x) + f(y)

forall x, y € F,. Adding (2.5) to (2.6) and using {.4), we get

(2.7) fle+4y) + fAe+y) =8f(x+y) +9f(x) +9f(y)

forall z, y € F;.
On the other hand, using @), we get

(2.8) flx+4y) + f(4x 4+ y)
= f(6x + 9y) + f(9x + 6y) — 4f(5x + 5y)
=9f(2z + 3y) + 9f(3x + 2y) — 100 f(x + y),

which yields the relation by virtue o2(7)

(2.9) fQ2x +3y) + f(3z +2y) = 12f(x + y) + f(z) + f(y)
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forall x, y € E,. Combining the last equation witl2 (), we get

(2.10) fx+3y) + fBr+y) =6f(r+y)+4f(x) +4f(y).

Replacingz andy by x—;y and =¥ in (2.10, respectively, we have the desired
result (L.3).

Now, let f : £y — FE, satisfy the functional equatiod (3). Puttingz =0 =
yin (1.3), we getf(0) = 0. Lettingy = 0 andy = x in (1.3), respectively,
we obtain thatf(2z) = 4f(z) and f(3z) = 9f(z) for all z € E,. Putting
y =2z in (1.3), we getf(x) = f(—=z). Replacingr andy by = + y andz — v,
respectively, in1{.3), we have
(2.11) fBr+y)+ fla+3y) =6f(z+y) +4f(z) + 4f(y)

forall x, y € E,. Replacingy by x + y in (1.3), we obtain

(2.12) fBr+y)+ fle—y) =6f(2) + f(2x +y) + f(y).
Interchanger with y in (2.12) to get the relation

(2.13) fBy+a)+ fle—y)=6f(y) + f(2y + ) + f().

Adding (2.12) to (2.13, we obtain

(2.14) 6f(z+y)+2f(x —y) = fQx +y) + f(z +2y) +3f(x) + 3f ()

forall z, y € E;. Setting—y instead ofy in (2.14) and using the evenness fif
we get the relation

(2.15) 6f(z—y) +2f(x+y) = f(2x —y) + f(2y —z) + 3f(2) + 3f(y).
Adding (2.14) to (2.15, we obtain the resultl(1). O

An Inequality which Arises in
the Absence of the Mountain
Pass Geometry

Ick-Soon Chang and
Hark-Mahn Kim

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 8 of 28

J. Ineq. Pure and Appl. Math. 3(3) Art. 33, 2002

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:ischang@@math.cnu.ac.kr
mailto:
mailto:
mailto:hmkim@@math.cnu.ac.kr
http://jipam.vu.edu.au/

1.3

From now on, letX be a real vector space and ltbe a Banach space unless
we give any specific reference. We will investigate the Hyers-Ulam-Rassias sta-
bility problem for the functional equatior (3). Thus we find the condition that
there exists a true quadratic function near an approximately quadratic function.

Theorem 3.1.Let¢ : X? — R* be a function such that

 ¢(2'z,0) N T : lity which Arises i
(3.1) > T > 4 ¢(5::0), respectivel U il

Pass Geometry

converges and Ick-Soon Chang and
Hark-Mahn Kim
2%, 2"
(3.2) lim (b(”—ny) —0 (hm 4%5( %) 0)

n—00 4 n—o0 "2 Title Page
forall z, y € X. Suppose that a functiofi: X — Y satisfies Contents
B3) fRx+y)+fQ2x—y)— fle+y) - flz—y) - 6f(2)] < o(z,y) « »
for all z,y € X. Then there exists a unique quadratic functibn X — Y < >
which satisfies the equatiofi.() and the inequality Go Back

qﬁ 2 z,0) Close
(3.4) If(x) = T(x)l| < ¢ Z
Quit
1 i (T Page 9 of 28
(Hf(fc) T < 1Y 4 (5,o)>
=1
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for all x € X. The functiorl’ is given by

(3.5) T(z) = tim L0 (T( ) = lim 4" f( ))

n—0oo 4n n—oo

forall z € X.

Proof. Puttingy = 0 in (3.3) and dividing by8, we have

36 1782 1) < ot

for all x € X. Replacingz by 2z in (3.6) and dividing by4 and summing the
resulting inequality with §.6), we get

f(2%z) 1 ¢(2z,0)
: — < Z et
3.7 18— o) = § fot0r + 225
for all x € X. Using the induction on a positive integerwe obtain that
f(2mz) 1«
39 182~ s < gZ
l & 2133 0)
< =
< 82;

for all x € X. In order to prove convergence of the sequelﬁééj:—”} , we
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divide inequality 8.8) by 4™ and also replace by 2™z to find that forn, m > 0,

ae |l seml_ Ljers e,
o1 — ¢(212™z, 0)
= 8.4m 4i

Since the right hand side of the inequality tend$ tsm tends to infinity, the
sequence{ e )} is a Cauchy sequence. Therefore, we may defifie) =
limy, o0 27 2”f(2” ) for all x € X. By lettingn — oo in (3.8), we arrive at

the formula 8.4). To show thatl” satisfies the equatiori (3), replacex, y by
2"x, 2"y, respectively, in§.3) and divide byd", then it follows that

A7 (2" (22 +y) + f(2" (22 —y)) = F(2"(z +y))
— [(2%(z —y)) — 6 (2"0))|| < 47" (2", 2"y).

Taking the limit as:» — oo, we find thatT” satisfies {.3) for all =,y € X.

To prove the uniqueness of the quadratic funcfibaubject to 8.4), let us
assume that there exists a quadratic funcionX — Y which satisfies 1.3
and the inequality3.4). Obviously, we haveS(2"x) = 4"S(x) andT'(2"x) =
4"T(x) for all z € X andn € N. Hence it follows from 8.4) that

15(x) = T(x)|| = 47"(|S(2"z) = T(2"2)]|
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"(I5(2%) = f(2"

<4

1 <= $(2272,0)

ZZ 4n+z
1=0

)| + [1f(2"x) = T(2"z)[))

IA

for all x € X. By lettingn — oo in the preceding inequality, we immediately
find the uniqueness @f. This completes the proof of the theorem. O

Throughout this paper, 62 be a unital Banach algebra with nofrp and let
pB; and 3B, be left BanachB-modules with normd-|| and||-||, respectively.
A quadratic mapping) : 3B, — B, is calledB-quadratic if

Q(ax) = a*Q(z), Va € B,Vr € 3B;.

Corollary 3.2. Let¢ : 3B, x gB;— R be a function satisfying3(1) and (3.2)
for all z, y € gB,. Suppose that a mapping: zpB; — B, satisfies

Hf(2ax+ozy)—|—f(2ax—ozy)—azf(x+y)—oz2f(a:— ) — 60’ f(x) ||

< é(z,y)

forall « € B (|a] = 1) and for allz,y € gB,, and f is measurable oif (tz)

is continuous int € R for each fixedr € gB;. Then there exists a unique
B-quadratic mappingl” : zB; — pB,, defined by §.5), which satisfies the
equation (.3) and the inequality3.4) for all x € gB;.

Proof. By Theorem3.1, it follows from the inequality of the statement far=
1 that there exists a unique quadratic mapgihg zpB; — B, satisfying the
inequality @.4) for all z € gB;. Under the assumption thgtis measurable or
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f(tz) is continuous it € R for each fixedr € 3B, by the same reasoning as
the proof of [], the quadratic mapping : zkB; — gB, satisfies

T(tr) = *T(z), VY € pB;,Vt €R.

That is,T" is R-quadratic. For each fixed € B (|a| = 1), replacingf by T
and setting; = 0in (1.3), we havel'(az) = o*T(z) for all z € pB;. The last
relation is also true fon = 0. For each element € B (a # 0), a = |a] - 1.
SinceT is R-quadratic and’(az) = o*T'(x) for each element € B(|a| = 1),

T (ya\ : ﬁx)

T(ax) =

= a*T(v), Va€ B(a#0), Vo € pB,.

So the uniqueR-quadratic mapping” : zB; — B, is also B-quadratic, as
desired. This completes the proof of the corollary. ]

SinceC is a Banach algebra, the Banach spaceandF, are considered as
Banach modules ovét. Thus we have the following corollary.

Corollary 3.3. Let F; and E, be Banach spaces over the complex fié)&nd
lete > 0 be a real number. Suppose that a mappfngF; — FE, satisfies

1f (20 + ay) + (200 — ay) — o*f(z +y) — o f(z —y) — 60 f(z)] < ¢
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forall « € C (Jo|] = 1) and for allz,y € E;, and f is measurable orf (tz)
is continuous int € R for each fixedr € E;. Then there exists a uniqué-
guadratic mappingl’ : E; — E5 which satisfies the equatiori.@) and the
inequality

1f(2) = T ()] <

| M

forall z € F,.

The S. Czerwik {] theorem for the functional equation.() states that if
a functionf : G — Y, whereG is an abelian group and a Banach space,
satisfies the inequality/ (+ +y)+ f(x —y) —2/(2) — 2/ (y)|| < e(|=]"+[ly[”)
for p # 2 and for allz,y € G, then there exists a unique quadratic funcijon
such that| f () — ()| < 25 + L for all 2 € G, and for allz € G — {0}
and||f(0)|| = 0if p < 0. From the main theorer.1, we obtain the following
corollary concerning the stability of the equatidn3). We note thap need not

be equal tg;.

Corollary 3.4. Let X andY be a real normed space and a Banach space,
respectively, and let, p, ¢ be real numbers such that> 0, ¢ > 0 and either
p,q < 20rp,q> 2. Suppose that a functiofi: X — Y satisfies

If e +y) + f2z —y) = fz+y) = fle—y) = 6f ()| < e(llz]” + [[y[l*)

for all x,y € X. Then there exists a unique quadratic functibn X — Y
which satisfies the equatiofi.8) and the inequality

170) = Tl < g ol
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forall z € X and forallz € X — {0} if p < 0. The functioril is given by

T(x) = lim &Zm) if p

n—00 4 ’

. np (TN
q<?2 (T(x):nlggoél f<2n> |fp,q>2>
for all x € X. Further, if for each fixed: € X the mapping — f(tz) fromR
to Y is continuous, thef'(rz) = r*T'(x) for all r € R.

The proof of the last assertion in the above corollary goes through in the
same way as that of1].

The Skof-Cholewad] theorem for the functional equation.() states that
if a function f : G — Y, where( is an abelian group and a Banach space,
satisfies the inequalityf (z +y)+ f(z —y) —2f(z) —2f(y)|| < eforallz,y €
G, then there exists a unique quadratic functsuch thaf| f(z) — q(z)|| < £
for all x € G. But we have a much better possible upper bound concerning
the stability theorem for the functional equatidn3) as follows. The following
corollary is an immediate consequence of TheoBein

Corollary 3.5. Let X andY be a real normed space and a Banach space,
respectively, and let > 0 be a real number. Suppose that a functipn X —
Y satisfies

B10) [[fRr+y)+f2z—y)—flat+y) - flz—y)-6f(r)] <e

for all x,y € X. Then there exists a unique quadratic functibn X — Y
defined byl'(z) = lim, . % which satisfies the equatiord.Q) and the
inequality

(3.11) 1/ () = T(2)|| <

[ N0
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for all x € X. Further, if for each fixed: € X the mapping — f(tz) fromR
to Y is continuous, the (rz) = r*T'(z) for all r € R.

Remark 3.1. If we writey = z in the inequality of 8.3), we get
(3.12) 1f(3x) = 5f(x) — f(2z)|| < ¢(x,2) + [ F(O)]]
Combining 8.12) with (3.6), we have

613) S0 - 95w < o)+ 220 L yp)

We can easily show the following relation by inductiomaimgether with 8.13

H fB3"z) _
9n

1

0| <525 [pnan + L5 o]

=0

forall z € X.
In TheorenB.1, let¢ : X? — RT be a function such that

io: o(3', 3@‘95)9?r ¢(3'r,0) (i gi [¢ (%) %) 16 (%, 0)] : respectiveg
i=0 i=1

converges and
lim W =0 (lim 9" (552 ) = 0)

for all z, y € X. Note that in the second cagg0) = 0 since¢(0,0) = 0.
Then, using the last inequality and the same argument of The®rewe can
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find the unique quadratic functioll defined byl’(z) = lim,, .., 372" f(3"x)
which satisfies].3) and the inequality

(3.14)  [|f(x) — T(x)| < %Zogl [qﬁ(gix,gix) N ¢(3Z§,0)] N ||féo)||

Iy g2 2y, 260)
(nf(x)—T( <5309 [¢(§,§)+T )

for all z € X. Thus we obtain an alternative result of Theorgm In Theorem
3.1, we have a simpler possible upper bourdd) than that of 8.14). The
advantage of the inequalityd(4) compared to $.14) is that the right hand side
of (3.4) has no term fot| £(0)||.

As a consequence of the above Rentadk we have the following corollary.
Because of the restricted condition< p, we havef(0) = 0.

Corollary 3.6. Let X and Y be a real normed space and a Banach space,

respectively, and let > 0, 0 < p # 2 be real numbers. Suppose that a function
f: X — Y satisfies

12z +y) + f(22 —y) - flx—y) = 6f(@)| < ellzl” + llyl*)

for all x,y € X. Then there exists a unique quadratic functibn X — Y
which satisfies the equatiofi.3) and the inequality

flz+y) -

1f(2) = T@)I < Sg—=pr l]l”

I'= 2|9 3p|
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for all x € X. The functionl” is given by

L. f@3")
T(z) = lim o

n—oo

fo<p<2 <T(m)—gingo9f<3n> pr>2>
for all x € X. Further, if for each fixed: € X the mapping — f(tz) fromR
to Y is continuous, thef'(rz) = r*T'(x) for all r € R.

Remark 3.2. If we puty = = = 0 in the inequality of 8.10), we get5|| f(0)]| <

e. Applying Remark.1to (3.10, we know that there exists a unique quadratic
functionT : X — Y defined byl'(z) = lim, .. &% which satisfies the
equation (L.3) and the inequality

1/ (0)]

I#@) - 1) < 2o+ L < =

for all z € X. But we have a better possible upper boud () than that of the
last inequality.
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1.4

We will investigate the Hyers-Ulam-Rassias stability problem for the functional
equation {.4). Thus we find the condition that there exists a true quadratic
function near an approximately quadratic function.

Theorem 4.1.Let¢ : X? — R* be a function such that

(4.1) 3 91 {M +26(3'x, 0)}
=0

An Inequality which Arises in
the Absence of the Mountain

= T1 T x T
9t | = (f,—.) 2 (—,,0> , respectivel Pass Geometry

i=1 Ick-Soon Chang and

Hark-Mahn Kim
converges and
. 9(3"x,3"y) : Ty :
: —_— = = "o —, =) = |
(4.2) nhjgo on 0 (71115)1O 9" ( 3 3n> O) Title Page
forall z, y € X. Suppose that a functioh: X — Y satisfies GOz
43)  (If @2z +y) + flo+2y) = 4f(x +y) = f(@) = fH)] < ¢l y) Wi »
for all x,y € X. Then there exists a unique quadratic functibn X — Y < d
which satisfies the equatiofi.f) and the inequality Go Back
11 [¢(3z, 3z : f(0 Close
@ 1w -1wl <> 5 [ 22D a0 + L
i=0 Quit
I . [1 A T Page 19 of 28
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for all x € X. The functiorl’ is given by

(4.5) T(x) = lim 2 <3:‘”> (T( )= lim 9" f( ))

n—o00 9 n—00
forall z € X.

Proof. If we write y = x in the inequality of 4.3), we get

(4.6) |7(3) — 2£(20) ~ F@)] < 56z )

Puttingy = 0 in (4.3) and multiplying by2, we have

(4.7) 12/ (22) = 8f(2)[| < 2¢(x,0) + 2| f(0)]

for all x € X. Adding the inequality4.6) with (4.7) and then dividing by, we
get

@ 80 s < (25 s a0+ 21500

for all z € X. Using the induction om, we obtain that

9 H¥‘f”HS$ 5 | 2222 ot + 210
g%ié{er%( o] - L0
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forallz € X.
Repeating the similar argument of Theor&m, we obtain the desired re-

sult. The proof of assertion indicated by parentheses in the theorem is similarly

proved and we omit it. In this cas¢(0) = 0 since¢(0,0) = 0 by assumption.
This completes the proof of the theorem. O
The proof of the following corollary is similar to that of CorollaBy2.

Corollary 4.2. Let¢ : 3B x gB;— R be a function satisfying/(1) and @.2)
forall z, y € gB,. Suppose that a mapping: zpB; — B, satisfies

(4.10) || fQ2az + ay) + f(ax + 2ay)
—4a?f(x +y) — *f(x) — 2 f(y)|| < oz, )

forall « € B (|a] = 1) and for allz,y € zB;, and f is measurable off (tx)

is continuous it € R for each fixedr € gB;. Then there exists a unique
B-quadratic mappindgl’ : zB; — gBs, defined by 4.5, which satisfies the
equation (L.4) and the inequality4.4) for all = € zB;.

Corollary 4.3. Let F; and E, be Banach spaces over the complex fié)&nd
lete > 0 be a real number. Suppose that a mappfngF; — FE, satisfies
|20z +ay) + f(az + 2ay) — 4o’ f(z +y) — o f(z) — o’ f(y)|| < ¢

forall « € C (Ja| = 1) and for allz,y € E;, and f is measurable oif (tx)
is continuous it € R for each fixedr € F;. Then there exists a unique
quadratic mappingl’ : E; — FE, which satisfies the equatioi.@) and the
inequality

@) =Tl < 1o

An Inequality which Arises in
the Absence of the Mountain
Pass Geometry

Ick-Soon Chang and
Hark-Mahn Kim

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 21 of 28

J. Ineq. Pure and Appl. Math. 3(3) Art. 33, 2002

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:ischang@@math.cnu.ac.kr
mailto:
mailto:
mailto:hmkim@@math.cnu.ac.kr
http://jipam.vu.edu.au/

forall x € E.

In Theorem4.1, we obtain the alternative result if the conditions¢oaire
replaced by the following.

Remark 4.1. Let¢ : X? — R* be a function such that

i %cb(?ilﬂ 0) (i 4 (%, 0) : respectiveg

=0 =1

converges and

. ¢(2"w,2"y) ( n (96 y)_)
A 20 e aogd) =0

forall z, y € X. Suppose that a functiofi: X — Y satisfies
1f2z+y)+ flx+2y) —4f(x+y) — fz) = fW) < d(z,y)

for all x,y € X. Then there exists a unique quadratic functibn X — Y
which satisfies the equatiofi.f) and the inequality

@1) @) - Tl < Y oo+ L
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for all x € X. The functiorl” is given by

T(x) = lim f<2:$) (T(x) = lim 4" f <£)>

n—oo 4 n—00 AL

forall z € X.

From Remark!.1, we obtain the following corollary concerning the stability
of the equationX.4). We note thap need not be equal tpand|| f(0)|| = 0 if
p > 0.
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1f 2z +y) + f(z+2y) —Af (@ +y) — flz) = fWI < ()" + [lyll*)
Title Page
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. - . . . Contents
which satisfies the equatiofi.f) and the inequality
<44 >»
. 4 L0
If(z) = T@)l < = l2l” + Y >
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Close
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As a consequence of the above Theoref we have the following.

Corollary 4.5. Let X andY be a real normed space and a Banach space,

respectively, and let > 0, 0 < p # 2 be real numbers. Suppose that a function
f: X — Y satisfies

1f2x+y) + flz+2y) — 4f(x +y) = f(2) = FWI < e(l]” + [ly[]”)

for all z,y € X. Then there exists a unique quadratic functibn X — Y
which satisfies the equatiofi.f) and the inequality

@) = T@) < =gz el
for all z € X. The functionl’ is given by
L f@r) " :
T(m)—nh—{lgo—g ifo<p<2 (T() nh_>n0109f< > |fp>2)

for all z € X. Further, if for each fixed: € X the mapping — f(tx) fromR
to Y is continuous, the (rz) = r*T'(z) for all r € R.

The following corollary is an immediate consequence of Theoteim

Corollary 4.6. Let X andY be a real normed space and a Banach space,

respectively, and let > 0 be a real number. Suppose that a functipn X —
Y satisfies

(4.12) 1f2x+y) + flx+2y) —4f(x+y) — f(z) = fy)]| < e
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for all z,y € X. Then there exists a unique quadratic functibn X — Y
defined byl'(z) = lim, . 12"2) \which satisfies the equatiord.¢) and the
inequality

4n

5e

(4.13) 1

1f(2) = T(2)]| <

for all z € X. Further, if for each fixed: € X the mapping — f(tx) fromR
to Y is continuous, thef'(rz) = r>T'(x) for all r € R.

Remark 4.2. If we puty = = = 0 in the inequality of4.12), we getd|| f(0)|| <

. Applying Remarki.1to (4.12), we know that there exists a unique quadratic
functionT : X — Y defined byl'(z) = lim, f@ 2) which satisfies the
equation (L.4) and the inequality

LFON ¢
3“1

1/ () =

for all x € X. But we have a better possible upper bou#d 8 than that of the
last inequality.

T(@) <=+

W
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