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ABSTRACT. It is shown that ifa,, 5 > —%, then the orthonormal Jacobi polynomi@;lg”a)
fulfill the local estimate
e 1)) < e

(V1—z+ )2 2 (VI+a+ L)Pte
for all ¢ € U,(x) and eache € [—1,1], whereU, (x) are subintervals of—1, 1] defined by
Un(z) = [z— 222 gy 20111 1) forn € Nandz € [~1,1] with ¢, () = VT — 22+ L,

n )

Applications of the local estimate are given at the end of the paper.
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1. INTRODUCTION

Let w @ (z) = (1 — 2)*(1 + )%, = € [~1,1], be a Jacobi weight witly, 3 > —1.
Let po(z) = p'™P(2) = v*P 2" + ..., n € Ny, denote the uniqudacobi polynomialof
precise degree, with leading coefficientSyé“’ﬁ) > 0, fulfilling the orthonormal condition
f_ll P (2)pm ()W P (2) dx = 6,y 1, m € N,

This paper is concerned with local estimates of Jacobi polynomials by means of modified
Jacobi weights. By thenodified Jacobi weightse understand the functions

26

2a
(1.1) WO () = (\/1 -+ %) (\/1 +z+ %) , ze[-1,1,neN.

We observe that all modified Jacobi weith;@’m are finite and positive. This is in contrast
to the fact that the Jacobi weight®?®) may have singularities and roots4rl, depending on
whethera and§ are negative or positive. The Jacobi polynomials can be estimated by means
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of modified Jacobi weights as follows (séé [3] and Thedrer 2.1 below):

()] < ©

(5+
W2

=

B41
@)

forallz € [-1,1]. If o, 5 > —%, then we will show that this estimate can be further extended,
namely

1
PO ()] < C——5
w,(er v§+z)(x)

forallt € U,(x) and eachx € [—1, 1], whereU, (x) are subintervals gf-1, 1] defined by

=

(1.2) Un(z) = {t e 11| -l < sonr(bx)}
— [:c - “0"7533),93 + “0":7)] N[-1,1]

forn € Nandz € [—1, 1] with
1
(1.3) on(x) = \/1—1’2—1—5.

ThusU,(z) is located around: and issmall i.e., |U,(z)| = O(1/n). In our case of Jacobi
weights on[—1, 1] we need intervals aroundwith radius%T(””) instead of!. In this case the

radius varies together withand becomes smaller:iftends tol or —1.
2. THEOREMS

The following theorem provides a useful local estimate of the orthonormal Jacobi polynomi-
als by means of the modified weights,. The estimate can also be found in the papeér [3] by
Lubinsky and Totik. Here we will give an explicit proof. The proof is essentially based on an
estimate taken from Szedd [4].

Theorem 2.1.Leta, 3 > —1 andn € N. Then

(2.1) Pl (z)| < C

e

w,

for all x € [—1, 1] with a positive constar®’ = C(«, ) being independent of and .

n|R

Jr

)

=

a)

Proof. First letz € [0, 1], and lett € [0, 7] such thatr = cost. Moreover, letP, = ped) —
(LN ipe(2), n € N, be the polynomials normalized by the factdri™”):, namely
PP = (n{®ip{™? (), as can be found in Szeg8 [4, eq. (4.3.4)]. According to Szegd's
book [4, Theorem 7.32.2] the estimate

ne, if 0<t<

Slo

(2.2) |P*P)(cost)| < C o
tetpTe if <1<

is valid, wherer andC' are fixed positive constants being independent ahd¢. We substitute

t = arccosz € [0, 5] and P (z) = (K?)zpP () in (Z:7) and obtain, usinghi”) 2 <

C - n2 (resulting from[4, eq. (4.3.4)]),

lo

na+%, if 0 < arccosz <
(2.3) pi P ()] < C)

1 .
(arccos :U)’(‘”E), if < <arccosz <7
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with C; = C4(«, 5) > 0 independent of. andx. Below we will make use of the estimates

TVi—z="1 1_x:lsinf
2 V2 2 V2 2
(2.4) > % (% . %) =1 = arccosx
and
(2.5) Vo1 —x = 1;x :2sin§ < 2-%:t:arccosx.

The cases-1 < a < —% anda > —% are considered separately in the following.

Case—1 < a < —1: Inthis case it follows that- (a + 3) > 0. If 0 < arccosz < £, then

() . 1 —(a+3) 1\ —(e+3)
Pl ()| < Cinte =Gy (5) <O <\/1 T+ E) .

If £ <arccosz < 7,then

@) 1 @) 1

|p£f¥’ﬁ) (z)| < € (arccos x)_(a+5) < Oy (V1= :B)_(O‘+5)
1 —(a+3)

SCQ (\/1—1’+E> .
Casea > —3: In this case we obtair (a + 3) < 0. If 0 < arccos < £, then from [2.5) we
obtain< > 1/2/1 — z and hence

c c>—(a+§)

) 1
n n

1 —(a+3)
SCg (\/1—1’+—) .
n
If ¢ <arccosr < 7, then
@3

—(a+i —(a+l
‘pﬁla”g)(x)} < (4 (arccos z) (a3) = (4 (arccos x + arccos ) (at3)
25
235

1\ ~(a+3)
SC{, (\/1—374——) .
n
With both previous cases we have proved
~(5+3)

PP ()] < Co(a, B) (m+ %)_<a+5) . <m+ %)

forall z € [0,1], n € Nanda, 3 > —1. Sincep'™? (z) = (=1)"p{¥** (—x), we obtain

P9 ()| < Co(8, ) (\/H—x+%>‘(ﬂ+5> | (m+ %)—(w;)

forallz € [-1,0), n € Nanda, 5 > —1. This furnishes the validity of (2.1). O
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Estimate[(2.]1) of Theorem 2.1 cannot hold truefoe= 0 since the modified weight,, is
not defined fom = 0. However, ifn = 0, then

(2.6)

o @) < Cla, )

sincep(()"’ﬁ)(x) isaconstantand(«, 3) < w;? * (x) < Cy(a, B) with positive constants
O1(Ck, ﬁ) anng(a, ﬁ)

Next, we will see that the local estimate of Theo 2.1 can be further extended. We will
show tha[‘p,(f’ﬁ) (x)‘ in (2.7) can be replaced tﬁﬁf"ﬂ) (t)|, whenevet is not too far away from

x, namely ift is in the intervalU,,(z) = [x — enlo) 4y ‘P"Tf"”)] N [—1,1]. However, for this

n

estimate we will need the assumptiens > —1. The result is stated in the following

Theorem 2.2.Leta, 3 > —1 andn € N. Then

(2.7) P (1) < C

vw| —

nR

wp? & J&)(x)

forall t € U,(z) and eache € [—1, 1], where the interval/,,(x) has been given ifl.2) and
C = C(«, B) is a positive constant independentoft andzx.

=

It must be mentioned that Theor¢m|2.2 cannot be extended to hold true evendopf all
a1 f,1
—1. This is due to the fact thait/w,(f+4’2+4)(x) — 0 asn — oo, if z is a boundary point

r=1orzx=—landg + }1 <0or § + i < 0 respectively.
First, we need an auxiliary lemma.

Lemma 2.3. Leta,b < 0,n € Nandx € [—1,1]. Then
(2.8) w@ (1) < 1670 (@b ()
forall t € U,(x).

Proof. First, leta < 0. We will prove that

(2.9) 16° (\/1——t+ %)2 < (\/EJF %)

holds true for alt € U, (z) with € [—1,1] andn € N. There is nothing to prove far = 0.
Leta < 0. Then inequality[(2]9) is equivalent to

1 1
4<\/1—t+—) >Vi-z+—
n n

2a

and

3

(2.10) 4V1—t>V1—2— =
n

respectively. In order to prové¢ (2]10) fore U, (z) we will discuss below the cases e

[1-%,1] andz € [-1,1 — &) separately. We must note that the latter interval is empty for

n=123.

Casex € [1 — %, 1]: In this case we obtaig/1 —z — 2 < 2 — 3 = (, which immediately

gives [2.10).
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Casex € [—1,1 — %) In this case we obtait'l — z — 2 > 0. Therefore inequality{ (2.10) is
equivalent to (squarlng both sides jpf (2.10))

6 9
16(1—t)>1—z——V1I-z+ =
n n
or, rewritten,

6 9
(2.11) 15+a+-v1I—z—— > 16t
n n

Sincet € U, (z) C |z — 228 4 4 “’”T(ﬂ”)} , We obtain

6 9 2 1 4 10
—|——\/1—x——2—(x+—\/1—x+—2)+<—\/1—x——2)
n n n n n n
n 4
Zx+m+—\/1—x——
n
>t+ - \/1—35——

Hence, inequality[ (2.11) holds true |f
4 1
15+ —-v1 —x——o > 15t
n~~—n?

Z§
or if
2
(2.12) 15 + e > 15¢.

Sincet < 1, inequality [2.1R) is fulfilled. Hence inequalify (2]10) is also proved. This completes
the proof of [2.9) for alk: € [—1, 1] andt € U,(x).
Now, letb < 0, z € [-1, 1] andt € U,(z). Then—t € U,(—=x). From [2.9) we obtain

1 2b 1 2b
166(\/1—1-75—1-;) :16b( 1_(_t)+ﬁ)
@3 1 2b 1 2b
S( 1—(—x)+—> ( 1+x+—> :
n n

which proves the validity of (2]8). O

Proof of Theorerh__Z]ZSincea,ﬁ > —3, it follows that"‘ + 12 +1>0. Therefore we can

apply Lemma 23 with, = —¢ — 1 andb —_8_1 obtalnlng
Lem[Z3 4a+5+1

w\m

w2 T x)

forall ¢ € U,(x). Application of Theorerh 2|1 therefore yields inequality [2.2) for all U, ()
as claimed. 0

e

+i)(

3. APPLICATIONS

In this section we will give some applications of the local estimates of the Jacobi polynomials.
We apply Theorerpn 2|2 and obtain

1
/ e (1) w @A (t) dt < O —————— / w' ™A () dt.
Un($) n(x)

1.1
wi&ﬂ,ﬁﬂ)(x)
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Using
1 (arlpgal
/ w P () dt < C = w Jr2’*67+2)(x)
n(z)

n
(seel[2]) we find that

1
(3.1) [ el e @ < ooy, we -1l
Un ()

is valid for alln € N with o, 3 > —1. Estimate [(3]1) shows that the intervdls(z) are

appropriate for measuring the growth of the orthonormal polynomials on subinteryals,af:
Un(x) is located around:, |U,(z)| = O(1/n), the radius‘P"T("”) varies together with: and

becomes smaller if tends tol or —1 and the weighted integration ()]ﬁ,({"’ﬁ) (t))? onU,(x) is
O(1/n), whereas the weighted integral pnl, 1] equals 1, i.e.,

1
/ PO 0D dt =1, @ e[-1,1].
1

Leta,b > —% andCp,Cy > 0. Letm: [1,00) — R be a differentiable function fulfilling the
Hormander conditions

0<m()<C; and |m/(t)| < Cyt™?
for ¢t > 1. It was proved in[[1] that

(3-2) Z @y, =C (@)

1wy () Wn,

forall z € [-1,1] andn € N with a positive constant’ = C/(a, b, Cy, C>) being independent
of n andz.
Leta, 3 > —1. Now, we will apply Theoren 2|2 and the above estimpte] (3.2) with

2
a+ 4 >0andb = §+ 3 >0, to obtain

x)

n Theoreni.ZP n
(3.3) mk) (1) < O
; €2 wr(LaJr%’ﬁJr%) (x)

for all t € U,(r) and eache € [—1,1] with a constantC = C(«, 3,C1,C3) > 0 being
independent of, andz.

In particular, if we letm(k) = 1, then estimate (3].3) shows that the Christoffel function,
defined by

)\;a,ﬁ)(w — {i(p;(fﬂ)(t)f}_ :

fulfills the estimate

fort € U,(z) andz € [—1,1] andn € N.
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