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1. I NTRODUCTION

In 1938 A. Ostrowski proved the following integral inequality ([17] or [16, p. 468]).

Theorem 1.1. Let f : I → R, whereI ⊂ R is an interval, be a mapping differentiable in the
interior Int I of I, and leta, b ∈ Int I, a < b. If |f ′(t)| ≤ M , ∀t ∈ [a, b], then we have

(1.1)

∣∣∣∣f(x)− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣ ≤
[

1

4
+

(x− a+b
2

)2

(b− a)2

]
(b− a)M,

for x ∈ [a, b].

The first (direct) generalization of Ostrowski’s inequality was given by G.V. Milovanović
and J. Pěcaríc in [14]. In recent years a number of authors have written about generalizations of
Ostrowski’s inequality. For example, this topic is considered in [2], [4], [6], [9] and [14]. In this
way, some new types of inequalities have been formed, such as inequalities of Ostrowski-Grüss
type, inequalities of Ostrowski-Chebyshev type, etc. The first inequality of Ostrowski-Grüss
type was given by S.S. Dragomir and S. Wang in [6]. It was generalized and improved in
[9]. X.L. Cheng gave a sharp version of the mentioned inequality in [4]. The first multivariate
version of Ostrowski’s inequality was given by G.V. Milovanović in [12] (see also [13] and
[16, p. 468]). Multivariate versions of Ostrowski’s inequality were also considered in [3], [7]
and [11]. In this paper we give a general two-dimensional Ostrowski-Grüss inequality. For
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2 NENAD UJEVIĆ

that purpose, we introduce specially defined polynomials, which can be considered as harmonic
or Appell-like polynomials in two dimensions. In Section 3 we use the mentioned general
inequality to obtain a particular two-dimensional Ostrowski-Grüss type inequality.

2. A GENERAL OSTROWSKI -GRÜSS I NEQUALITY

Let Ω = [a, b] × [a, b] and letf : Ω → R be a given function. Here we suppose that
f ∈ C2n(Ω). Let Pk(s) andQk(t) be harmonic or Appell-like polynomials, i.e.

(2.1) P ′
k(s) = Pk−1(s) andQ′

k(t) = Qk−1(t), k = 1, 2, . . . , n + 1,

with

(2.2) P0(s) = Q0(t) = 1.

We also define

(2.3) Rk(s, t) = Pk(s)Qk(t), k = 0, 1, 2, . . . , n + 1.

Lemma 2.1. LetRk(s, t) be defined by (2.3). Then we have

(2.4)
∂2Rk(s, t)

∂s∂t
= Rk−1(s, t)

for k = 1, 2, . . . , n + 1.

Proof. From (2.1) – (2.3) it follows that

∂2Rk(s, t)

∂s∂t
=

∂

∂t

(
∂Rk(s, t)

∂s

)
=

∂

∂t
(P ′

k(s)Qk(t))

= Pk−1(s)Q
′
k(t)

= Pk−1(s)Qk−1(t) = Rk−1(s, t).

�

We now define

(2.5) Jk =

∫ b

a

[
Rk(b, t)

∂2k−1f(b, t)

∂sk−1∂tk
−Rk(a, t)

∂2k−1f(a, t)

∂sk−1∂tk

]
dt,

(2.6) uk−1(t) =
∂k−1f(b, t)

∂sk−1
, vk−1(t) =

∂k−1f(a, t)

∂sk−1
,

for k = 1, 2, . . . , n. We also define

(2.7) Jk,1 =

∫ b

a

Rk(b, t)
∂2k−1f(b, t)

∂sk−1∂tk
dt = Pk(b)

∫ b

a

Qk(t)u
(k)
k−1(t)dt

and

(2.8) Jk,2 =

∫ b

a

Rk(a, t)
∂2k−1f(a, t)

∂sk−1∂tk
dt = Pk(a)

∫ b

a

Qk(t)v
(k)
k−1(t)dt

such that

(2.9) Jk = Jk,1 − Jk,2.
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OSTROWSKI-GRÜSS TYPEINEQUALITIES IN TWO DIMENSIONS 3

Lemma 2.2. LetJk,1 be defined by (2.7). Then we have

(2.10) Jk,1 = Pk(b)
k∑

j=1

(−1)k−j
[
Qj(b)u

(j−1)
k−1 (b)−Qj(a)u

(j−1)
k−1 (a)

]
+ (−1)kPk(b)

∫ b

a

uk−1(t)dt,

for k = 1, 2, . . . , n.

Proof. We introduce the notation

Uk(uk−1) =

∫ b

a

Qk(t)u
(k)
k−1(t)dt.

Then we have

(−1)kUk(uk−1) = (−1)k

∫ b

a

Qk(t)u
(k)
k−1(t)dt

= (−1)k
[
Qk(b)u

(k−1)
k−1 (b)−Qk(a)u

(k−1)
k−1 (a)

]
+ (−1)k−1

∫ b

a

Qk−1(t)u
(k−1)
k−1 (t)dt.

We can write the above relation in the form

(−1)kUk(uk−1) = (−1)k
[
Qk(b)u

(k−1)
k−1 (b)−Qk(a)u

(k−1)
k−1 (a)

]
+ (−1)k−1Uk−1(uk−1).

In a similar way we get

(−1)k−1Uk−1(uk−1) = (−1)k−1

∫ b

a

Qk−1(t)u
(k−1)
k−1 (t)dt

= (−1)k−1
[
Qk−1(b)u

(k−2)
k−1 (b)−Qk−1(a)u

(k−2)
k−1 (a)

]
+ (−1)k−2

∫ b

a

Qk−2(t)u
(k−2)
k−1 (t)dt

or

(−1)k−1Uk−1(uk−1)

= (−1)k−1
[
Qk−1(b)u

(k−2)
k−1 (b)−Qk−1(a)u

(k−2)
k−1 (a)

]
+ (−1)k−2Uk−2(uk−1).

If we continue the above procedure then we obtain

(−1)kUk(uk−1)

=
k∑

j=1

(−1)j
[
Qj(b)u

(j−1)
k−1 (b)−Qj(a)u

(j−1)
k−1 (a)

]
+ U0(uk−1)

=
k∑

j=1

(−1)j
[
Qj(b)u

(j−1)
k−1 (b)−Qj(a)u

(j−1)
k−1 (a)

]
+

∫ b

a

uk−1(t)dt.

Note now that
Jk,1 = Pk(b)Uk(uk−1)

such that (2.10) holds. �
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4 NENAD UJEVIĆ

Lemma 2.3. LetJk,2 be defined by (2.8). Then we have

(2.11) Jk,2 = Pk(a)
k∑

j=1

(−1)k−j
[
Qj(b)v

(j−1)
k−1 (b)−Qj(a)v

(j−1)
k−1 (a)

]
+ (−1)kPk(a)

∫ b

a

vk−1(t)dt,

for k = 1, 2, . . . , n.

Proof. The proof is almost identical to that of Lemma 2.2. �

We now define

(2.12) Kk =

∫ b

a

[
∂Rk(s, b)

∂s

∂2k−2f(s, b)

∂sk−1∂tk−1
− ∂Rk(s, a)

∂s

∂2k−2f(s, a)

∂sk−1∂tk−1

]
ds,

for k = 2, . . . , n,

(2.13) xk−1(s) =
∂k−1f(s, b)

∂tk−1
, yk−1(s) =

∂k−1f(s, a)

∂tk−1

and

(2.14) K1 = Q1(b)

∫ b

a

x0(s)ds−Q1(a)

∫ b

a

y0(s)ds.

We also define

(2.15) Kk,1 =

∫ b

a

∂Rk(s, b)

∂s

∂2k−2f(s, b)

∂sk−1∂tk−1
ds = Qk(b)

∫ b

a

Pk−1(s)x
(k−1)
k−1 (s)ds

and

(2.16) Kk,2 =

∫ b

a

∂Rk(s, a)

∂s

∂2k−2f(s, a)

∂sk−1∂tk−1
ds = Qk(a)

∫ b

a

Pk−1(s)y
(k−1)
k−1 (s)ds

such that

(2.17) Kk = Kk,1 −Kk,2, k = 1, 2, . . . , n.

Lemma 2.4. LetKk,1 be defined by (2.15). Then we have

(2.18) Kk,1 = Qk(b)
k∑

j=2

(−1)k−j+1
[
Pj−1(b)x

(j−2)
k−1 (b)− Pj−1(a)x

(j−2)
k−1 (a)

]
+ (−1)k−1Qk(b)

∫ b

a

xk−1(s)ds,

for k = 2, . . . , n.

Proof. We introduce the notation

Uk−1(xk−1) =

∫ b

a

Pk−1(s)x
(k−1)
k−1 (s)ds.
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Then we have

(−1)k−1Uk−1(xk−1) = (−1)k−1

∫ b

a

Pk−1(s)x
(k−1)
k−1 (s)ds

= (−1)k−1
[
Pk−1(b)x

(k−2)
k−1 (b)− Pk−1(a)x

(k−2)
k−1 (a)

]
+ (−1)k−2

∫ b

a

Pk−2(s)x
(k−2)
k−1 (s)ds.

We can write the above relation in the form

(−1)k−1Uk−1(xk−1)

= (−1)k−1
[
Pk−1(b)x

(k−2)
k−1 (b)− Pk−1(a)x

(k−2)
k−1 (a)

]
+ (−1)k−2Uk−2(xk−1).

In a similar way we get

(−1)k−2Uk−2(xk−1) = (−1)k−2

∫ b

a

Pk−2(s)x
(k−2)
k−1 (s)ds

= (−1)k−2
[
Pk−2(b)x

(k−3)
k−1 (b)− Pk−2(a)x

(k−3)
k−1 (a)

]
+ (−1)k−3

∫ b

a

Pk−3(s)x
(k−3)
k−1 (s)ds

or

(−1)k−2Uk−2(xk−1)

= (−1)k−2
[
Pk−2(b)x

(k−3)
k−1 (b)− Pk−2(a)x

(k−3)
k−1 (a)

]
+ (−1)k−3Uk−3(xk−1).

If we continue the above procedure then we get

(−1)k−1Uk−1(xk−1)

=
k∑

j=2

(−1)j−1
[
Pj−1(b)x

(j−2)
k−1 (b)− Pj−1(a)x

(j−2)
k−1 (a)

]
+ U0(xk−1)

=
k∑

j=2

(−1)j−1
[
Pj−1(b)x

(j−2)
k−1 (b)− Pj−1(a)x

(j−2)
k−1 (a)

]
+

∫ b

a

xk−1(t)dt.

Note now that
Kk,1 = Qk(b)Uk−1(xk−1)

such that (2.18) holds. �

Lemma 2.5. LetKk,2 be defined by (2.16). Then we have

(2.19) Kk,2 = Qk(a)
k∑

j=2

(−1)k−j+1
[
Pj−1(b)y

(j−2)
k−1 (b)− Pj−1(a)y

(j−2)
k−1 (a)

]
+ (−1)k−1Qk(a)

∫ b

a

yk−1(s)ds,

for k = 2, . . . , n.

Proof. The proof is almost identical to that of Lemma 2.4. �
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Let (X, 〈·, ·〉) be a real inner product space ande ∈ X, ‖e‖ = 1. Let γ, ϕ, Γ, Φ be real
numbers andx, y ∈ X such that the conditions

(2.20) 〈Φe− x, x− ϕe〉 ≥ 0 and 〈Γe− y, y − γe〉 ≥ 0

hold. In [5] we can find the inequality

(2.21) |〈x, y〉 − 〈x, e〉 〈y, e〉| ≤ 1

4
|Φ− ϕ| |Γ− γ| .

We also have

(2.22) |〈x, y〉 − 〈x, e〉 〈y, e〉| ≤
(
‖x‖2 − 〈x, e〉2

) 1
2
(
‖y‖2 − 〈e, y〉2

) 1
2 .

Let X = L2(Ω) ande = 1/(b− a). If we define

(2.23) T (f, g) =
1

(b− a)2

∫ b

a

∫ b

a

f(t, s)g(t, s)dtds

− 1

(b− a)4

∫ b

a

∫ b

a

f(t, s)dtds

∫ b

a

∫ b

a

g(t, s)dtds,

then from (2.20) and (2.21) we obtain the Grüss inequality inL2(Ω),

(2.24) |T (f, g)| ≤ 1

4
(Γ− γ)(Φ− ϕ),

if
γ ≤ f(x, y) ≤ Γ, ϕ ≤ g(x, y) ≤ Φ, (x, y) ∈ Ω.

From (2.22), we have the pre-Grüss inequality

(2.25) T (f, g)2 ≤ T (f, f)T (g, g).

We now define

(2.26) In =

∫ b

a

∫ b

a

Rn(s, t)
∂2nf(s, t)

∂sn∂tn
dsdt

and

(2.27) Sn =
1

(b− a)2

∫ b

a

∫ b

a

Rn(s, t)dsdt

∫ b

a

∫ b

a

∂2nf(s, t)

∂sn∂tn
dsdt.

Lemma 2.6. Let In and Sn be defined by (2.26) and (2.27), respectively. Then we have the
inequality

(2.28) |In − Sn| ≤
M2n −m2n

2
C(b− a)2,

where

M2n = max
(s,t)∈Ω

∂2nf(s, t)

∂sn∂tn
, m2n = min

(s,t)∈Ω

∂2nf(s, t)

∂sn∂tn

and

(2.29) C =

{
1

(b− a)2

∫ b

a

Pn(s)2ds

∫ b

a

Qn(t)2dt

− 1

(b− a)4

(∫ b

a

Pn(s)ds

∫ b

a

Qn(t)dt

)2
} 1

2

.
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Proof. From (2.23), (2.26) and (2.27) we see that

In − Sn = (b− a)2T

(
Rn(s, t),

∂2nf(s, t)

∂sn∂tn

)
.

Then from (2.25) we get

|In − Sn| ≤ (b− a)2T (Rn(s, t), Rn(s, t))
1
2 T

(
∂2nf(s, t)

∂sn∂tn
,
∂2nf(s, t)

∂sn∂tn

) 1
2

.

From (2.24) we have

T

(
∂2nf(s, t)

∂sn∂tn
,
∂2nf(s, t)

∂sn∂tn

) 1
2

≤ M2n −m2n

2
.

We also have

T (Rn(s, t), Rn(s, t))

=
1

(b− a)2

∫ b

a

Pn(s)2ds

∫ b

a

Qn(t)2dt− 1

(b− a)4

(∫ b

a

Pn(s)ds

∫ b

a

Qn(t)dt

)2

.

From the last three relations we see that (2.28) holds. �

Theorem 2.7. Let Ω = [a, b] × [a, b] and letf : Ω → R be a given function such thatf ∈
C2n(Ω). Let the conditions of Lemma 2.6 hold. IfJk, Kk are given by (2.9), (2.17), whereJk,1,
Jk,2, Kk,1, Kk,2 are given by Lemmas 2.2 – 2.5, then we have the inequality

(2.30)

∣∣∣∣∣
∫ b

a

∫ b

a

f(s, t)dsdt +
n∑

k=1

Jk −
n∑

k=1

Kk − Sn

∣∣∣∣∣ ≤ M2n −m2n

2
C(b− a)2,

where

(2.31) Sn =
1

(b− a)2
[Pn+1(b)− Pn+1(a)] [Qn+1(b)−Qn+1(a)]

× [v(b, b)− v(b, a)− v(a, b) + v(a, a)] ,

andv(s, t) = ∂2n−2t(s,t)
∂sn−1∂tn−1 .

Proof. We have

In =

∫ b

a

∫ b

a

Rn(s, t)
∂2nf(s, t)

∂sn∂tn
dsdt(2.32)

=

∫ b

a

dt

∫ b

a

Rn(s, t)
∂

∂s

[
∂2n−1f(s, t)

∂sn−1∂tn

]
ds

=

∫ b

a

[
Rn(b, t)

∂2n−1f(b, t)

∂sn−1∂tn
−Rn(a, t)

∂2n−1f(a, t)

∂sn−1∂tn

]
dt

−
∫ b

a

∫ b

a

∂Rn(s, t)

∂s

∂2n−1f(s, t)

∂sn−1∂tn
dsdt

= Jn − Ln,

where

Ln =

∫ b

a

∫ b

a

∂Rn(s, t)

∂s

∂2n−1f(s, t)

∂sn−1∂tn
dsdt.
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We also have

Ln =

∫ b

a

ds

∫ b

a

∂Rn(s, t)

∂s

∂

∂t

[
∂2n−2f(s, t)

∂sn−1∂tn−1

]
dt

=

∫ b

a

[
∂Rn(s, b)

∂s

∂2n−2f(s, b)

∂sn−1∂tn−1
− ∂Rn(s, a)

∂s

∂2n−2f(s, a)

∂sn−1∂tn−1

]
ds

−
∫ b

a

∫ b

a

Rn−1(s, t)
∂2n−2f(s, t)

∂sn−1∂tn−1
dsdt

= Kn − In−1.

Hence, we have
In = Jn −Kn + In−1.

In a similar way we obtain
In−1 = Jn−1 −Kn−1 + In−2.

If we continue this procedure then we get

(2.33) In =
n∑

k=1

Jk −
n∑

k=1

Kk + I0,

where

(2.34) I0 =

∫ b

a

∫ b

a

f(s, t)dsdt.

We now consider the term

(2.35) Sn =
1

(b− a)2

∫ b

a

∫ b

a

Rn(s, t)dsdt

∫ b

a

∫ b

a

∂2nf(s, t)

∂sn∂tn
dsdt.

We have ∫ b

a

∫ b

a

Rn(s, t)dsdt =

∫ b

a

Pn(s)ds

∫ b

a

Qn(t)dt

= [Pn+1(b)− Pn+1(a)] [Qn+1(b)−Qn+1(a)]

and ∫ b

a

∫ b

a

∂2nf(s, t)

∂sn∂tn
dsdt

=

∫ b

a

dt

∫ b

a

∂

∂s

[
∂2n−1f(s, t)

∂sn−1∂tn

]
ds

=

∫ b

a

[
∂2n−1f(b, t)

∂sn−1∂tn
− ∂2n−1f(a, t)

∂sn−1∂tn

]
dt

=
∂2n−2f(b, b)

∂sn−1∂tn−1
− ∂2n−2f(b, a)

∂sn−1∂tn−1
− ∂2n−1f(a, b)

∂sn−1∂tn−1
+

∂2n−1f(a, a)

∂sn−1∂tn−1

= [v(b, b)− v(b, a)− v(a, b) + v(a, a)] ,

Thus (2.31) holds. From (2.33) – (2.35) we see that

In − Sn =

∫ b

a

∫ b

a

f(s, t)dsdt +
n∑

k=1

Jk −
n∑

k=1

Kk − Sn.

Then from Lemma 2.6 we conclude that (2.30) holds. �
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3. A PARTICULAR I NEQUALITY

Here we use the notations introduced in Section 2. In Theorem 2.7 we proved a general
inequality of Ostrowski-Grüss type. Many particular inequalities can be obtained if we choose
specific harmonic or Appell-like polynomialsPk(s), Qk(t) in (2.30). For example, in [8] we
can find the following harmonic polynomials

Pk(s) =
1

k!
(s− a)k,

Pk(s) =
1

k!

(
s− a + b

2

)k

,

Pk(s) =
(b− a)k

k!
Bk

(
s− a

b− a

)
,

Pk(s) =
(b− a)k

k!
Ek

(
s− a

b− a

)
,

whereBk(s) andEk(s) are Bernoulli and Euler polynomials, respectively. We shall not consider
all possible combinations of these polynomials. Here we choose the following combination

(3.1) Pk(s) =
(b− a)k

k!
Bk

(
s− a

b− a

)
, Qk(t) =

(b− a)k

k!
Bk

(
t− a

b− a

)
.

We now substitute the above polynomials in (2.10), (2.11), (2.18), (2.19) to obtain

Jk,1 = J̄k,1(3.2)

=
(b− a)k

k!
Bk(1)

k∑
j=1

(−1)k−j (b− a)j

j!

×
[
Bj(1)u

(j−1)
k−1 (b)−Bj(0)u

(j−1)
k−1 (a)

]
+ (−1)kBk(1)

(b− a)k

k!

∫ b

a

uk−1(t)dt,

Jk,2 = J̄k,2(3.3)

=
(b− a)k

k!
Bk(0)

k∑
j=1

(−1)k−j (b− a)j

j!

[
Bj(1)v

(j−1)
k−1 (b)−Bj(0)v

(j−1)
k−1 (a)

]
+ (−1)kBk(0)

(b− a)k

k!

∫ b

a

vk−1(t)dt,

Kk,1 = K̄k,1(3.4)

=
(b− a)k

k!
Bk(1)

k∑
j=2

(−1)k−j+1 (b− a)j−1

(j − 1)!

×
[
Bj−1(1)x

(j−2)
k−1 (b)−Bj−1(0)x

(j−2)
k−1 (a)

]
+ (−1)k−1 (b− a)k

k!
Bk(1)

∫ b

a

xk−1(s)ds,
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and

Kk,2 = K̄k,2(3.5)

=
(b− a)k

k!
Bk(0)

k∑
j=2

(−1)k−j+1 (b− a)j−1

(j − 1)!

×
[
Bj−1(1)y

(j−2)
k−1 (b)−Bj−1(0)y

(j−2)
k−1 (a)

]
+ (−1)k−1 (b− a)k

k!
Bk(0)

∫ b

a

yk−1(s)ds.

We have

(3.6) Jk = J̄k = J̄k,1 − J̄k,2, k = 1, 2, . . . , n,

(3.7) Kk = K̄k = K̄k,1 − K̄k,2, k = 2, . . . , n

and

(3.8) K̄1 =
b− a

2

[∫ b

a

x0(s)ds +

∫ b

a

y0(s)ds

]
,

whereJ̄k,1, J̄k,2, K̄k,1, K̄k,2 are defined by (3.2) – (3.5), respectively.
Basic properties of Bernoulli polynomials can be found in [1]. Here we emphasize the fol-

lowing properties:

(3.9)
∫ 1

0

Bk(s)ds = 0, k = 1, 2, . . .

and

(3.10)
∫ 1

0

Bk(s)Bj(s)ds = (−1)k−1 k!j!

(k + j)!
Bk+j, k, j = 1, 2, . . . ,

where

(3.11) Bk = Bk(0), k = 0, 1, 2, . . .

are Bernoulli numbers. We also have

(3.12) B2i+1 = 0, i = 1, 2, . . . ,

(3.13) Bk(0) = Bk(1) = Bk, k = 0, 2, 3, 4, . . . ,

and, in particular,

(3.14) B1(0) = −1

2
, B1(1) =

1

2
.

From (3.2) – (3.8) and (3.12) we see that

(3.15) J̄2i+1 = K̄2i+1 = 0, i = 1, 2, . . . , n.

Note also that sums in (3.2) – (3.5) have only even-indexed terms and the term forj = 1 (j = 2)
is non-zero.
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Theorem 3.1.Under the assumptions of Theorem 2.7 we have

(3.16)

∣∣∣∣∣
∫ b

a

∫ b

a

f(s, t)dsdt +
n∑

k=1

J̄k −
n∑

k=1

K̄k

∣∣∣∣∣ ≤ M2n −m2n

2
· |B2n|
(2n)!

(b− a)2n+2,

whereBk are Bernoulli numbers and̄Jk, K̄k are given by (3.6), (3.7), respectively.

Proof. The proof follows from the proof of Theorem 2.7, since the following is valid. LetPn

andQn be defined by (3.1), fork = n.
Firstly, we have

Sn =
1

(b− a)2

∫ b

a

∫ b

a

Rn(s, t)dsdt

∫ b

a

∫ b

a

∂2nf(s, t)

∂sn∂tn
dsdt = 0,

since ∫ b

a

∫ b

an

(s, t)dsdt =

∫ b

a

Pn(s)ds

∫ b

a

Qn(t)dt

=

(∫ b

a

Pn(s)ds

)2

=

(b− a)n+1

n!

1∫
0

Bn(s)ds

2

= 0,

because of (3.9).
Secondly, we have

C =

{
1

(b− a)2

∫ b

a

Pn(s)2ds

∫ b

a

Qn(t)2dt− 1

(b− a)4

(∫ b

a

Pn(s)ds

∫ b

a

Qn(t)dt

)2
} 1

2

=

[
1

(b− a)2

∫ b

a

Pn(s)2ds

∫ b

a

Qn(t)2dt

] 1
2

=
1

b− a

∫ b

a

Pn(s)2ds

=
1

b− a
· (b− a)2n+1

(n!)2

∫ 1

0

Bn(s)2ds

=
(b− a)2n

(n!)2

(n!)2

(2n)!
|B2n| =

|B2n|
(2n)!

(b− a)2n,

since (3.10) holds. �
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