Journal of Inequalities in Pure and
Applied Mathematics

RATE OF GROWTH OF POLYNOMIALS NOT VANISHING
INSIDE A CIRCLE

volume 6, issue 2, article 53,

2005.
ROBERT B. GARDNERl, N.K. GOV|L2 AND Received 04 January, 2005;
SRINATH R. MUSUKU LA2 accepted 15 April, 2005.

. Communicated by: R.N. Mohapatra
Department of Mathematics®

East Tennessee State University
Johnson City, TN 37614,

US.A.

EMail: gardnerr@etsu.edu

_ Abstract
Department of Mathematics?
Auburn University Contents
Auburn, AL 36849-5310,
U.S.A.
EMail: govilnk@auburn.edu >»
EMail: musuksr@auburn.edu >
Home Page
Go Back
Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit

004-05


Please quote this number (004-05) in correspondence regarding this paper with the Editorial Office.

mailto:ramm@pegasus.cc.ucf.edu
http://jipam.vu.edu.au/
mailto:gardnerr@etsu.edu
mailto:govilnk@auburn.edu
mailto:musuksr@auburn.edu
http://www.vu.edu.au/

Abstract

n

A well known result due to Ankeny and Rivlin [1] states that if p(z) = >0 a,2"
is a polynomial of degree n satisfying p(z) # 0 for |z| < 1 thenfor R > 1

L R"41
max [p(z)] < 5

|z|=R 2

max [p(z)|.
z|=1

It was proposed by late Professor R.P. Boas, Jr. to obtain an inequality anal-
ogous to this inequality for polynomials having no zeros in |z| < K, K > 0.
In this paper, we obtain some results in this direction, by considering polyno-
mials of the form p(z) = ap + Y._, a,2", 1 <t < n which have no zeros in
<K, K>1.

2000 Mathematics Subject Classification: 30A10, 30C10, 30E10, 30C15.
Key words: Polynomials, Restricted zeros, Growth, Inequalities.
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Letp(z) = > "_, a,z" be a polynomial of degree, and let

v=

Ipll = maxp(2)],  M(p, ) = max|p(z)|

For a polynomialp(z) = > "_,a,z" of degreen, it is well known and is a

simple consequence of the Maximum Modulus Principle ($égdr [13, Vol.
1, p. 137]) that forkR > 1,

Rate of Growth of Polynomials
Not Vanishing Inside a Circle
(1.2) M(p, R) < R"||p||.
( ’ ) - H H Robert B. Gardner, N.K. Govil and
Srinath R. Musukula

This result is best possible with equality holding fgr:) = Az", A being a
complex number. Since the extremal polynomigl) = A\z" in (1.1) has all its

zeros at the origin, it should be possible to improve upon the bourid ipfor Title Page
polynomials not vanishing at the origin. This fact was observed by Ankeny and Contents
Rivlin [1], who proved that if a polynomiagl(z) has no zeros ifz| < 1, then
forR>1, <4< >
< >
R"+1
1.2 M) < (25 ol o Back
. . Close
Inequality (L.2) becomes equality fai(z) = A + pz", where|A| = ||
Govil [7] observed that since equality in.@) holds only for polynomials Quit
p(z) = A+ pz", |A] = |u[, which satisfy Page 3 of 21
- 1
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one should be able to improve upon the bound.i@)(for polynomials not satis-

fying (1.3), and in this connection he therefore proved the following refinement

of (1.2).

Theorem A. If p(z) = >""_, a,z" is a polynomial of degree andp(z) # 0 in
|z| < 1, then forR > 1,

@) aer < ()

2 2 _ _
_gcw 4@J)¥R MM_M(HJR‘WM)}
2 il 121l + 2|an| 121l + 2]an|
The above inequality becomes equality for the polynomia) = A + uz",
where|A| = |p].

This result of Govil '] was sharpened by Dewan and Bhéf, which was
then later generalized by Govil and Nyuydinkongd], where they considered
polynomials not vanishing ifx| < K, K > 1. Recently, Gardner, Govil and
Weems ] generalized the result of Govil and Nyuydinkong], by consider-
ing polynomials of the forma, + 3 ""'_, a,2”, 1 <t < n. More specifically, the
result of Gardner, Govil and Weemg fs:

Theorem B. If p(z) = ap + >_._, a,2", 1 <t < n, is a polynomial of degree
nandp(z) #0in |z| < K, K > 1, then forR > 1,

R+ K' R"—1
_ o (==
@) M. < (e ) Wl - (g ) m
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__n (el =m)* = (1 + K)*|anf?
1+ K ( (lpll =m) )

o E=DUpl-m) (R = 1)(lpll =)
{<up||— )+ (14 Koo l<1+(IIpH—m)+(1+Kt>|an|>}’

wherem = min [p(z)|.

|z|=K

The result of Govil and Nyundinkond.{] is a special case of Theorei
whent = 1. In this paper, we prove the following generalization and sharpening  Rate of Growth of Polynomials

of TheoremA, and thus as well of inequality. (2). Not Vanishing Inside a Circle
Theorem 1.1.1f p(z) = ag + >."_, a,z", 1 <t < n, is a polynomial of degree Robert 8 Garcner, 1L Soviland
nandp(z) #0in |z| < K, K > 1, then forR > 1,
Title Page
R™ + So 1
(16) M(p7R) (1+S )H ”_(1+S )m Contents
_on (lpll =m)* = (1 + 50)2|an|2) « »
1+ s0 (HpH _m) < >
(B (), R o)) o
(lpll = m) + (1 + so)|an| (Ipll = m) + (1 + so)lan| ) J orac
Close
wherem = min |p(z)|, and
|z|=K Quit
t . la Kt 149 Page 5 of 21
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For K = 1, the above theorem reduces to the result of Dewan and Bhat |
p. 131], which is a sharpening of Theoréim Note that by Lemma&.7 (stated
in Section2), we haves, > K*, and therefore if we combine this with the fact
that (£2£2) ||p|| — (£2=1) m is a decreasing function of, we obtain from the

14+x 1+x .
above theorem the following:

Corollary 1.2. If p(z) = ap+>_._, a,z", 1 <t < n,is a polynomial of degree
nandp(z) #0in |z| < K, K > 1, thenfork > 1,

Rate of Growth of Polynomials

R" + Kt R"—1 Not Vanishing Inside a Circle
Il — m,

: < | —— —
(1.8) M(p’R)—(lJth 1+ Kt

Robert B. Gardner, N.K. Govil and
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wherem = ‘H|lirll( Ip(2)].

Title Page
The special case of the above corollary with= 1, andt = 1, was proved PES—
by Aziz and Dawoodf]. If in (1.6), we divide both the sides b§", and make
R — oo, we will get: <44 44
n . . < 4
Corollary 1.3. If p(2) = ap+>_,_, a,2", 1 <t < n, is a polynomial of degree
nandp(z) #0in|z| < K, K > 1, then Go Back
1 Close
(L9 an] < o= (Il = m). Qui
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In case one does not have knowledgerof= ‘H|1in Ip(2)|, one could use
z|I=K

the following result which does not depend on but is a generalization and
refinement of inequalityl(.2). It is easy to see that the following theorem also
generalizes Theorem.

Theorem 1.4.1f p(z) = ag+ Y ._, a,2”, 1 <t < n, is a polynomial of degree
nandp(z) #0in|z| < K, K > 1,thenforR > 1,

R”+81) n (||P||2— (1+81)2|an|2)
1.10) M(p,R) < _
w10y w1 < (S50 ) - =
—1 —1
S R (R TR

[p[l + (1 4 s1)lan] [p[l + (1 4 s1)lan]

where I\
t a t—1
s (5) WK +1

(%) lae pee+1 4 1

laol
If in the above theorem, we divide both sides @f1()) by R" and make
R — oo, we will get

Corollary 1.5. If p(z) = ag+>_._, a,z*, 1 <t < n,is a polynomial of degree
nandp(z) #0in |z] < K, K > 1, then

1
1.11 A< —1Ipl|.
(L.11) e
Remark 1. Both Corollariesl.2and1.3generalize and sharpen the well known
inequality, obtainable by an application of Visser’s Inequality] that if p(z) =
> oy ay2" is a polynomial of degree, p(z) # 0in |z| < 1 then|a,| < %p|.
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Remark 2. Since by Lemma.8 (stated in Sectior2), we haves; > sg, the
bounds in Corollariesl.2 and 1.3 are not comparable, and depending on the
value ofm, either one of these corollaries may give the sharper bound.

Remark 3. From the results used in the proofs of Theof@nand Theoreni. 1,

it appears that the bound obtained by Theorermshould in general be sharper
than the bound obtained from Theoréinbut we are not able to prove this.
However, we produce the following two examples, where the bounds obtained
by Theoreml.1 and Theorenil.4 are considerably sharper than the bounds
obtained from Theoref®. Also, in Examplé..1, the bound obtained by Theorem R,\?;f\‘/’;ﬁ;mg SromamEls
1.1is quite close to the actual bound.

Robert B. Gardner, N.K. Govil and

Example 1.1. Considerp(z) = 1000 + 2% + 2% + 2*. Clearly, heret = 2 Srinath R. Musukula
andn = 4. We takeK = 5.4, since we find numerically that(z) # 0 for
|z| < 5.4483. For this polynomial, the bound fa¥/(p, 2) by TheorenB comes Title Page

out to be1447.503, and by Theorem.1, it comes out to b&101.84, which is
a significant improvement over the bound obtained from The&eumeri-
cally, we find that for this polynomial/ (p, 2) ~ 1028, which is quite close to <« >
the boundl1101.84, that we obtained by Theoreinl. The bound forM (p, 2)

Contents

obtained by Theoreri.4 is 1105.05, which is also quite close to the actual S 4
bound~ 1028. However, in this case Theorell gives the best bound. Go Back
Example 1.2. Now, considep(z) = 1000 + z? — 2% — z%. Here also,t = 2 Close
andn = 4. We found numerically that(z) # 0 for |z| < 5.43003, and thus Quit

we takeK = 5.4. If we takeR = 3, then for this polynomial the bound for
M (p,3) obtained by TheorerB comes out to b8479.408, while by Theorem Page 8 of 21
1.4 it comes out to ba545.3, and by Theorem.1it comes out to bé&534.5,

a considerable improvement. Thus again the bounds obtained from Theorem? 'neq: Pure and Appl. Math. 6(2) Art. 53, 2005
http://jipam.vu.edu.au
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1.1 and Theorenl.4 are considerably smaller than the bound obtained from
TheoremB, and the bound534.5 obtained by Theorerfh.1is much closer to
the actual boundV/(p,3) ~ 1100.6, than the bound479.408, obtained from

TheoremB.
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We need the following lemmas.

Lemma 2.1. Let f(z) be analytic inside and on the circle| = 1 and let
| f]| = max |f(2)|. If f(0) = a, where|a| < ||f||, then for|z| < 1,

|z]=1

| f[llz] + |al
(2.1) f(2)] < (M) /1l

Rate of Growth of Polynomials

L. . . Not Vanishing Inside a Circle

This is a well-known generalization of Schwarz’s lemma (see for example

[ p 167]) Robert B. Gardner, N.K. Govil and
y M- : Srinath R. Musukula

Lemma 2.2.If p(z) = >_"_, a,z" is a polynomial of degree, then for|z| =

R >1, Title Page
p|| + R|ay, . Contents
22) o) < (e ) ol
Rlpll + |ax| « »»
The proof of this lemma follows easily by applying Lemrd to 7'(z) = < >
z"p(1) and noting thaf|T'|| = ||p|| (see Rahmani, Lemma 2] for details). Go Back
From Lemma2.2, one immediately gets (see Govil,[Lemma 3]): o
ose
Lemma 2.3.If p(z) = >_"'_, a,z" is a polynomial of degree, then for|z| = Quit
R>1,
(1ol - laal)(R ~ 1 e e
pll — lan|) (R —1
2.3 <R"'(1- :
( ) |p(Z)| o ( (RHPH + |an’) > ||p|| J. Ineq. Pure and Appl. Math. 6(2) Art. 53, 2005
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Lemma 2.4.1f p(z) = > . _, a,2" is a polynomial of degree and R > 1, then

(2.4) (1_ (x—n\anl)(R—1)>x

(Rx + n|ay,|)

is an increasing function aof, for x > 0.

The above lemma which follows by the derivative test is also due to Govil

[7, Lemma 5].

Lemma 2.5. Letp,(z) = [[._,(1 — z,2) be a polynomial of degree not

vanishing in|z| < 1 and letp!,(0) = p//(0) = --- = pP(0) = 0. If () =
{pn(2)} = D07 bi.c 2", wheree = 1 or —1, then
(2.5) bl <70 (+1<k<2+1)

and

(2.6) |byy21| < 5

n n
i+ 1)2(71 +1-=1), |bato-1] < m(n +1+1).

The above result is due to Rahman and StankiewiozZTheoren?’, p. 180].

Lemma 2.6. If p(z) = >_""_,a,z" is a polynomial of degree, p(z) # 0 in
|z| < K then|p(z)| > m for |z| < K, and in particular

(27) |(10| > m,

wherem = min,|—x Ip(2)].
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Proof. We can assume without loss of generality th@at) has no zeros opx| =
K, for otherwise the result holds trivially. Singé¢z), being a polynomial, is
analytic in|z| < K and has no zeros ir| < K, by the Minimum Modulus
Principle,

p(2)| = mfor 2] < K,

which in particular impliesay| = |p(0)| > m, which is €.7). O

Lemma 2.7.If p(z) = ap + >_._, apz", t > 1is a polynomial of degree,
p(z) 7é 0 for ‘Z| <K, K >1, and ifm = minMZK \p(z)], then Rate of Growth of Polynomials

Not Vanishing Inside a Circle

11 (%) |a(|](|li‘m Ktil +1 " Robert B. Gardner, N.K. Govil and
(28) so =K + > K , t>1. Srinath R. Musukula
(L) loel  pee+1 4 q
n/ |ag|—m
Proof. The above lemma is due to Gardner, Govil and Weems¢mma 3], Title Page
however for the sake of completeness we present the brief outline of its proof. Contents

Without loss of generality we can assume> 0 for otherwise we can consider
the polynomialP(z) = e~ #%p(z), which clearly also has no zeros|ir} < K 14 dd
andM (P, R) = M(p, R). Since the polynomigh(z) = ag + Y ._, a,2” # 0 < »
for |z| < K, hence, by Lemma.6, the polynomial(z) — m # 0 for |z| < K,

implying that the polynomiaP(z) = p(Kz) —m # 0 for |z| < 1. If we now Go Back
apply Lemma.5to the polynomiallf;%, which clearly satisfies its hypotheses, Close
we get Quit
las|[ Kt n
< - Page 12 of 21
ag —m t
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which is clearly equivalent to

t+1 t
(Y o (Y
n\ a—m n \ayg—m

and from which 2.8) follows. O

Lemma 2.8. The function

s(x) = K”l (t/n)(|at|/x)Kt_1 +1 Rate of Qroyvth of Polynor_nials
(t/n)(|at|/gj)Kt+1 +1 Not Vanishing Inside a Circle

. . . . . . . ) Robert B. Gardner, N.K. Govil and
is an increasing function of. Sincelag| > |ag| — m, in particular this lemma Srinath R. Musukula

implies thats; > sy.

Proof. The proof follows by considering the first derivative ). ] Title Page

The following lemma, which is again due to Gardner, Govil and Weems | Contents

Lemma 10], is of independent interest, because besides proving a generalization <« 33
and refinement of the Erdoés-Lax Theorem]| it also provides generalizations

and refinements of the results of Aziz and Dawoal] Chan and Malik §], { d
Govil [8, p. 31], Govil 2, Lemma 6] and Malik 7). Go Back
Lemma 2.9.If p(z) = ao + >_._, a,2", t > 1is a polynomial of degree Close
having no zeros ifz| < K, whereK > 1, then Quit
n Page 13 of 21
(29) M, 1) < ——(lpll = m), :
S0
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wherem = min.|—x |p(z)| and

_lasl
So — Kttl <(t) lao|—m K 1+1>

(L) el prerr 4

lao|—m

Since in view of Lemma&.7and Lemma&.8, we haves; > K, the following
lemma which is also due to Gardner, Govil and Weem&gmma 11], provides
a generalization of the Erdds-Lax Theorem][ and sharpens results of Chan
and Malik [3], and Malik [17].

Lemma 2.10.1f p(z) = ao + >, _, a,2”, t > 1, is a polynomial of degree
having no zeros ifz| < K, whereK > 1, then
(2.10)

M(p',1) < HpH

_1+

wherem = min.|—x |p(z)| and

Lemma 2.11.1f p(z) = ap + Y_._, a,2", 1 <t < n, is a polynomial of degree
n having no zeros ifz| < K, K > 1, then

(2.11) |an| <

(lpll =m),

— 1+ s
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and

2.12 nl <
@12) e

Ipll,

wheres, ands; are as defined in Theoreinland Theoreni.4respectively.

Proof. If p(z) = >0, a,z", thenp/(z) = a1 + 2asz + -+ - + na,2z"*. Hence
Cauchy’s inequality when applied i9(z) gives

(2.13) [nas| < [Ip'||.
On the other hand, by Lemnza9,

n
2.14 ' <
2.14) Il < =

Combining .13 and @.14), we obtain

(lpll = m).

n
2.1 <

(lpll =m),

from which 2.117) follows. To prove 2.12), simply use Lemma.10instead of
Lemma2.9in the above proof. O
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1.1

To prove Theoren..], first note that for each, 0 < 6 < 27, we have

R
p(Re™) — p(e”?) = / p'(re®®)edr.
1

Hence

@1)|MR¢%—p@%|szfmmw%wr

R U=l = DY
<[ @ (T + nlan) N'W

by applying Lemm&.3to p/(z), which is a polynomial of degrefe — 1).
By LemmaZ2.4, the integrand in.1) is an increasing function dff’||, hence
applying Lemm&.9to (3.1), we get for0 < 6 < 2,

(32) [p(Re”) — p(e”)]
R s el = m) gy - 1)
<) G et (Il — ) + s )
< (lpll = m)dr

= (- m)
%oy el —m) — (0 sl DY
X17" O r(lpl - )d

m) + (14 s0)|an]
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= (Il = m)

R
n—1 . L . o
ot = = (Ul = m) = 1+ sl

e el -m)
X[ meﬂm+u+mmﬂd'

Since by £.11) in Lemma2.11, we have(||p|| — m) — (1 + so)|a,| > 0, we get

for0 <9 <27 andR > 1,
Ip(Re™) — p(e”)]

< U= gy -y -

(il =) = (1 + so) aal)

R

(
(r = 1)(Ilpll = m)
(|w irmm%o
= =l = m) — 2 (ol = m) — (1 + so)la])
S

1+5 1+ 59

R (Ul = m) + (1 + o)l
Sl = >+u+%wm)”

Il = m) = 1 (el = m) = (14 so)la] )

X{m‘”‘(wm mﬁTZTM%W

R(pll = m) + (1 + so)las|
Xm(avaw+u+%Wﬂ)}
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= L= gl ) = 2 (Ul = m) = 1+ sl
(Ipll = m) + (1 + so)lo
()

{(plﬂﬁ%ﬂn)
(SR )
Dy n/(wm—ﬁﬁ—u+w%m3

1+s 1+s llpll — m)

. (R = 1)(lpll = m)
gt
“<<wn—m»+u+st4)}’
which clearly gives
M) < (S5 ol - (0 )

n_ (Upll =m)* = (1 + 50)*|an|”
S )

1+ Ipl[ —m)

X{Qﬁﬁ$ﬁﬂlﬁmo

_ (B
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(B = D)(lpll =m) )} ,

o (1 T el = m) + (0 + so)a

and the proof of the Theorefinlis complete. O

The proof of Theorem .4 follows along the same lines as Theorém, but
by using Lemma&.10instead of Lemma&.9, and .12 instead of 2.11). We
omit the detalils.
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