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ABSTRACT. We introduce the modified Szasz-Mirakyan operat8ifs. related to the Borel
methodsB,. of summability of sequences. We give theorems on approximation properties of
these operators in the polynomial weight spaces.
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1. INTRODUCTION

The approximation of functions by Szasz-Mirakyan operators

e (n2)F (K
(1.1) Su(fiz) =e"> o f(ﬁ>, z €Ry, n €N,
k=0 )

(Ryp = [0,00),N = {1,2,...}) has been examined in many papers and monographs((elg. [11],
[al, (21, [41, [5)).

The above operators were modified by several authors (e.g..[3]L[6]/19], [10], [12]) which
showed that new operators have similar or better approximation propertieS,thivh Becker
in the paperi[1] studied approximation problems for the operaipia the polynomial weight
spaceC,, p € Ny = NU {0}, connected with the weight functian,,

(1.2) wo(z) =1, wy(w):=1+2")"" if peN,

for z € Ry. TheC, is the set of all functiong : R, — R (R = (—o0, o0)) for which fw, is
uniformly continuous and bounded &g and the norm is defined by

(1.3) 11l = 1F Oy = sup wy(2)|f(2)]

rE€Rg
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2 L. REMPULSKA AND S. GRACZYK

The space””", m € N, p € Ny, of m-times differentiable functiong € C, with derivatives
f® € C,, 1 < k < m, and the norm (1]3) was considered alsd in [1].

In [1]] it was proved thatS, is a positive linear operator acting from the spageto C,, for
everyp € Ny. Moreover, for a fixeth € Ny there existMy(p) = const. > 0, k = 1,2,
depending only om such that for every € C, there hold the inequalities:

(1.4) 1S (Dllp < My(p)[Ifll, for neN,

and

(1.5) wy(2) [Sn(f;2) — f(2)] < Ma(p)ws (f, Cy; \/§> , t €Rg,n €N,

wherews(f; Cy; -) is the second modulus of continuity ¢f
In this paper we introduce the following modified Szasz-Mirakyan operators

(1.6) S (f52) - i (rk) z€Ry,m €N,

7“ k;:O

for f € C, and every fixed € N, where

t?‘k

(1.7) A(t) = i ] for teR,.

k=0

Clearly A;(t) = ¢!, Ay(t) = cosht = L (e +e7') and S, 1(f;2) = Su(f;2) for f € Cp,
x € Ry andn € N. (The operatorss,., were investigated in_[9] for functions belonging to
exponential weight spaces.)

We mention that the definition df,,., is related to the Borel method of summability of se-
guences. It is well known[([7]) that a sequen{aﬁ.:)o , a, € R, is summable tg by the Borel

methodB,, r € N, if the seriesy ;~ 07 - i@ 1S convergent ok and

o0 :L,rk
. - _
xh_}rgo re % —(rk:)!ak g.

In Sectior] 2 we shall give some elementary propertieS,of The approximation theorems
will be given in Sectiof 3.

2. AUXILIARY RESULTS

It is known ([1]) that fore,(x) = 2%, k = 0,1, 2, there holds:S, (eo; ) = 1, S,(e1;2) = x
andsS, (ez; ) = =* + £, which imply that

(2.1) Sn ((e1(t) — er(2))2) = % for = €Rg,neN.

Moreover, for every fixed; € N, there exists a polynomiaP,(z) = >_7_, axz* with real
coefficientsay, a, # 0, depending only og such that

(2.2) Sn ((er(t) — er(2))*%2) < Pyla)n™? for x€Ryp,neN.
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From [1.1) —[(1.4),[(1]6) and (1.7) we deduce tlgt. is a positive linear operator well
defined on every space,, p € Ny, and

(2.3) Snar(eo;z) =1,
z Al (nx)
2.4 Sprleniz) = = 7
&4 ol ) n A, (nx)
(2.5) S (€93 7) = SE_2A;“,<TLSU) n ﬁA;(nx)

n? A.(nz)  n?A.(nz)’
forx € Ry andn,r € N, and
(2.6) Snir(f;0) = f(0) for feC, n,reN.
Here we derive a simpler formula fa,..

Lemma 2.1. Letr € N be a fixed number. Thea, defined by[(1]7) can be rewritten in the
form: A;(t) = €', Ay(t) = cosht,

m—1
1 k k
(2.7) Ao (t) = — [cosht + E exp (t cos —W> cos (t sin 1)] ,
m m m

k=1
for2 <m €N, and

(2.8) Agmia(t) =

= 2k 2k
el +2;exp (tcos 2m:1) cos (tsin 2mil)

2m+1

form € Nandt € R,.
Proof. The formulas ford, and A, are obvious by (1]7). For > 3 andt € R, we have

. e trk: > trkJrl trkJrT 1
ez;(rk)!+z(rk+l +Z (k +r— 1)

which by [1.7) can be written in the form

t t V1
+/ Ar(u)du—i-// A, (u) du dvy
0 0o Jo
// / u) dudv,_g ... dvy.

By (r — 1)-times differentiation we get the equality
et =AUV + AT -+ AL(E) + A(t) for t € R,
which shows thay = A,.(t) is the solution of the differential equation

(2.9) YDy oy oy =
satisfying the initial conditions
(2.10) y(0) =1, ¢(0)=y"(0) =" =4"2(0)=0.

Using now the Laplace transformation
Llyle) =Y(s) = [yt s=ati,
0

we have by|[(2.7]0)
r [y(’“)(t)} =s"Y(s) =5 for k=1,...,r—1,
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and consequently we get froin (R.7)

1
(5" T+ P+ s+ 1) Y(s) = : +8 s T s,
S —_—
and
Srfl
2.11 Y(s) = :
(2.12) (5) =2
By the inverse Laplace transformation we get
r—1
(2.12) y(t) =L [ i 1] for t e Ry,
s —

and this£~! transform can be calculated by the residue¥ of
It is known that the inverse transform of a rational funct% with the simple poles;. can
be written as follows

s *« P(sp)esrt o P(sy,) e+t
&1 [ s} 2 gl TEX TG

where) " denotes the sum for alll reaj andd " denotes the sum for all complex = z;+iyy
with a positivey;.

The functionY” defined byl) has the simple polgs= /1 = e**™/"fork = 0,1,...,r—
1. From this and[(2.12) and (2]13) for= 2m, 2 < m € N, we get

1 * kK
= 5= < E ekt 4 ore E eskt>
Sk Sk
m—1
1 k k
= — [cosht + E exp (t cos —ﬂ) cos (t sin i)] )
m m m

k=1
This shows that the formula (2.7) is proved.
Analogously by[(2.12) andl (2.1L3) we obtdin (2.8). O

From (2.7) and[(2]8) we have that

As(t) = % (et + 27" cos (\?t)> :

1
Ayt) = g(cosht + cost),

1 t
Ag(t) = 3 <cosht + 2005h§ oS (ﬁt)> , for teR,.

Sk

2
Applying the formula[(1.]J7) and Lemnja 2.1, we immediately obtain the following:

Lemma 2.2. For every fixed € N there exists a positive constahi;(r) depending only on
such that

enx

. < < .
(2 14) 1< Ar(nx) < Mg(?”) for z € Rg,n € N
Lemma 2.3. Letr € N. Then fore,(z) = « there holds
(2.15) lim nS,, (e1(t) —e1(x);2) =0

n—oo
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and
lim nS,,, ((el(t) — el(a:))2 ; .CE) =z,

n—oo

at everyr € Ry. Moreover, we have
(2.16) Suir (e1(t) = ex(2))*5) < Ma(r)S, ((e(t) = ex(w)) ;)
for x € Ry, n € N and every fixeg € N.

Proof. The inequality[(2.16) is obvious by (1.1), (IL.6) apd (2.14).
We shall prove only{ (2.15) for = 2m, m € N.

If = 2 thenA,(¢) = cosht and by [2.4) we have
Snz (e1(t) —er(x);z) = (Smh nr _ 1)

coshnx
—2x
= o] for € Rg,n €N,

which implies [2.1).
If r =2m with 2 < m € N, then by [2.4),[(2]7) andl (2.]14) we get

T 1
Suan (€1(8) = (&) )] = s | A ) = Ap(n)
= L sinh nx — coshnz
" mAgm(nx)

m—1
km km  km
+ exp | nx cos — | |cos — cos | nx sin —
m m m
k=1
kT o km  km
— sin — sin [ nxsin — | — cos [ nx sin —
m m m

o kT
< Ma(2 —2nx 9 v
3(2m) [ +32€Xp< na sin’ m)]
and from this we immediately obtain (2]15). O
From [I.6), [(T.1) {(T14) an@ (Z]14) the following lemma results.

Lemma 2.4. The operatorS,,.., n,r € N, is linear and positive, and acts from the spagcgto
C, foreveryp € Ny. For f € C,

1S (D)o < W Fllp [ Snsr (1/wp) [l
< M(r)|[fllp - 150 (L wp)ll, < Malp, )| fllp - for n,r €N,

where M, (p,r) = M (p)Ms(r) and M, (p), Ms(r) are positive constants given ih (1.4) and
(2.19).

3. THEOREMS
First we shall prove two theorems on the order of approximatiofn efC,, by S,,.., r > 2.

Theorem 3.1.Letp € Ny and2 < r € N be fixed numbers. Then there exidfs(p,r) =
const. > 0 (depending only op andr) such that for every € CZ} there holds the inequality

(3.1) wy(2) |Snir (f52) — f(2)] < Ms(p, 7")||f’||p\/%7
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forr € Ry andn € N.

Proof. Let f € C}. Then by [(1.5),[(1]7) and (2.14) it follows that
|Snir (f37) = f(2)] < Spir (If (1) — f(2)] ;)
< Ms(r)S, (|f(t) — f(z)|;z) for z€Ry,neN,
and fort, x € Ry

10 - 1@l =| [ @ <1 (2 + o ) - ol
Using now the operatd$,,, (1.1) — [1.4) and (2]1), we get
(@), 150) = F @) < 11, {uptoso (Slia ) + 8.0 - also) |
< Ul (S (= 2)% )" {20801 /) 1377 + 1

< (2 Mi(2p) + 1) \|f’||p\/g for z¢€Rp,n € N.
Combining the above, we obtain the estimatjon|(3.1). O

Theorem 3.2. Letp € Ny and2 < r € N be fixed. Then there existds(p, r) = const. > 0
(depending only op andr) such that for every € C,, = € Ry andn € N there holds

xr
(32) wp(x> ‘Sn;r(f; .’L’) - f($)| < M6<p7 7“)(4)1 (f7 Cp; \/%) )
wherew, (f; Cy; -) is the modulus of continuity gf € C,,, i.e.
(3.3) wi(f; Cpit) :== sup [|ALf()|l, for t>0,
0<u<t

andA, f(x) = f(z +u) — f(z).

Proof. The inequality[(3.R) for: = 0 follows by (1.2), [2.6) and (3]3).
Let f € C, andz > 0. We use the Steklov functiofy,,

h
fn(z) ::%/ flx+t)dt for x € Ry, h>0.
0

This f, belongs to the spacg) and by [(3.8) it follows that

(3.4) If = fallp < wi(f; Cpih)
and
(3.5) Ifill, < B wi(f;Cpih), for h>0.

By the above properties ¢f, and [2.8) we can write

|Sir (F(2);2) = f(@)| < 1S (F() = fu(); )| + |Snir (fu(8);2) = fi()] + | ful2) = f(2)],
forn € Nandh > 0. Next, by Lemma& 24 andl (3.4) we get

Wp(@) | S (F(t) = fu(t); 2) | < Map, ) |Lf = fullp < Ma(p, r)wr(f; Cpi h).
In view of Theorenj 3]1 andl (3.5) we have

Wy () [Snir (fr; ) = ful@)| < Ms(p, T)||fé|!p\/g < Ms(p, T)hl\/%wl(f; Cpi h).

J. Inequal. Pure and Appl. Mathl0(3) (2009), Art. 61, 8 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

APPROXIMATION BY MODIFIED SZASZ-MIRAKYAN OPERATORS 7

Consequently,

(36)  wy(w) S (f2) — F(2)] < wi(f: Cyih) (M4<p, ")+ My (p. r)h—l\/% T 1) ,

forx > 0,n € Nandh > 0. Puttingh = /x/n in ) for givenx andn, we obtain the
desired estimation (3.2). O

Theorenj 3.R implies the following:
Corollary 3.3. If f € C,,, p € Ny, and2 < r € N, then
71113)10 Snr(fix) = f(x) atevery z e R,.
This convergence is uniform on every interfzal, 5], 1 > 0.

The Voronovskaya type theorem given in [1] for the operatgysan be extended t§,,.,
with r» > 2.

Theorem 3.4. Suppose thaf € C7, p € Ny, and2 < r € N. Then

(37) lim n (S, (f52) = f(x) = 3f(2)

ateveryr € R.

Proof. The statemenf (3.7) for = 0 is obvious by[(2.6). Choosing > 0, we can write the
Taylor formula forf € C}:

F(8) = F@)+ £/(@) + 38" (@)(t 2+ ol )t — ) for 1€ R,
wherey(t) = ¢(t, x) is a function belonging t¢’, and%iig o(t) = ¢(x) = 0.
Using now the operataf,,,. and [2.8), we get
S (f();2) = f(@)+ [ (2) S (t—2; 2)+ f”( )Sir (t=2)%; ) +Ssr (0(t)(t — 7))
for n € N, which by Lemma 23 implies that
(B38)  lim n(Sy (f(1):2) = f@)) = Tf"(@) + lim nS, (p(t)(t - )%a).

Itis clear that

(3.9) }Sn;r (90( )(t - l’ )‘ < ( nr(SOQ(t); ‘T)Sn;r((t - $)4§ x))1/2 )
and by Corollary 33
(3.10) lim S, (p*(t); ) = ¢*(x) = 0.

n—oo

Moreover, by[(2.16) and (4.2) we deduce that the sequércs,.. ((t — x)*; z));" is bounded
at every fixedr € R,. From this and (3]9) andl (3.].0) we get

lim nSy, (p(6)(t —2)*2z) =0
which with (3.8) yields the statemeft (B.7). O
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4. REMARKS

Remark 1. We observe that the estimati¢n (1.5) for the operatiris better thar{ (3]2) obtained
for S, with r > 2. Itis generated by formulag (2.3) |- (R.5) and Lenjma 2.1 which show that
the operators,,.., r > 2, preserve only the functiog(z) = 1. The operators,, preserve the
functioney(z) = 2%, k = 0, 1.

Remark 2. In the paper.[2], the approximation properties of the Szasz-Mirakyan opergators
in the exponential weight space§, ¢ > 0, with the weight functiony,(z) = e™%, z € Ry
were examined. Obviously the operatéts,, » > 2, can be investigated also in these spaces.

Remark 3. G. Kirov in [8] defined the new Bernstein polynomials fartimes differentiable
functions and showed that these operators have better approximation properties than classical
Bernstein polynomials.

The Kirov idea was applied to the operatétsin [10].
We mention that the Kirov method can be extended to the operéforsvith » > 2, i.e. for
functionsf € C", m € N, p € Ny, and a fixed < r € N we can consider the operators

L SO (Y
Sur (f3) 1= Ar(n:c)kzzo T 2= <E‘x) ’

J=0

for r € Ry andn € N.
In [10] it was proved that the;, | have better approximation properties foe C}*, m > 2,
thans,,;.
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